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Abstract

We show a remarkable fact about folding paper: From a single rectangular sheet
of paper, one can fold it into a °at origami that takes the (scaled) shape of any
connectedpolygonal region, even if it has holes.This resolvesa long-standing open
problem in origami design.Our proof is constructive,utilizing toolsof computational
geometry, resulting in e±cient algorithms for achieving the target silhouette.

We show further that if the paper has a di®erent color on each side, we can form
any connectedpolygonal pattern of two colors.Our results apply also to polyhedral
surfaces,showing that any polyhedron can be \wrapp ed" by folding a strip of paper
around it. We give three methods for solving these problems: the ¯rst usesa thin
strip whosearea is arbitrarily close to optimal; the secondallows wider strips to
be used; and the third varies the strip width to optimize the number or length of
visible \seams" subject to somerestrictions.

Key words: paper folding, origami design,polyhedra, polyhedral surfaces,
Hamiltonian triangulation, straight skeleton, convex decomposition

1 In tro duction

Origami provides a rich ¯eld of research questionsin geometry. At the ACM
SymposiumonComputational Geometryin 1996,Robert Lang'spopular talk [17]
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helped to introduce the computational geometrycommunity to this exciting
areaof research.

A classicopen questionin origami mathematicsis whether every simplepoly-
gon is the silhouette of a °at origami. This questionwas ¯rst formally stated
within the algorithms community by Bern and Hayesat the ACM-SIAM Sym-
posium on Discrete Algorithms in 1996 [7]. More generally, we might ask
whether every polygonal region (polygon with holes)is the silhouette of some
°at origami. In this paper, we show that the answer is yes, and we provide
constructive methods for achieving such origamis.

A more generalproblem in origami designis to take a sheetof bicolor paper,
having a di®erent color on each side,and fold it into a desiredpattern of two
colors.For example,John Montroll's book Origami Inside-Out [21] is entirely
about such models. Taichiro Hasegawa [11] has designedan entire alphabet,
including lower- and upper-caseletters as well as punctuation. One origami
designer,Toshikazu Kawasaki, has looked at the special caseof iso-area fold-
ings, that is, foldingsthat useequalamounts of both colors[12,pp. 96{97] [13,
pp. 26{34]. SeeFig. 1.

(a) (b)

Fig. 1. (a) Iso-areapinwheel from [12, p. 97]. (b) Zebra by John Montroll from [20,
pp. 94{103].

Formally, we de¯ne a polygonal pattern P to be a 2-coloredpolygonal sub-
division of a polygonal region, each subregionof which may have holes.Our
most general °at origami question then asks if there exists a °at folding of
a su±ciently large piece of bicolor paper such that the top side of the °at
origami givesexactly the input 2-color pattern, P.

A more generalquestionaskswhether every polyhedroncan be wrapped with
a pieceof rectangularpaper. This is motivated not only by the problemof con-
structing three-dimensionalorigamis, but also the \gift wrapping problem,"
which was introduced to us by Jin Akiyama [3,4]. We de¯ne a polyhedron P
very generally to be any connectedunion of pairwise-interior-disjoint polyg-
onal regions(called faces),each of which lies on a plane in 3-space;we let n
denote the number of vertices of P. We also considerpolyhedra whosefaces
are 2-colored.We then ask: Is every polyhedron P the folding of somesu±-
ciently large rectangular pieceof paper? If so, is there a folding of a bicolor
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sheetof paper that respects the face coloring? We answer both questionsin
the a±rmativ e with oneof our main results:

Theorem 1 Given any (nonconvex) polyhedron, with each face assigned one
of two colors, there is a folding of a su±ciently large square of bicolor paper
that folds into the polyhedron with the desired colors showingon each face. An
implicit representationof such a folding can be computed in time polynomial
in n. The folding requires a number of folds polynomial in n and the ratio of
the maximum diameter of a face of P to the minimum feature sizeof P (the
smallest altitude of a triangle determined by any three verticesof any one face
of P).

Note that a consequenceof this theorem is that we can alsoachieve any two-
sided 2-coloredpolygonal pattern, sincewe can treat it as a degenerateform
of polyhedron.

In this paper, we give three methods for constructing °at origamis and poly-
hedral wrappings, resulting in constructive proofs of the above theorem. All
three methods are basedon the use of a strip, which is a rectangular sheet
of paper, of width w. If our initial sheetof paper is given as a square(as is
commonin origami), then we canreadily producea strip from the squareby a
standard \accordion fold." Typically, we think of w as being relatively small,
so that the strips are narrow (and an accordionfold from a squareresults in
a thick strip of paper); however, we also considerthe objective of having as
wide a strip as possible.

In Section 2, we describe our main folding gadgetsfor strips, which we use
throughout our constructions. Then, in Sections3-5, we present our three
methods, which di®er in their objectivesand their results:

² The \zig-zag" method (Section 3) utilizes a piece of paper whosearea is
arbitrarily closeto optimal (the surfaceareaof P). It is basedon the useof
Hamiltonian triangulations.

² The \ring" method (Section4) is basedon straight skeletonsand allows the
widest possibleconstant-width strip.

² The convex-decomposition method (Section5) is designedto createa folding
with a desired pattern of visible \seams" that has convex facesbetween
seams.

Throughout the paper, our ¯gures follow standard origami conventions for
depicting folds and seams:\mountain" folds are denoted with dash-dotted
segments, \v alley" folds are denotedwith dashedsegments, hidden edgesand
folds (\x-ra y lines") are shown dotted, and visible seamsand edgesare shown
solid.
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2 Gadgets

Wedescribe three fundamental gadgetsthat weusein our constructions:\hid-
ing excesspaper" with respect to a convex silhouette, \turning" a strip at a
desiredangleµ, and reversingthe color of the top sideof a strip.

2.1 Hiding ExcessPaper

Convex polygonsseemto be one of the few classesof polygonsthat are easy
to make as silhouettes.The basic idea is to place a pieceof paper P on top
of the desiredconvex polygon Q so that P coversQ, and then fold the excess
paper P ¡ Q alongeach edgeof Q until it lieswithin Q. More generally, wewill
frequently make a folding that coverssomedesiredregion,but alsohasexcess
paper outside the region. Thus, an important operation is that of folding the
excesspaper underneaththe region, thereby hiding the excess.

Let us make the idea of hiding more formal; refer to Fig. 2. Supposewe have
a polygonal portion P of the paper that is joined to the rest of the paper
along an edgee of P. Also joined to this edgee is a convex region C of paper
underneathof which we are allowed to \hide" P. We neednot assumethat P
coversC, in general. We let ½C denotethe minimum featuresizeof C, de¯ned
to be the minimum distancebetweentwo verticesof C or betweena vertex of
C and an edgenot incident to the vertex. We let ±P denote the diameter of
polygon P.

The hide gadgetmust fold P sothat the excesspaper, P ¡ C, lies underneath
C; it can fold P arbitrarily , provided that e doesnot move during the folding
(otherwise, the folding would a®ectthe rest of the paper).

Theorem 2 There is a ¯nite algorithm to computea hide gadget,which uses
O(jCj log(±P =½C ) + 1=µmin ) folds, where µmin = mini µi is the minimum among
the interior anglesµi at verticesof C, and jCj is the number of verticesof C.

PR OOF. Let e0 = e;e1; : : : ; ek be the edgesof C, in clockwise order. Let µi

be the interior angleat vertex vi = ei \ ei +1 . Let ` i denotethe line containing
edgeei . The two lines ` i and ` i +1 crossat vi , forming four cones,which we
denoteby K (1)

i , K (2)
i , K (3)

i , K (4)
i , whereK (1)

i is the conethat lies locally within
C, and the indicesproceedcounterclockwise about vi . Refer to Fig. 2.

There are at most three \sharp" vertices(having corresponding interior angle
lessthan ¼=2) of any convex polygonC; we let s1, s2, and s3 denotethe indices
of such vertices (vs1 , vs2 , and vs3 ), if they exist. It is convenient to consider
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Fig. 2. An illustration of the hide gadget.1. Hide polygon P underneath C, showing
the notation in the proof of Theorem 2. 2-4. Results of the ¯rst three folds.

C as having zero-length \edges" at the sharp vertices, with an orientation
orthogonal to the bisectorof the corresponding interior angle.Then, with the
consideration of these \sharp edges," interior anglesare now e®ectively all
greater than ¼=2.

We let ² = ½C=10and let C+ ² denotethe \fattened" convex polygonde¯ned by
the intersection of the halfspacesthat result from o®settingeach of the lines
` i through edges(and sharp edges)of C outward by an amount ². Similarly,
let C¡ ² denotethe \shrunk" convex polygon de¯ned by the intersectionof the
halfspacesthat result from o®settingeach of the lines ` i inward by an amount
². (Our choiceof ² < ½C guaranteesthat C¡ ² exists, is nonempty, and hasthe
samenumber of edgesas does C.) Note that C¡ ² ½ C ½ C+ ² and that C+ ²

hasno sharp vertices(while C and C¡ ² may have sharp vertices).

Our ¯rst goal is to fold the excesspaper of P in such a way that the paper lies
within C+ ² . This is readily doneusingO(jCj log(±P =½C )) folds,by folding along
the lines parallel to the edgesof C+ ² , in order around C+ ² , ¯rst at a distance
d=2 from the corresponding edge(or vertex that de¯nes a sharp edge)of C,
then at distance d=4, d=8, etc., where d · ±P is the distance by which the
excesspaper of P originally extendsoutside the corresponding edgeof C. It
is important to note that, becauseany two consecutive edgesof C+ ² de¯ne an
interior anglegreaterthan ¼=2, the folding that we do in order to get all of the
excesswithin distance² of someedge(or sharp vertex) of C is not \undone"
by the folds that we do parallel to the succeedingedge:folds parallel to ei +1

will only bring points closeralso to edgeei .

Having all excesspaper within C+ ² , we proceedto fold the excessunder C
using mountain folds along the lines ` i that de¯ne (non-sharp) edgesof C, in
a manner we are about to describe. During this process,any point p on the
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excesspaper that we fold under along ` i must stay within distance ² of ` i :
the segment joining p to the closestpoint on ` i gets mapped to a polygonal
chain, of the samelength as the segment, after any number of folds, implying
that p must stay within distance² of ` i . In particular, point p on the excess
that is folded under along ` i cannot be mapped by the fold to a point that
is outside an edgeej 6= ei +1 ; ei ¡ 1. (Our choiceof ² being substantially smaller
than the minimum feature sizeof C guarantees that points in the excessin
the ²-neighborhood of vi stay within this ²-neighborhood, never entering the
²-neighborhood of someother vertex, under any foldings along ` i and ` i +1 .)

We begin by folding under the excessof P by using a mountain fold along `1.
Now, in the neighborhood of v1, the excesslies entirely in the coneK (2)

1 , of
angle¼¡ µ1. Next wefold under the excesswith a mountain fold along`2. If the
angleµ1 is at least¼=2, there will be no excesspaper of P in the neighborhood
of v1 (all excesslies in the coneK (1)

1 and is hidden by C in the neighborhood
of v1), and we continue by folding under along `3, then `4, etc., until the ¯rst
sharp vertex, say vs1 . (In Fig. 2, vs1 = v1.) After the fold along `s1 , there may
be excesspaper of P in the neighborhood of vs1 in the coneK (4)

s1
, but it now

occupiesa cone,within K (4)
s1

, having angleat most ¼¡ 2µs1 . After another fold
under along`s1 , any excesslies within a coneof angleat most ¼¡ 3µs1 , within
K (2)

s1
. Each successive folding under of excesspaper (alternating between` s1

and `s1+1 ) decreasesthe angleby another µs1 , so this processmust terminate
in at most 1 + (¼¡ µs1 )=µs1 steps.Finally, there is no excessin conesK (2)

s1
,

K (3)
s1

, or K (4)
s1

; any excesspaper of P lies in coneK (1)
s1

, and is locally covered
by C.

Having completedthe hiding of paper at vs1 , we then proceedto folding under
the excessalong `s1+1 , `s1+2 , etc., until we encounter the next sharp vertex
vs2 , at which point we againmay requiremultiple foldings in order to hide the
excesspaper in the neighborhood of vs2 . We may then have to proceedto a
third sharp vertex beforecompleting our foldings around C. Sincethere are
at most three vertices at which we needmultiple (O(1=µmin ), where µmin =
mini µi ) folds, we obtain the claimed overall bound on the number of folds of
the hide gadget. 2

An immediate consequenceof this theorem is the following:

Corollary 3 Given any polygonP and convexpolygonQ, suchthat P can be
moved to cover Q, P can be folded into a °at origami whosesilhouette is Q,
using O(jCj + 1=µmin ) folds.
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2.2 Turning a Strip

A natural tool to fold a paper strip into a desiredshape is the abilit y to turn
the strip. More formally, we will considerturns of the following sort. Take two
in¯nite strips S and T in the plane,and considertheir intersectionI = S \ T;
seeFig. 3. Label the two connectedregionsof S ¡ T (respectively, T ¡ S) by
S1 and S2 (respectively, T1 and T2). The turn gadgetmust fold a strip so that
it coverspreciselyU = S1 [ I [ T1.

I

T1

T

S1 S2

T2

S

Fig. 3. A turn must cover precisely two connectedportions of S ¡ T and T ¡ S as
well as I = S \ T.

Our turn gadgetis shown in Fig. 4. The ¯rst fold is perpendicular to the edges
of S and is incident to the convex vertex of U. The secondfold is an angular
bisector of the convex angleµ, e®ectingthe turn. If µ ¸ ¼=2, thesetwo folds
areall that areneeded.On the other hand, if µ < ¼=2, they leave a right-angle
triangle of excesspaper, whoseangleincident to the convex vertex is ¼=2¡ µ.
We can hide this triangle underneathU by \wrapping" it around the angleµ,
which requires

&
¼=2 ¡ µ

µ

'

=
» ¼

2µ

¼

¡ 1

extra folds.

We have thus proved the following lemma.

Lemma 4 Given two strips S and T in the plane, and given any connected
region S1 (respectively, T1) of S¡ T (respectively, T ¡ S), a strip can be folded
into a °at origami whosesilhouetteis precisely S1 [ (S \ T) [ T1.

It turns out that if we apply a sequenceof turn gadgets,the ¯rst fold of a par-
ticular turn gadget(which involvesfolding through all layers)may destroy the
e®ectof previous turn gadgets,that is, uncover regionsthat were coveredby
previousturn gadgets.This canbe avoidedby usinga generalized turn gadget,
which involves letting the strip go past the turn, making the perpendicular
fold onceit has gonefar enoughto avoid destruction, and then bringing the
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1.

Desired turn

4.

Fold bottom layer

3.2.

Fig. 4. Folding a turn gadget. Step 3 hides the excesspaper and is only necessary
for µ < ¼=2.

strip back beforemaking the second(turning) fold. SeeFig. 5. We now obtain
a trapezoid of excessof paper, which can be folded underneath by applying
Theorem2.

2.

Desired turn

3.1.

Fig. 5. Folding a generalizedturn gadget.

Generalizedturn gadgetswill also be important to produce useful overhang,
as we will seein Section3.

2.3 Color Reversal

We utilize a color-reversalgadget, asshown in Fig. 6. It consistsof three folds:
a perpendicular fold, and two 45± folds. The result is a color reversal (that is,
an exchangeof the showing side of the strip) along the perpendicular edge.
Note that the triangle of excesspaper underneath the ¯nished gadgetcan, if
necessary, be reducedin sizeby the gadgetof Theorem2.

2. 4.3.1.

Fig. 6. Folding a color-reversal gadget.

3 Zig-Zag Metho d

Our ¯rst method of folding a strip into a desiredpolyhedron P is basedon a
Hamiltonian triangulation of P's surface.A triangulation is Hamiltonian if its
dual graph is Hamiltonian: there is a path that visits each node (triangle) ex-
actly once.We ¯nd such a triangulation by ¯rst computing a triangulation T
of the facesof P, and then ¯nding a Hamiltonian re¯nement of T . A Hamil-
tonian re¯nement of T is a Hamiltonian triangulation obtained from T by
partitioning each of its triangles into oneor more subtriangles,each of which
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inherits the color of the containing triangle. Arkin et al. [6] have shown that
any connectedtriangulation T hasa Hamiltonian re¯nement; seeFig. 7.

Our algorithm beginsby computing a Hamiltonian re¯nement, T 0, of T , of
O(n) subtriangles,alongwith an associatedHamiltonian path, ° . This requires
O(n) time, sinceit involvesnothing more than a spanning tree (e.g., depth-
¯rst search tree) computation in the dual graph of T . (If we are not given a
triangulation of the facesof P, then we ¯rst computeT , which is readily done
in O(n logn) time.)

Fig. 7. Hamiltonian re¯nement of a triangulation T having 12 triangles (shown with
solid edges).A Steiner point (shown as a solid circle) lies interior to each of the 12
triangles and is joined by dashedsegments to each corner, and to the midpoint of
each edgesharedby two triangles. The dashedsegments decomposethe 12 triangles
into subtriangles, for which a Hamiltonian path ° (dotted curve) is readily obtained
by walking around a spanning tree (shown with heavy dashedsegments).

We now traverseeach triangle of the triangulation T 0, in the order prescribed
by the Hamiltonian path ° . Let T1; : : : ; Tk be the sequenceof k = O(n) trian-
glesalong ° , with Ti sharing the edgeei with Ti +1 . Let vi denote the vertex
of Ti that is opposite edgeei .

We cover the triangle Ti by zig-zaggingthe strip in rows parallel to edgeei ,
starting with a row having one edgepassingthrough vertex vi ; seeFig. 8.
The zig-zaggingis e®ectedby \turn-arounds" that take placejust beyond the
boundary of Ti . A turn-around can be achieved using two consecutive right-
angle turn gadgets,or simply by making two consecutive 45± folds, as shown
in Fig. 9. Further, by adjusting the turn-around gadgetslightly, as shown in
the ¯gure, we can make row j overlap partially with row j + 1, allowing us to
control the parity of the zig-zaggingaswell asthe parallel shift of the rows. In
this way, we can ensurethat the ¯nal row in the coverageof Ti has one edge
coinciding with ei , while completing this row at the endpoint vi +1 .
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vi +1

Ti +2

Ti +1

ei

vi

ei +1

Ti

Fig. 8. We cover triangle Ti by zig-zaggingin rows parallel to ei , such that we end
up at vertex vi +1 .

Fig. 9. Turning around when going from one row to the next, possibly with partial
overlap betweenrows (bottom).

The zig-zaggingcoverageof Ti results in someexcesspaper spilling over the
edgesof Ti . This excessis readily folded under by Theorem 2. Further, the
total area of paper used to cover Ti is bounded above by area(Ti ) plus the
amount A t of excesscausedby turn-arounds, plus the amount Ao of excess
causedby overlapsbetweenrows, arising from the needfor the last row to line
up with edgeei , while completing at vi +1 .

We obtain estimatesof A t and Ao as follows. Let hi denote the altitude of
Ti , given by the distancefrom vi to the line containing ei . Then, the zig-zag
coverageof Ti can be accomplishedusing at most mi = d(hi =w)e + 1 rows,
where the \+1" term arises from the possible extra row required to meet
the parity constraint (to end at vi +1 ). Each turn-around utilizes areaat most
O(w2 cotµmin ), where µmin denotesthe smaller of the two interior anglesof
Ti at the endpoints of ei ; seeFig. 10. Thus, we have A t = O(hi w cotµmin ),
which implies that A t = O(wL i ), where L i is the length of the longest side
of Ti . Also, we seethat Ao = O(wjei j) = O(wL i ), sincethe overlapsbetween
rows neednot consumemorestrip length than twice the longestrow (which is
roughly of length jei j). (We have twice the longestrow becauseoneextra row
may beneededto compensatefor the round-up from (hi =w) to d(hi =w)e, while
a secondextra row may be neededfor the parity constraint.) We summarize
with

Lemma 5 The coverageof triangle Ti utilizes a strip of area at mostarea(Ti )+
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O(wL i ), where w is the width of the strip and L i is the length of the longest
side of Ti .

qw

Fig. 10. Area estimate for excesspaper (shown shaded) that spills over during a
turn-around. The area of the shadedregion is w2 + (2w)(2w) cot µ.

The transition from triangle Ti to Ti +1 involves turning the strip in such a
way that the strip becomesparallel to the edgeei +1 , while creating excess
that can be folded under Ti [ Ti +1 . Refer to Fig. 12. This could be doneusing
the generalizedturn gadget of Section2.2, but for turn anglesof more than
¼=2, the amount of excesspaper is too large: it grows arbitrary large as the
turn angleapproaches¼. In this case,we usean alternate turn gadgetshown
in Fig. 11. Note that this turn gadgetsolvesa di®erent problem from the one
described in Section 2.2 (the corner does not have to be \¯lled in"), which
allows us to reducethe amount of excesspaper to O(w2).

2.

5.3.

over
Turn

4.

Figure 5

1.

Fig. 11. Folding an alternate turn gadget,which reducesthe amount of excesspaper
for turn anglesof more than ¼=2. Step 3 can be adjusted to produce the desired
amount of overhang.

By induction, we can cover all the triangles of T 0 (and henceof T ) in this
way. Note that we can also changewhich side of the strip is up, as we make
the transition betweentwo triangles, using the gadgetin Fig. 6. Thus, we can
control the coveragein such a way that we preserve a given 2-coloring of T 0

(which is inherited from a 2-coloringof T or of the original facesof P).

Sincethe transition from triangle to triangle usesat most O(wL) excesspaper
area,whereL = maxi L i , Lemma5 applied to the O(n) triangles in turn yields
the following result:
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v
v

Fig. 12. Turning from one triangle to another. Note that the turn must have some
overhang to ¯nish covering the triangle.

Lemma 6 The coverage of T requires a strip of area at most area(T ) +
O(nwL).

Using this zig-zagmethod with su±ciently narrow strips (w ! 0), we obtain,
as a consequenceof Lemma 6, the following result on optimal paper usage.

Theorem 7 Let A be the surface area of a given 2-colored polyhedron. Then
for any ² > 0, there is a rectangleR of bicolor paper with area at most A + ²
suchthat R folds into the polyhedron with the desired colors showing.

Remark. Insteadof usinga very small width w, our approach alsoallows one
to usea strip with a larger width, up to the smallestaltitude of the triangles
in T 0. Of course,this increasesthe excesspaper that needsto be foldedunder,
and increasesthe total areaof paper required,while decreasingthe number of
\seams." In Section5 we discussseamsand their minimization via our third
method, baseon convex decompositions.

Finally, we concludethat the zig-zagmethod givesus our ¯rst proof of Theo-
rem 1. The time requiredfor the method to producean implicit representation
of the folding is simply O(n) (after triangulation of the facesof P, which takes
time no more than O(n logn), even for multiply connectedfaces).The actual
folding producedby the method utilizes O(n) gadgets,each of which requires
O(1=µmin ) folds, whereµmin is the smallestangleof any triangle in the Hamil-
tonian triangulation T 0. (Here, the hide gadget is applied with jCj = O(1)
and log(±P =½C ) = O(log(1=µmin )).) Sinceµmin can readily be boundedwithin
a constant factor of the feature size(as de¯ned in Theorem1), we obtain the
bound on the number of folds as stated in the theorem.
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4 Ring Metho d

Our secondmethod is based on covering a polyhedron by a collection of
\rings." This method's main advantage is that it allows the strip to have
the largest possiblewidth in the casethat the strip width is not allowed to
change.

This sectionis outlined as follows. Section4.1 de¯nes rings and shows how to
cover a polyhedron with rings. Section4.2 givesan outline of the algorithm.
Section4.3 ¯lls in the details by showing how to fold rings and how to bridge
between rings. Finally, Section 4.4 analyzesthe requirements on the strip
width.

4.1 Rings and the Straight Skeleton

We de¯ne a ring to be a pair of (potentially non-simple) polygons, called
walls, such that \shrinking" one wall results in the other. Shrinking consists
of continuously insetting each boundary vertex, sothat at any particular time,
every shrunkenboundaryedgeis parallel to the original, and the perpendicular
distance between the shrunken and original boundary edgesis the samefor
all boundary edges.Conceptually, the walls are parallel to each other except
at turns, and have constant \width" all around. Someexamplesof rings are
given in Fig. 13; note that the walls are allowed to be non-simplepolygons.

Fig. 13. Examples of rings.

The idea of rings is basedon a di®erent shrinking processthat is usedin the
de¯nition of the straight skeleton[1]. To distinguish betweenthe two shrinking
processes,we call the onedescribed above \top ological shrinking," becauseit
ignoresnon-simplicitiesas the polygon shrinks. In contrast, geometric shrink-
ing stopswhenever the polygon becomesnon-simple,and instead recursively
shrinks each subregion.The straight skeleton of a polygonal region is de¯ned
to be the union of the line segments alongwhich the boundary verticestravel,
as we geometricallyshrink the polygonal region. SeeFig. 14 for an example.

While we arenot actually interestedin the straight skeleton,we are interested
in the ring decomposition induced by it. During the geometricshrinking pro-

13



Fig. 14. Illustration of the straight skeleton (dotted lines) and skeleton walls (solid
lines).

cess,the polygonalregionchangesin topologyat ¯nitely many times. At these
times,wesay that the boundary is a skeletonwall, and call the regionsbetween
thesewalls skeletonrings; seeFig. 14.Note that skeletonrings areindeedrings
(by de¯nition) and furthermore they partition the desiredpolygonal region.
We can also cover a 2-coloredpolyhedron by rings, using the skeleton rings
from each face.

The term \straigh t skeleton" was ¯rst coined by Aichholzer et al. [2], al-
though the idea goes back to at least 1984[19, pp. 98{101]. It was ¯rst de-
¯ned for polygonal regionsby Aichholzer and Aurenhammer[1], who give an
O(n2 logn)-time algorithm for computing it. Recently, Eppstein and Erick-
son [9] developed an O(n17=11+ ² )-time algorithm. The straight skeleton has
complexity O(n).

Lemma 8 The ring decomposition induced by a straight skeletonof a polyg-
onal region P can be computed in time proportional to the total complexity of
the subdivision (which is at most O(n2)).

PR OOF. Each vertex vi of P is incident to exactly one edge,ei = (vi ; ui ),
with endpoint ui interior to P at distance di from @P, the boundary of P.
In time O(n) we easily ¯nd mini di ; assume,without loss of generality, that
d1 = mini di . Then, the outermost ring in the ring decomposition of P is
bounded by two walls: @P and a shrunken version, q, of @P. Now, q passes
through the endpoint u1 and hasonevertex on each of the edgesei ; the point
u1 is a \pinc h o®" point (cut vertex) of q. (In general,there may be multiple
such pinch o® points, if there are ties in determining mini di .) We readily
construct q in time proportional to its complexity (O(n)), and then recurse
within each of the rings enclosedby q. It is easyto seethat this can be done
in overall time that is proportional to the output size. 2
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4.2 Outline

The ring algorithm works as follows. We compute the skeleton rings in each
face of the 2-coloredpolyhedron. De¯ne the skeletondual to be the graph
with verticescorresponding to skeleton rings, and edgesbetweentwo vertices
corresponding to rings that share a wall edge.By the assumption that the
polyhedron's surfaceis connected,the skeleton dual is connected,and hence
we can ¯nd a spanningtree.

We use this spanning tree as a road map for our construction. We perform
a depth-¯rst traversal of the tree, starting from an arbitrary root. At each
new node we traverse,we construct the corresponding ring. When we traverse
a node that we have visited before,we can \w alk" around the ring (by con-
structing part of it) and bring the strip to the desired joining place for an
adjacent ring. Hence,we only needto show how to construct a skeleton ring,
and how to connectbetweentwo skeletonrings with an optional color change.

4.3 Strip Rings

Instead of folding skeleton rings directly, we will cover them by a collection
of strip rings, that is, rings with the samewidth as the strip. Strip rings are
particularly attractiv e becausethey can be constructed simply by folding a
sequenceof generalizedturn gadgetsfrom Section 2.2. (We use generalized
turn gadgetsso that they do not interfere with each other.)

Lemma 9 Given any ring R of width jRj and a strip of width w, R can
be covered by djRj=we strip rings, each of which is contained in the current
polygonalregion.

PR OOF. Assume¯rst that jRj ¸ w. Then one way to build such a cover is
as follows. Let R = (q0; q0) be the ring (betweenwalls q0 and q0) that we want
to cover. In general,supposewe want to cover a ring Ri = (qi ; q0) such that
jRi j ¸ w, for i = 0; 1; : : :. Shrink or expand the wall qi to pull it towards the
interior of Ri by a perpendicular distanceof w. The result is another wall qi +1

that is in Ri . Indeed, (qi ; qi +1 ) is a strip ring.

It remains to cover the subring Ri +1 = (qi +1 ; q0) of Ri . If jRi +1 j ¸ w, we can
recursively apply this procedure. Each iteration decreasesthe width of the
ring to cover by the constant w. Hence,after k = bjRj=wc iterations, we are
left with a strip Rk = (qk ; q0) whosewidth is lessthan w. If its width is zero
(that is, w evenly divides jRj), we stop. Otherwise,we shrink or expandq0 to
pull it towards the interior of Rk , resulting in a wall q that is outside Rk but
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inside R. This last strip ring (q; q0), which contains Rk , completesthe cover
using djRj=we strip rings.

Now assumethat jRj < w, and let R = (q1; q2). Considertopologically shrink-
ing or expandingq1 and q2 to push them away from R, stopping whenwe ¯nd
a ring R0 that has the samewidth as the strip. If a wall hits the boundary of
the polygonal region, we stop shrinking/expanding it. Becauseof the upper
bound on the strip's width described in Section4.4,we cannot have both walls
hitting the boundary of the polygonal region.Hence,we obtain a strip ring R0

that contains R and is contained in the polygonal region, the desiredresult.
2

It only remains to show how to bridge between two strip rings. Speci¯cally,
we need to show how to combine strip rings in two di®erent ways: between
overlapping strip rings, and betweentouching strip rings possiblyof di®erent
colors.In both cases,we take an arbitrary edgesharedby the two strip rings;
for overlappingrings, this \edge" hassomethickness.Webridge at any joining
place along this edgeby using the turn-around gadget in Fig. 9. The excess
paper can be reducedto ¯t within the two rings by applying Theorem 2. We
can also reversethe color of the strip in between the two folds of the turn-
around gadget (note that if the two rings have di®erent colors, they do not
overlap), using the color-reversalgadgetin Section2.3.

4.4 Strip Width

What are the leastpossibleconstraints on the strip's width? If our only build-
ing blocks are strip rings (in other words, the width of the strip stays essen-
tially constant), we needthe property that at least one strip ring ¯ts inside
the polygonalregionwe are trying to cover. Oneobservation is that the strip's
width must be at most the minimum feature size, that is, the minimum dis-
tance betweentwo non-incident boundary edges.Indeed, we needa stronger
upper bound on the strip's width than the minimum feature size, to ensure
that it is possibleto turn at every re°ex vertex without falling outside the
polygonal region.

Considera re°ex vertex v with exterior angleµ and considerthe non-incident
boundary edgee that is closestto v along the angular bisector at v; refer to
Fig. 15. To turn at v, a ring turns at a point on the angular bisectorof v. Let
d denotethe distancefrom v to e alongthe angular bisectorof v. This givesus
the maximum allowed \diagonal" width of the strip. This meansthat the true
width of the strip must be at most dsin(µ=2). By minimizing this expression
over all re°ex vertices,we obtain an upper bound on the strip's width for that
face.

16



e

v

ddsin(µ=2)

µ

Fig. 15. Computing the upper bound on the width of the strip.

We choosethe strip's width so that this upper bound is satis¯ed for every
faceof the polyhedron.Note that we can always thin the strip to achieve the
desiredupper bound by accordionfolding it.

4.5 Summary

We concludethat the ring method gives us our secondproof of Theorem 1.
The time required for our method to produce an implicit representation of
the folding is boundedby O(n2). The actual folding producedby the method
utilizes O(n2) gadgets,each of which requires O(1=¾) folds, where ¾ is the
feature size of the ring decomposition. It is readily shown that the ring de-
composition results in 1=¾being polynomially boundedin the feature sizeof
the original input P. Thus, we obtain the claimed boundsof Theorem1.

5 Convex-Decomp osition Metho d

The goal of our third method is to wrap a polyhedronwhile minimizing some
metric involving \seams." A seam is a visible creaseor edgeof paper on the
interior of a face of the polyhedron. There are several interesting metrics to
optimize on seams.For example,minimizing

(1) the number of regionsbetweenthe seams,
(2) the total number of seams,or
(3) the total length of the seams

may be relevant to ¯nding a polyhedron wrapping with a pleasingexterior
view.

Note that our method for covering a convex polygon (Corollary 3) usesno
seams.Indeed, convex polygonsare the maximal objects that can be folded
without seams:becausea re°ex vertex hasnegative curvature (i.e., the sumof
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the incident angles,on both the top and bottom sides,is morethan 2¼), it can-
not be foldedwithout seamsfrom a strip which haszerocurvature everywhere
(i.e., the sum of incident anglesis exactly 2¼).

However, this argument only applieswhenoneseamlesspolygon is desired,as
it is easyto make a seamlessnonconvex region of a °at origami. The key is
that the nonconvex vertices of a seamlessregion, which by themselves have
negative curvature, can be madenon-vertices,and hencehave zerocurvature,
by adding seamlessregionsincident to the vertices.

For the purposesof this paper, weconcentrate on the casein which the regions
between seamsare convex polygons. Hence, our third method is basedon
a convex decomposition of the polyhedron's surface, that is, a partitioning
of each face of the polyhedron into interior-disjoint convex polygons. Each
interior edgein the decomposition corresponds to a seam,and each polygon
in the decomposition corresponds to a region between the seams.Thus, the
three seamoptimization questionsstated above, subject to the convex-face
restriction, can be rephrasedas convex-decomposition questions:

(1) Decomposea polygonalregioninto the minimum number of convexpolygons.
(2) Decomposea polygonal region into convex facesusing the fewest number

of edges.
(3) Decomposea polygonal region into convex facesusing edgeswith mini-

mum total length.

Depending on the kinds of seamswe want to allow, we may or may not allow
the addition of Steiner points. There are hencesix questionsof interest: the
above three with and without Steiner points allowed. We know of no work
explicitly addressingProblem 2. Note however that if Steinerpoints are disal-
lowed, the number of edgesis completelydeterminedby the number of regions,
and henceProblems1 and 2 becomethe same.

There is an abundanceof prior work on problems of convex decomposition;
see the recent survey article of Keil [14]. For simple polygons (no holes),
Greene[10] gives an O(r 2n2)-time algorithm for Problems 1 and 3 without
Steiner points (and hencealso Problem 2 without Steiner points), wherer is
the number of re°ex vertices.Keil [16]independently discoveredanO(r 2n logn)-
time algorithm for Problem 1 without Steiner points. The only polynomial-
time algorithm for optimal convex decomposition with Steiner points is by
Chazelleand Dobkin [8], who developedan O(n+ r 3)-time algorithm for Prob-
lem 1 with Steinerpoints. Problems2 and 3 with Steinerpoints appear to be
interesting open problems.

Unfortunately, for polygonal regionswith holes,theseproblemsare all either
known to be NP-hard, or seemlikely to be. Lingas [18] showed that Problem
1 with Steiner points is NP-hard. Keil [15] showed that Problems 1 and 3
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without Steinerpoints (and hencealsoProblem 2 without Steinerpoints) are
NP-hard. Problems 2 and 3 with Steiner points again remain open, but are
likely alsoNP-hard.

The method described in this sectionwill conform to any convex decomposi-
tion of the polyhedron'ssurface,thereby proving the following theorem.

Theorem 10 Given any convexdecomposition of a 2-colored polyhedron's sur-
face, there is a folding of a su±ciently largepiece of bicolor paper that covers
all the faces of the polyhedron with the assigned color, and has seams at pre-
cisely the edgesof the convexdecomposition.

Depending on the choiceof the convex decomposition, this method optimizes
the desiredmetric of seams,subject to the convex-facerestriction.

The method is basedon dynamically adjusting the strip width, which is de-
scribed in Section 5.1. This gadget is used in Section 5.2 to complete the
convex-decomposition method.

5.1 Dynamic Strip Width

This sectiondescribeshow the strip width can be changedalonga perpendic-
ular edgeto have any width that is at most the original (physical) width.

The basic gadget is shown in Fig. 16. Note that the folding starts with the
reversesideof the strip showing, and is °ipp ed back over in Step 4. The ¯rst
fold is the perpendicular along which we want to changethe strip width, and
is a valley from this orientation. The secondfold is another perpendicular,
which is the desired reduction amount away from the ¯rst fold. The third
fold is a squashfold, which involvesfolding down the top part of the strip by
the desiredreduction amount, along a horizontal line; the upper-left corner
naturally \squashes"along two 45-degreefolds (which are originally right on
top of each other). Equivalently, we can squashfold upwards the bottom part
of the strip.

1.

Turn
over

3.2.

Desired reduction

4. 5.

Squash fold

Fig. 16. Folding a strip-width gadget.
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This gadgetcan reducea strip of width w into a strip of width ®¢w for any
1
2 · ® · 1. By applying the \reverse"of the gadget(that is, °ipping the image
horizontally), we can alsoundo any previousreduction. We are now ready to
prove the desiredtheorem:

Theorem 11 A strip can be repeatedly resized along various perpendicular
edgesto any width that is at most the original physical width. The number of
folds required to changethe width from w1 to w2 is

O
³
1 + j log (w1=w2)j

´
:

PR OOF. We maintain the invariant that the strip is the result of several
width-halving gadgets(a strip-width gadget with ® = 1

2), possibly followed
by a general width-reduction gadget with some®. To achieve a particular
strip width, we ¯rst fold (if necessary)the reversestrip-width gadgetwith the
same®. Then we apply width-halving or reversewidth-halving gadgetsuntil
the strip has width within a factor of two of the desiredwidth. Finally, we
apply the generalwidth-reduction gadget to obtain the desiredstrip width.
The bound on the number of folds follows immediately. 2

Note that any excesspaper from strip-width gadgetscan be reduced to ¯t
within any desiredincident region (namely, the polyhedron face that we are
covering), by Theorem2.

5.2 Approach

We are now in the position to describe a folding that only has seamson the
edgesof a given convex decomposition of a polyhedron's surface.We de¯ne
the diameter of the convex decomposition to be the largest diameter of any
convex polygon in the decomposition, that is, the largest distance between
any two points on a common convex polygon. We chooseour strip to have
this diameter as its physical (initial) width.

The algorithm works as follows. We traversea spanning tree of the dual of
the convex decomposition in a depth-¯rst traversal. The strip always enters
a convex polygon P along a sub-portion of oneof its edges,perpendicular to
that edgee. Reorient so that e is vertical. At this point of entry along e, we
resizethe strip to be the vertical extent of P. Note that the resizedstrip may
not have the right vertical positioning to cover all of P; this can be ¯xed by
using the shift gadgetshown in Fig. 17.
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2.1. 3.

Fig. 17. Folding a shift gadget, which is just a sequenceof two right-angle turn
gadgetsfrom Fig. 4.

Next wecontinuethe strip straight until it coversall of P; wecall this the com-
pletion point. Let e0 denotethe edgesharedby P and the next polygon P 0 in
the traversalorder. If the length of e0 is lessthan the current width of the strip
(i.e., the vertical extent of P), then we resizethe strip width at the completion
point to the length of e0. It remains to show how to turn the strip to reach
e0 perpendicularly. In fact, this can be done using a generalizedturn gadget
(Section2.2). If e0 hasnegative slope, as in Fig. 18(a), the perpendicular fold
is right at the completionpoint. If e0 haspositive slope, the perpendicular fold
may be past the completion point, as in Fig. 18(b). In either case,the second
fold turns onto the in¯nite strip perpendicular and incident to e0. Finally, any
excesspaper that results from the turn gadgetextending beyond polygon P
can be folded underneathP, by Theorem 2. (This doesnot causeany seams
to appear, sincethe folding is doneunderneathP.)

thinned
to length
of e0

Strip is

(b)(a)

e

e0P

e

P
e0

Fig. 18. Covering a polygon P entering from edgee, and turning to the next edge
e0. (a) e0 has negative slope. (b) e0 has positive slope.

Oncewe reach the edgee0, we immediately reorient so that e0 is vertical. We
apply Theorem 11 to resize the strip along e0 to the vertical extent of P0.
Finally, if P and P0 have opposite colors, we reversethe strip color along e0

by applying the gadgetin Fig. 6.

Folding the excesspaper underneath completes the convex-decomposition
method, thereby proving Theorem 10: any polyhedron can be wrapped with
seamspreciselyalong the edgesof a convex decomposition. This alsoprovides
our third proof of Theorem 1, sincethe time bound is clearly polynomial in
n and the bound on the number of folds follows from the use of O(n) hide
gadgets.
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6 Conclusion

We have described three methods for constructing an arbitrary silhouette,
or more generally a 2-colored polyhedron. The ¯rst method usestriangles
as building blocks, following a Hamiltonian triangulation re¯nement of the
polyhedron. The secondmethod uses\rings" as building blocks, following a
natural ring decomposition from the straight skeleton.We note that thesetwo
approachesresemble the two main algorithms for \milling" a pocket: zig-zag
and contour machining [5]. The third method usesseamlessconvex polygons
as building blocks, allowing us to control the pattern of seamsin the overall
folding (e.g., to optimize the number or length of seams)subject to convexity
of the seamlessregions.
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