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Abstract

A hinged dissectionof a set of polygonsS is a collection of polygonal pieceshinged
together at vertices that can be rotated into any member of S. We present a hinged
dissection of all edge-to-edgegluings of n congruent copiesof a polygon P that join
corresponding edgesof P. This construction useskn pieces,where k is the number
of vertices of P. When P is a regular polygon, we show how to reduce the number
of piecesto dk=2e(n ¡ 1). In particular, we consider polyominoes (made up of unit
squares),polyiamonds (made up of equilateral triangles), and polyhexes(made up of
regular hexagons). We also give a hinged dissection of all polyabolos (made up of
right isoscelestriangles), which do not fall under the general result mentioned above.
Finally, we show that if P can be hinged into Q, then any edge-to-edgegluing of n
congruent copiesof P can be hinged into any edge-to-edgegluing of n congruent copies
of Q.

1 In tro duction

A geometric dissection [8, 13] is a cutting of a polygon into piecesthat can be re-arrangedto
form another polygon. It is well known, for example,that any polygon can be dissectedinto
any other polygon with the samearea [2, 8, 14], but the bound on the number of piecesis
quite weak. The main problem, then, is to ¯nd a dissectionwith the fewest possiblenumber
of pieces. Dissectionshave begun to be studied more formally than in their recreational
past. For example, Kranakis, Krizanc, and Urrutia [12] study the asymptotic number of
piecesrequired to dissecta regular m-gon into a regular n-gon. Czyzowicz, Kranakis, and
Urrutia [4] considerthe number of piecesto dissecta rational rectangleinto a squareusing
\glass cuts." An earlier paper by Cohn [3] studies the number of piecesto dissecta given
triangle into a square.
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An intriguing subclassof dissectionsare hinged dissections [9, 8]. Instead of allowing
the piecesto be re-arrangedarbitrarily , supposethat the piecesare hinged together at their
vertices, and we require piecesto remain attached at thesehingesas they are re-arranged.
Figure 1 shows the classichinged dissectionof an equilateral triangle into a square. This
dissectionis described by Dudeney [6], but may have beendiscovered by C. W. McElroy;
see[9], [8, p. 136].

Figure 1: Hinged dissectionof an equilateral triangle into a square.

For our purposes,we allow the piecesin a hinged dissection to overlap as the hinges
rotate, but are interestedin ¯nal con¯gurations at which piecesdo not overlap. We do not
allow multiple hinges at a common vertex to crosseach other, nor for hinges to \t wist"
and °ip piecesover; seeFigure 2.1 Figures 1 and 2 illustrate our two drawing styles for
hinged dissections: \geometrically exact" with dots for hinges and unshadedpieces,and
\exaggerated" with segments for hingesand shadedpieces.In fact, hingeshave zerolength.

A

B A

B

Figure 2: Forbidden featuresof hinged dissections:no crossinghinges(left) and no hinge
twisting (right).

A natural questionabout hinged dissectionsis the following: can any polygon be hinge-
dissectedinto any other polygon with the samearea?This questionis open and seemsquite
di±cult. The main impediment to applying the sametechniquesasnormal dissectionis that
hingeddissectionsare not obviously transitiv e: if A can be hinge-dissectedto B, and B can
be hinge-dissectedto C, then it is not clear how to combine the two dissectionsinto one
from A to C. Of course,this transitivit y property holds for normal dissections.

The possibility of an a±rmativ e answer to this questionis supported by the many exam-
plesof hinged dissectionsthat have beendiscovered. Frederickson [9] hasdeveloped several
techniquesfor constructing hinged dissections,and has applied them to designhundredsof
examples.Akiyama and Nakamura [1] have demonstratedsomehinged dissectionsunder a
restrictive model of hinging, designedto match the dissectionin Figure 1. For example,they

1Frederickson [9] distinguishes di®erent types of hinged dissections;this type is called swing-hinged (no
twisting) and wobblyhinged (allow overlap during rotation).
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show that it is possibleto hinge-dissectany convex quadrangleinto someparallelogram;in
general, their work only deals with polygons having a constant number of vertices. Epp-
stein [7] gives a generalmethod for hinge-dissectingany n-vertex polygon into its mirror
imageusing O(n) pieces.His method also reducesthe generalhinged-dissectionproblem to
determining whether there is a hinged dissectionbetweenevery pair of equal-areatriangles
satisfying a few simple extra properties.

In this paper, we explore hinged dissectionsof a class of polygons formed by gluing
together several nonoverlapping equal-sizeregular k-gonsalong touching pairs of edges,for
a ¯xed k. We call such a polygon a poly-k-regular or polyregular for short. The polygon
need not be simply connected; we allow it to have holes. An n £ k-regular is a poly-
k-regular made of n regular k-gons. Poly-k-regulars include the well-studied polyominoes
(k = 4), polyiamonds (k = 3), and polyhexes(k = 6) [10, 11, 15]. Polyominoes are of
particular interest to computational geometers,becausethey include orthogonal polygons
whoseverticeshave rational coordinates.

This paper provesthat not only can any n £ k-regular be hinge-dissectedinto any other
n£ k-regular,but furthermore that there is a singlehingeddissectionthat canberotated into
all n £ k-regulars,for ¯xed n and k. This includesboth re°ected copiesof each polyregular.
Section 4 describes two methods for solving this problem, the more e±cient of which uses
dk=2e(n ¡ 1) pieces. The more-e±cient method combines a simpler method, which uses
k(n ¡ 1) pieces,and an e±cient method for the special caseof polyominoes, described in
Section3 wherewe alsogive somelower bounds.

Next, in Section5 we consideranother kind of \p olyform." A polyabolo is a connected
edge-to-edgegluing of nonoverlappingequal-sizeright isoscelestriangles. In particular, every
n-omino is a 2n-abolo, as well as a 4n-abolo. We prove that there is a 4n-piece hinged
dissectionthat can be rotated into any n-abolo for ¯xed n.

In Section6, we show an analogousresult for a generalkind of polyform, which allows
us to take certain edge-to-edgegluings of copies of a general polygon. This result is a
generalizationof polyregulars, although it usesmore pieces. It does not, however, include
the polyabolo result, becauseof somerestrictions placedon how the copiesof the polygon
can be joined.

Section7 shows there are hinged dissectionsthat can rotate into polyforms madeup of
di®erent kinds of polygons. Speci¯cally, it ¯nds e±cient hinged dissectionsthat rotate into
(a) all polyiamondsand all polyominoes,(b) all polyominoesand all polyhexes,and (c) all
polyiamondsand all polyhexes.On the way, we show that any dissectionin which the pieces
are hingedtogether accordingto somegraph, such asa path, can be turned into a dissection
in which the piecesare hinged together in a cycle.

A preliminary versionof this work appearedin [5].

2 Basic Structure of Polyforms

We begin with some de¯nitions and basic results about the structure of polyforms. As
we understand it, the term \p olyform" is not normally used in a formal sense,but rather
as a ¯gurativ e term for objects like polyominoes,polyiamonds,polyhexes,and polyabolos.
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However, in this paper, we ¯nd it useful to usea commonterm to specify all of theseobjects
collectively, and \p olyform" seemsa natural term for this purpose.

Speci¯cally, we de¯ne a (planar) polyform to be a ¯nite collection of copiesof a common
polygon P such that the interior of their union is connected,and the intersection of two
copiesis either empty, a commonvertex, or a commonedge.An n-form is a polyform made
of n copiesof P. We call P the type of the polyform. Polyforms are consideredequivalent
modulo rigid motions (translations and rotations), but not re°ections.

The graph of a polyform is de¯ned as follows. Create a vertex for each polygon in the
collection, and connect two vertices precisely if the corresponding polygonssharean edge.
Becauseevery connectedgraph has a vertex whoseremoval leavesthe graph connected,we
have the following immediate consequence.

Prop osition 1 Every n-form hasa polygonwhoseremovalresultsin a (connected) (n ¡ 1)-
form of the sametype.

This simple result is useful for performing induction on the number of polygons in a
polyform. More precisely, if we view the decomposition in the reversedirection (adding
polygonsinstead of removing them), then this lemma says that any polyform can be built
up by a sequenceof additions such that any intermediateform is alsoconnected.To construct
a hingeddissection,we will repeatedly hingea new polygon onto the previously constructed
polyform.

In the next lemma, the ¯rst sentence restates Proposition 1 in the context of adding
polygons instead of removing them. In addition, the secondsentence provides someaddi-
tional constraints on the addition process,which will be important for optimizing someof
our dissections.

Lemma 2 Any polyform of type P can be built up by a sequence of gluings in which a new
copy of P is placed against an edgeof an already placed copy of P called the parent. (As a
special case,the ¯rst copy of P can be placed arbitrarily.) Furthermore, this gluing sequence
can be chosenso that only one copy of P is glued with the ¯rst copy of P as the parent.

Pro of: Pick any spanningtree T of the graph of an n-form. Let P1 be someleaf of T. Let
P2 denotethe uniquevertex incident to P1 in T, and glue it to P1. Now perform a depth-¯rst
traversalof T rooted at P2, and label newly visited verticesasP3; P4; : : : ; Pn , each gluing to
its parent. The result is a gluing sequencefor the polyform, such that only onepolygon (P2)
gluesto P1. 2

Our constructionsand proofsof correctnessfor hingeddissectionsof n-formswill follow a
commonoutline. The construction is simple: we describe a (often cyclicly) hingeddissection
parameterizedby n; morepreciselywe de¯ne a function from the positive integersto hinged
dissections,call it H (n). Now we needto prove that, for any n ¸ 1, H (n) canbe rotated into
all n-forms. This will be doneusing the ideasof Lemma2. First we show how to construct a
singlepolygon (P1); that is, we show that H (1) can be rotated into P. Secondwe show how
to add each polygon Pn onto a rotation of H (n ¡ 1) into an arbitrary (n¡ 1)-form Fn¡ 1, so
that in the end we have a rotation of H (n) into a desiredn-form. The key is that no matter
where we attach Pn to Fn¡ 1, we obtain a rotation of exactly the samehinged dissection,
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H (n). This meansthat the sameH (n) can be rotated into all of thesecon¯gurations|all
n-forms.

This technique will be usedrepeatedly, so the following lemma speci¯es it formally. It
also generalizesto allow starting with c-forms for a constant c ¸ 1 instead of just a single
copy of P. We will often use c = 2 to optimize someof our dissections,although we will
never usehigher valuesof c.

Lemma 3 For any constant c ¸ 1, a parameterized hinged dissection H (n) rotates into all
n-forms of type P, for every n ¸ c, if

1. H (c) rotates into any c-form of type P, and

2. for everyn > c, given any rotation of H (n ¡ 1) into an (n¡ 1)-form F , and given any
edge e of F , H (1) can be rotated into P, placed next to e, and hingescan be added
and removed between touching vertices (that is, the two hinged dissections can be split
up and spliced back together) such that the resulting hinged dissection is H (n). This
processis called attaching a copy of P to F .

Furthermore, if c ¸ 2, somecopy of P in the initial c-form (from Condition 1) wil l never
havea copy of P attached to it, and in this senseis called slippery.

Pro of: Considerany n-form F of type P for n ¸ c. We will prove that H (n) rotates into F ,
and henceH (n) rotates into all n-forms of type P. Considera gluing sequencefor F from
Lemma 2. The union of the ¯rst c copiesof P is somec-form C of type P. By Condition 1,
H (c) can be rotated into C. Now attach the remaining copiesof P oneby one in the order
speci¯ed by the gluing sequence.At each step, if we have a rotation of H (k) into the ¯rst k
copiesof P, then attaching the next givesus a rotation of H (k + 1). By induction, we reach
a rotation of H (n) into the desiredn-form F .

Now C contains the ¯rst copy of P in the gluing sequence,call it P1. The gluing sequence
from Lemma 2 gluesonly onecopy of P to P1. Provided c ¸ 2, C hasalready glued a copy
of P to P1, and henceno other copiesof P are glued to P1. The above construction makes
precisely one attachment corresponding to each gluing other than the ¯rst c ¡ 1 gluings;
thus, no copiesof P are ever attached to P1. 2

3 Poly omino es

Let us start with the special caseof polyominoes. This serves as a nice introduction to
e±cient hinged dissectionof polyregulars,and is alsowhereour research began.

3.1 Small Poly omino es

Constructing a hingeddissectionthat forms any n-omino is easyfor small valuesof n. There
is only onemonominoand onedomino, sono hingesare necessary. There are two trominoes,
and a two-piecedissectionis easyto ¯nd; seeFigure 3. The natural four-squaredissection
can be hinged to rotate into all tetrominoes;seeFigure 4.
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Figure 3: Two-piecehinged dissectionof all trominoes.
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Figure 4: Four-piecehingeddissectionrotated into all tetrominoes,while keepingthe orien-
tation of square2 ¯xed.

Unfortunately, in contrast to normal dissections,dividing an n-omino into its constituent
squaresis insu±cient for it to hinge into all other n-ominoesfor n = 5:

Theorem 4 Five identical squares cannot be hinged in sucha way that they can be rotated
into all pentominoes.

Pro of: Supposethere were a hinging H of ¯v e squaresthat could rotate into every pen-
tomino. We ¯rst considerthe I-pentomino, which is a 1 £ 5 rectangle. BecauseH rotates
into the I-pentomino, the squaresmust be hinged oneafter the other in a chain, orderedby
their position in the rectangle. An examplewithout the hingesis given in Figure 5.

We next considerthe X-pentomino, in which the ¯v e squaresform a (Greek) cross.Four
of the ¯v e squaresarearmsof the X-pentomino. Each of thesefour hastwo adjacent vertices
that do not touch any other square,and thus cannot have hingeson them. It follows that
none of thesefour squarescan have hingesat diagonally opposite vertices. Thus, at most
one of the ¯v e squarescan have hingesat diagonally opposite vertices. Figure 6 gives an
example of such a hinging of the X-pentomino (there are several). In this example, only
square3, the middle square,hashingesat diagonally opposite vertices.
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Figure 5: I-pentomino
without hinges

Figure 6: X-pentomino
with samplehinging

Figure 7: T-pentomino
with forcedhinges

We next considerthe T-pentomino, in which three squaresare stacked oneon top of the
other, and the other two squaresare to the right and to the left of the top squarein the
stack. One end of the chain (call it square1) must be on the bottom of the stack, becauseit
is adjacent to only one other square(which must necessarilybe square2). The top middle
squarecannot be square3, for otherwise it would be impossibleto connectall the squares
in a chain. Thus, in particular, the other end of the chain (square5) must be either the left
or the right squareat the top. This argument limits us to the con¯guration in Figure 7 and
its mirror image.

Suppose that we transform H from the T-pentomino to the I-pentomino while leav-
ing square2 in the sameorientation. If the I-pentomino lies horizontally, then square1
must rotate 180± clockwise,causingsquare2 to have hingesat diagonally opposite vertices.
Square3 must rotate 90± clockwise, square4 rotates 270± clockwise, and square5 rotates
90± clockwise, as shown in Figure 8. But this requires that two squares,squares2 and 4,
have hingesat diagonally opposite vertices. Becausethis possibility has beenruled out, we
cannot transform H from the T-pentomino to the I-pentomino while leaving square2 in the
sameorientation and having the I-pentomino lie horizontally.

Supposethat we transform H from the T-pentomino to the I-pentomino while leaving
square2 in the sameorientation, with the I-pentomino standing vertically. Then square3
must rotate 90± counterclockwise. This would leave both of its hingesadjacent to square2,
as shown in Figure 9. Clearly squares3 and 4 cannot be connectedin this way.

This exhaustsall casesfor transforming H from the T-pentomino to the I-pentomino.
Thus the desiredhinging H doesnot exist. 2

3.2 General Poly omino es

Our ¯rst hinged dissectionof generaln-ominoes uses2n right isoscelestriangles; seeFig-
ure 10. Note that a cyclicly hinged dissection(in which the piecesare connectedin a cycle)
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Figure 8: First try: T to I Figure 9: Secondtry: T to I

is a stronger result than a linearly hinged dissection(in which the piecesare connectedin a
path): simply breaking oneof the hingesin the cycle results in a linearly hinged dissection.

Figure 10: 2n-piecehinged dissectionof all n-ominoes. (Left) Connectedin a path. (Right)
Connectedin a cycle,n = 4.

Theorem 5 A cycle of 2n right isosceles triangles, joined at their base vertices, can be
rotated into any n-omino.

Pro of: Apply Lemma 3 with c = 1. The casen = 1 is shown in Figure 11.

Figure 11: A 2-piecehinged dissectionof a monomino.
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We can attach a squareS to the hinging of a polyomino P as follows; refer to Figure 12.
Let T be the triangle in this hinging that sharesan edgewith S. One of its basevertices,
say v, is alsoincident to S, and it must be hingedto someother triangle T 0. We split S into
two right isoscelestriangles S1 and S2 so that both have a basevertex at v. Now we replace
T's hingeat v with a hinge to S1, and add a hinge from S2 to T0 at v. Finally, S1 and S2 are
hinged together at their other basevertex. The result is a hinging of 2n triangles rotated
into P. We can optionally swap S1 and S2 in order to avoid crossingsbetweenthe hinges. 2

S1

TT0

S2

v v

T0 T

S

Figure 12: Attaching a squareS to the 2n-piecehinged dissectionof n-ominoes.

Now we explain how to modify this dissectionto usetwo fewer pieces:

Corollary 6 For n ¸ 2, the (2n ¡ 2)-piece hinged dissection in Figure 13 can be rotated into
any n-omino.

Figure 13: (2n ¡ 2)-piecehinged dissectionof all n-ominoes. (Left) Linear. (Right) Cyclic,
n = 4.

Pro of: Apply Lemma 3 with c = 2. The casen = 2 is shown in Figure 14. One square
in this domino, S1, has hingesat diagonally opposite vertices just as before,but the other
square,S2, has only one hinge. By symmetry, we can arrange in Lemma 3 for S2 to be
chosenas slippery, and henceall attachments act as in Theorem5. 2

This method will be generalizedin Section4.2 to support all polyregulars.

9



S1 S2

Figure 14: A 2-piecehinged dissectionof a domino.

4 Polyregulars

This sectiondescribes two methods for constructing, given any n ¸ 1 and k ¸ 3, a hinged
dissectionthat can be rotated into all n £ k-regulars. In particular, this result generalizes
the polyomino case(k = 4) of the previous section. However, our ¯rst solution will not be
as e±cient as that in the previous section; it serves as a simpler warm-up for the second
solution. The secondsolution combines the ¯rst solution and the e±cient k = 4 solution to
obtain a singlemethod that is e±cient for all k.

4.1 Ine±cien t Polyregulars

Our ¯rst hinged dissectionsplits each regular k-gon into k isoscelestriangles, by adding an
edgefrom each vertex to the center of the polygon. SeeFigure 15. Becauseit is rather
di±cult to draw a genericregular k-gon, our ¯gures will concentrate on the caseof k = 3,
i.e., n-iamonds. We de¯ne the base of each isoscelestriangle to be the edgethat coincides
with an edgeof the regular k-gon (whoselength di®ersfrom all the others unlessk = 6).
The basevertices are the endpoints of the base,and the opposite angle is the interior angle
of the remaining vertex.

Figure 15: 3n-piecehingeddissectionof all n-iamonds. (Left) Linear. (Right) Cyclic, n = 3.

Theorem 7 A cycle of kn isoscelestriangles with opposite angle2¼=k, joined at their base
vertices, can be rotated into any n £ k-regular.

Pro of: Apply Lemma 3 with c = 1. The casen = 1 is shown in Figure 16.
We can attach a regular k-gon R to the hinging of an n £ k-regular P as follows; refer

to Figure 17. Let T be the triangle in this hinging that sharesan edgewith R. Both of its
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Figure 16: A 3-piecehinged dissectionof a moniamond.

basevertices are also incident to R. Let v be either one of T's basevertices, and suppose
that it is hingedto triangle T 0. We split R into k isoscelestriangles R1, . . . , Rk sothat both
R1 and Rk have a basevertex at v. Now we replaceT's hinge at v with a hinge to R1, and
add a hinge from Rk to T0 at v. Finally, Ri and Ri +1 are hinged together at their common
basevertex, for all 1 · i < k. The result is a hinging of kn triangles rotated into P. We
can optionally renumber R1, . . . , Rk as Rk , . . . , R1 in order to avoid crossingsbetweenthe
hinges. 2

R2

T

R3

R1

T0

R
v v

T0

T

Figure 17: Attaching an equilateral triangle R to the 3n-piecehingeddissectionof n-iamonds.

While the number of pieceswill be improved dramatically in the next section,we show
that the trick of merging the last few piecesalso applies to this dissection, reducing the
number of piecesby k:

Corollary 8 For n ¸ 2, the k(n ¡ 1)-piece hinged dissection in Figure 18 can be rotated
into any n £ k-regular.

Figure 18: (3n ¡ 3)-piecehinged dissectionof all n-iamonds. (Left) Linear. (Right) Cyclic,
n = 3.
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Pro of: Apply Lemma 3 with c = 2. The casen = 2 is shown in Figure 19. One regular
k-gon R1 in this 2 £ k-regular has hinges at all its vertices just as before, but the other
regular k-gon R2 has only two hinges. By symmetry, we can arrangein Lemma 3 for R2 to
be chosenas slippery, and henceall attachments act as in Theorem7. 2

R2

R1

Figure 19: A 3-piecehinged dissectionof a diamond.

4.2 Impro ved Polyregulars

The goalof this sectionis to improve the previoushingeddissectionfor polyregularssothat,
for k = 4, the number of piecesmatches the method in Section3 for polyominoes. To see
how to do this, let us comparethe two methods when restricted to k = 4. The method in
Section4.1 splits each squareinto four right isoscelestriangles; i.e., it makesfour cuts to the
center of the square. In contrast, the method in Section3 makesonly two of thesecuts. In
other words, the method in Section3 can be thought of as merging adjacent pairs of right
isoscelestriangles from the method in Section4.1.

This discussionsuggeststhe following generalizedimprovement to the method in Sec-
tion 4.1, for arbitrary k: join adjacent pairs of right isoscelestriangles, until zero or one
triangles are left. For even k (like k = 4), this will halve the number of pieces;and for odd k,
it will almost halve the number of pieces.The intuition behind why this method will work
is that when we addeda regular k-gon to an existing polyregular in the proof of Theorem7,
we had two existing hingesat which we could connect the new k-gon; at most halving the
number of hingeswill still leave at least onehinge to connectthe new k-gon.

In general,our hinged dissectionwill consist of dk=2en pieces. If k is even, every piece
will be the union of two isoscelestriangles, each with opposite angle2¼=k, joined along an
edgeother than the base. If k is odd, every group of bk=2c of thesepiecesis followed by a
singleisoscelestriangle with oppositeangle2¼=k. For example,for polyiamonds(k = 3), the
piecesalternate betweensingletrianglesand \double" triangles(seeFigure 20). Independent
of the parity of k, the piecesare joined at the baseverticesof the constituent triangles that
have not beenmergedto other basevertices.

Again, our ¯gures will focuson the casek = 3, as in Figure 20.

Theorem 9 The described cyclicly hinged dissection of dk=2en pieces can be rotated into
any n £ k-regular.

Pro of: Apply Lemma 3 with c = 1. The casen = 1 is shown in Figure 21.
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Figure 20: 2n-piecehingeddissectionof all n-iamonds. (Left) Linear. (Right) Cyclic, n = 4.

Figure 21: A 2-piecehinged dissectionof a moniamond.

We canattach a regular k-gonR to the hinging of an n £ k-regular P similar to the proof
of Theorem 7; refer to Figure 22. Let T be the piece in this hinging that sharesan edge
with R. Both of the baseverticesof oneof its constituent triangles are incident to R. Let v
be such a basevertex of T that is not joined to a basevertex of another constituent triangle
of T (which we call lone basevertices), and supposethat it is hinged to pieceT 0. We split
R into dk=2e piecesR1, . . . , Rdk=2e so that both R1 and Rdk=2e have a lone basevertex at
v. Now we replaceT's hinge at v with a hinge to R1, and add a hinge from Rdk=2e to T0 at
v. We hinge Ri and Ri +1 together at their commonlone basevertex, for all 1 · i < dk=2e.
Finally, if k is odd, we chooseoneof the piecesR1, . . . , Rdk=2e to be a singletriangle instead
of a double triangle, appropriately so that the single triangles appear periodically in the
resulting cycleof pieces,with a period of dk=2e. The result is the desiredhinging of dk=2en
piecesrotated into P. We can optionally renumber R1, . . . , Rdk=2e asRdk=2e, . . . , R1 in order
to avoid crossingsbetweenthe hinges. 2

TT

R
v v

T0
T0

R1

R2

Figure 22: Attaching an equilateral triangle R to the 2n-piecehingeddissectionof n-iamonds.

Our ¯nal hinged dissectionof polyregularsimprovesthe previousoneby dk=2e pieces.
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Corollary 10 For n ¸ 2, the dk=2e(n¡ 1)-piece hinged dissection in Figure 23 can be rotated
into any n £ k-regular.

Figure 23: (2n ¡ 2)-piecehinged dissectionof all n-iamonds. (Left) Linear. (Right) Cyclic,
n = 4.

Pro of: Apply Lemma 3 with c = 2. The casen = 2 is shown in Figure 24. One regular
k-gon R1 in this 2 £ k-regular has hingesat roughly half of its vertices just as before,but
the other regular k-gon R2 hasonly two hinges. By symmetry, we can arrangein Lemma 3
for R2 to be chosenas slippery, and henceall attachments act as in Theorem9. 2

R2

R1

Figure 24: A 2-piecehinged dissectionof a diamond.

5 Poly abolos

Another well-studied classof polyforms that does not fall under the classof polyregulars
is polyabolos, the union of equal-sizehalf-squares(right isoscelestriangles) joined at equal-
length edges.In this section,we present a hinged dissectionof polyabolos.

Our dissection is a cycle of 4n right isoscelestriangles, as shown in Figure 25. Like
Figure 10, the triangles point outward, but unlike Figure 10, they are joined at a short edge
insteadof the long edge.The orientations of the triangles (or equivalently, which of the two
short edgeswe connectto the other triangles) alternate along the cycle.
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Figure 25: 4n-piecehinged dissectionof all n-abolos. (Left) Linear. (Right) Cyclic, n = 3.

Theorem 11 The 4n-piece hinged dissection in Figure 25 can be rotated into any n-abolo.

Pro of: Apply Lemma 3 with c = 1. The casen = 1 is shown in Figure 26. Note that
in contrast to all previous dissections,there are no hingesat the verticesof the monabolo.
There are, however, hingesat the midpoints of all the edges.

Figure 26: A 4-piecehinged dissectionof a monabolo.

We can attach a half-squareH to the hinging of a polyabolo P at thesemidpoints as
shown in Figure 27. There are three casesaccordingto relative orientations of H and the
incident half-square.But in all caseswe obtain the samehingeddissection(Figure 25) with
triangles pointing outward from the cycle,and alternating in orientation along the cycle. 2

An interesting consequenceof this theorem is a hinged dissectionthat can be rotated
into polyominoeswith squaresof di®erent sizes:

Corollary 12 A common hinged dissection can be rotated into any n-omino and any 2n-
omino.

Pro of: Both can be viewed as a 4n-abolo, by splitting a squarein the n-omino into four
pieces(Figure 28, left) and splitting a squarein the 2n-omino into two pieces(Figure 28,
right). 2
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Figure 27: Attaching a half-squareH to the 4n-piecehinged dissectionof n-abolos.

Figure 28: Two ways to split a polyomino into a polyabolo.

This dissectionusesa large number of pieces,namely 16n. In fact, we can do much
better by simply using the 4n-piecepath dissectionof the 2n-omino from Figure 10, left.
On the onehand, as in Theorem5, the hinged dissectioncan rotate into any 2n-omino. On
the other hand, we can rotate the piecesand view adjacent pairs of piecesas (temporarily)
mergedalong their short sides,and we obtain a hinged dissectionthat can rotate into any
n-omino. The full cyclic hinging doesnot work, becausethe 2n-omino wants the long sides
insidewhile the n-omino wants them outside,sorotating from oneto the other would require
twisting the hinges.

6 Other Polyforms

An interesting open problem is whether there is a hingeddissectionthat can be rotated into
all polyforms of a particular sizeand type. In other words, for a ¯xed n and polygon P, is
there a hinged dissectionthat rotates into any connectededge-to-edgegluing of n copiesof
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P? As a step towards solving this problem, we present a hinged dissectionfor a large class
of polyforms of type P. Speci¯cally, we imposethe restriction that for any two copiesof P
sharing an edge,there must be a rigid motion (a combination of translations and rotations)
that

1. takesonecopy of P to the other copy, and

2. takesthe sharededgein onecopy to the sharededgein the other copy.

Such a polyform is called a restricted polyform. The ¯rst constraint says that the copies
of P are not °ipp ed over. The secondconstraint says that only \corresponding edges"of
copiesof P are joined. This is actually not that uncommon: if P is genericin the sensethat
no two edgeshave the samelength, then the secondconstraint is implied by the edge-to-edge
condition.

Comparing to our previous results, every polyregular is a polyform satisfying the de-
scribed restriction. However, polyabolosdo not satisfy the secondconstraint; for example,if
we join two right isoscelestriangles sothat their union forms a larger right isoscelestriangle,
then noncorresponding edgeshave beenjoined.

The method for hinge-dissectingrestricted polyforms works as follows. We subdivide
P by making cuts incident to the midpoint of every boundary edge,so that there is one
piecesurrounding each vertex of P. This can be done as follows; refer to Figure 29. Take
a triangulation T of P. First, cut along edgesof the triangulation so that the remaining
connectionsbetweentriangles form a dual tree D; this step adds arti¯cial \edges" to P to
make P simply connected(hole-free). Second,position each vertex of D anywhereinterior to
the corresponding triangle in T, and cut along the edgesof D. Third, cut from each vertex
of D to the midpoint of every edgeof P incident to the corresponding triangle of T.

Figure 29: Cutting up a polygon P with cuts through the midpoint of every edge.Only the
dashedlines are not cuts; they show the underlying triangulation T. The thick solid lines
and dots form the dual tree D, and the thin solid lines are the cuts from dual vertices to
edgemidpoints.

Now the actual hingeddissectionis simple: repeat the cyclic decomposition of P, n times,
and hingethe piecesat the midpoints of the edgesof P. Now at any edgeof P we candecide
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to visit an incident copy of P beforecompleting the traversal of P, and we visit the same
sequenceof pieces.SeeFigure 30 for a simple example.

Figure 30: Joining two copiesof P, onceeach is cut up: switching over from onecopy of P
to the other doesnot a®ectthe order of shapesof pieceswe visit.

In this way we can construct any restricted polyform of type P, nearly proving the
following theorem:

Theorem 13 There is a kn-piece cyclicly hinged dissection that can be rotated into any
restricted n-form of type P, where P is a polygonwith k vertices.

Pro of: There is one detail omitted in the discussionabove, so let us go through a formal
proof. Apply Lemma 3 with c = 1. (While this lemma was designedfor generaln-forms, it
appliesequally well to restricted n-forms.) The casen = 1 just takesthe decomposition of
P described above, and hingesit at the midpoints of edgesof P. Adding a copy of P to a
restricted polyform of type P requiresspecial care. Let Q denotethe copy of P to which we
want to attach P, and let e denotethe edgeof Q to which P will attach. We needto place
P against e such that the rigid motion mapping Q to P and e to e also maps the piecesof
Q to the piecesof P (where \pieces" refer to the subdivision described above).

Certainly there is a rigid motion m mapping the piecesof Q to the piecesof P, so
we should attach P's edge m(e) to Q's edge e. The only possible wrinkle is that if P
has symmetry, in the sensethat there is a rigid motion s from P to itself, then we might
insteadattempt to attach s(m(e)) to e. Fortunately, we get to choosethe orientation of the
subdivision of P for the copy we are attaching. We can exploreall symmetric versionsof the
subdivision of P and choosethe one that placesm(e) against e. 2

7 Polyforms of Di®eren t T yp es

7.1 Di®eren t Restricted Polyforms

Figure 1 showsthat a regular3-goncanbehinge-dissectedinto a regular4-gon. This example
suggeststhe more generalpossibility of hinge-dissectingn £ 3-regularsinto n £ 4-regulars.
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Indeed,such a hingeddissectionis possible,even for restricted polyforms of arbitrary types:

Theorem 14 Given a hinged dissection H that rotates into polygonsP1; P2; : : : ; Pk , there
is a cyclicly hinged dissection H 0 that rotates into all restricted n-forms of type Pi for all
1 · i · k. If H hasn piecesand Pi haspi sides,then H 0 hasat most 3n ¡ 3+

P k
i =1 pi pieces.

Before we discussapplications of this theorem, let us prove it. First we needa result
which is interesting in its own right: any hinged dissectioncan be turned into a cyclicly
hinged dissection. By removing one hinge from the cyclicly hinged dissection,we can also
obtain a linearly hinged dissection.

Lemma 15 For any dissection H , there is a cyclicly hinged dissection H 0 that can be rotated
into any polygon that H can. If H hasn pieces, then H 0 hasat most 3n ¡ 3 pieces.

Pro of: The graph of the hinging structure (in which vertices represent piecesand edges
represent hinges) can be any planar graph. First take a spanning tree of that graph, and
remove all other hinges. This transformation removesthe cyclesfrom the hinging structure
while keepingthe piecesconnected.Now for each (original) piecewith only onehinge,wecut
it along a polygonal line from that hinge to any other point on the boundary (e.g., another
vertex), and add a hinge betweenthe two piecesat that point. For each original piecethat
hasat least two hinges,we cut along a tree of line segments that is interior to the pieceand
has leavesat the hinges,and we replaceeach original hinge with two \parallel" hinges. The
result is a cyclicly hinged dissectionH 0, which can be rotated as H can becauseit simply
subdivides and addsmore degreesof motion. SeeFigure 31 for an example.

Figure 31: Converting the linearly hinged dissectionin Figure 1 into a cyclicly hinged dis-
section.

If H has n pieces,then when we reducethe hinging structure to a spanningtree it has
n ¡ 1 hinges. Our construction doublesevery original hinge, and adds an additional hinge
for every leaf (a pieceadjacent to only one original hinge), for a total of at most 3n ¡ 3.
There is onepieceper hinge in a cyclicly hingeddissection,so the number of piecesin H 0 is
at most 3n ¡ 3. 2

We are now in the position to show how to hinge-dissectpolyforms of di®erent types.
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Pro of (Theorem 14): Start with the cyclicly hinged dissection from Lemma 15. Now
we want to add cuts so that there is a hinge at the midpoint of each edgein Pi for all i .
This can be done as follows. For each i 2 f 1; : : : ; kg, and for each edgee of Pi that does
not already have a hinge at its midpoint, considerthe pieceQ whoseboundary contains e's
midpoint when H is rotated into Pi . Refer to Figure 32. Let q1 and q2 denote the paths
of Q's boundary connecting the two hinges incident to Q, where the paths include their
endpoints. Order q1 and q2 so that the midpoint of e is on q1. Pick an arbitrary point r on
q2, add a polygonal cut from r to the midpoint of e, and add a hinge connecting the two
piecesat the midpoint of e. Figure 32 shows the special casein which r is chosento be an
endpoint of q2, i.e., a hinge. In this case,the hinge at r is assignedto the pieceof Q that is
not incident to the other endpoint of q2, and the hinged dissectionremainscyclic.

q1

q2
Q

r

midpoint of bottom edgee

Figure 32: In the cyclicly hinged dissectionfrom Figure 31, cutting pieceQ into two pieces
so that the midpoint of the triangle's bottom edgee becomesa hinge.

Performing this operation for all choicesof i and e, we obtain a cyclicly hingeddissection
Ĥ that can be repeatedn times to obtain H 0. SeeFigure 33 for a completeexample. Each
repetition of Ĥ can be thought of, in particular, as a subdivision of Pi with hingesat the
midpoints. Thus,asweprovedin Theorem13,H 0canberotated into any restricted polyform
of type Pi , and this holds for any i .

We started with the (3n¡ 3)-piececyclicly hinged dissectionfrom Lemma 15, and added
at most one pieceper midpoint of an edgeof a polygon Pi . Therefore, we added

P k
i =1 pi

pieces,for a total of 3n ¡ 3 +
P k

i=1 pi . 2

7.2 n £ k-Regulars to n £ k0-Regulars

One particularly interesting application of the previous result is that, provided there is a
hinged dissectionof a regular k-gon into a regular k0-gon, there is a hinged dissectionfor
each n ¸ 1 that rotates into all n £ k-regularsand all n £ k0-regulars. In this section, we
exploremore e±cient hinged dissectionsfor polyiamonds,polyominoes,and polyhexes.

To this end, we will usea more powerful technique for building such a hingeddissection.
A linearly hinged dissectionH betweenregular polygonsP and Q is called extendibleif
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Figure 33: Converting the cyclicly hinged dissectionin Figure 31 (roughly) into one with
hingesat the midpoints whenrotated into either shape. Filled circlesarehinges;opencircles
are midpoints from both shapes.

1. When H is rotated into P, every edge of P has a hinge at an endpoint or at its
midpoint.

2. When H is rotated into Q, every edge of Q has a hinge at an endpoint or at its
midpoint.

3. There is a vertex in the last pieceof the chain and a vertex in the ¯rst pieceof the
chain such that theseverticescoincidewhenH is rotated into P and whenH is rotated
into Q.

The new °exibilit y, which will allow us to usefewer piecesin our dissections,is for piecesto
be connectedby a commonvertex instead of just by midpoints. This variation works only
becauseP and Q are regular polygons,and so we can exploit their symmetries. Note also
that there is a subtle di®erencebetween having a cyclicly hinged dissectionand having a
chain whoseendscoincide: we needthe abilit y to \in vert" the chain, which would require
twisting a hinge if the two endswere joined together by a hinge.

Theorem 16 If there is an extendiblelinearly hinged dissection C between a regular k-gon
and a regular k0-gon, then the chain Cn that is formed by concatenatingn copiesof C rotates
into any n £ k-regular and into any n £ k0-regular, for all n ¸ 1.

Pro of: Apply Lemma 3 with c = 1, for both k and k0 symmetrically; we will focus on k.
The casen = 1 is solved by the given hingeddissectionC. Now considerattaching a regular
k-gon P to a rotation of Cn¡ 1 into somen £ k-regular R. Let P 0 be the polygon to which
we are attaching P. Let p be a hinge at the midpoint or an endpoint of the edgeof P 0 to
which we are attaching P, which is guaranteed to exist becauseC is extendible. Split Cn¡ 1

into two chains, Cn¡ 1;1
p and Cn¡ 1;2

p at p.
Point p is either the midpoint or an endpoint. If it is the midpoint, make cuts in P such

that the cuts in P [ P0 exhibit 180±-rotational symmetry about p. Split C at point p into
C1

p and C2
p , and splice them together at the original endpoints to give Cp. Then splice Cp

into Cn¡ 1;1
p and Cn¡ 1;2

p , and the result is Cn rotated into the desiredpolyregular R [ P.
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If p is an endpoint of the commonside of P and P 0, make cuts in P so that P [ P0 are
identical with respect to ®-rotational symmetry about p, where® is the interior angleof P.
We can then form Cn by cutting and splicing as in the previouscase.Again Cn rotates into
the desiredpolyregular R [ P. 2

Our goalnow is to ¯nd e±cient extendiblelinearly hingeddissectionsbetweenequilateral
triangles, squares,and regular hexagons.We start with the ¯rst two shapes,by modifying
the hinged dissectionin Figure 1. We add three more cuts:

1. from the midpoint of the baseof the equilateral triangle to the right anglein the small
triangular piece,

2. from the midpoint of the baseof the equilateral triangle to a point (say, the midpoint)
on the left leg of the small triangular piece,and

3. from the right angle of the largest piece to a point near the apex of the equilateral
triangle.

Theseadditional cuts (shown dashed)produce the extendible linearly hinged dissectionin
Figure 34.

Figure 34: Triangle to a square. (Left) Dissection. (Right) Extendible chain.

Corollary 17 For any positive n, there is a linearly hinged dissection of 7n pieces that
rotates into all n-iamondsand all n-ominoes.

Pro of: This follows directly from Theorem16 and the above construction. 2

As an example,we show how to form a tetriamond and a tetromino in Figure 35. There
are 7n = 28 piecesin the chain C4. We number thesepiecesin order from 1 to 28. Note
that a piecerepeats in C4 after six other pieces,so that, for example,pieces3, 10, 17, and
24 are identical.

Analogous to the situation in Corollary 6 and Figure 13, we can save on the number
of piecesby judicious merging. With respect to the particular tetriamond and tetromino
shown, we can mergepieces22 through 28 together. For any n > 2, we can always merge
the last seven piecestogether. A proof of this, however, requiresmore care in the ordering
of the last several squares(and triangles) chosenin the inductive proof.

Let us next considern-ominoesand n-hexes. There are several ¯v e-piecedissectionsof
a regular hexagonto a square[13, 8], but the best that is known for hinged dissectionshas
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Figure 35: Rotating the chain in Figure 34, repeatedfour times, into a tetriamond (left) and
tetromino (right).

six pieces[9]. One such dissectionis linearly hinged, but adapting it to make it extendible
in a few number of additional piecesseemsdi±cult.

Thuswestart afresh,deriving a TT2-strip dissectionby crossposingstrips asin Figure 36.
(See[8] for a discussionof the T-strip technique.) The hexagonstrip consistsof halves of
hexagons,cut from the midpoint of onesideto the midpoint of the oppositeside. The square
strip consistsof rectangles;each is half of a square. The boundariesof the rectanglescross
the sidesof the hexagonsat their midpoints, indicated by the dots.

As discussedin [9], crossingT-strips at midpoints givesrise to hingepoints. Other hinge
points result from cutting the hexagonand square in half at the midpoints of sides,and
placing these halves in the strip so that the resulting vertices touch. This dissectionwas
inspired by an analogous8-piecehinged dissectionof a hexagonto a Greekcrossin [9].

Figure 36: Crossposedstrips for a hexagonto a square.

The dissectionderived from the crossposition in Figure 36 is cyclicly hingeablebut does
not have hingeson all six sidesof the hexagon. We thus add two additional cuts (shown
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dashed)to producethe dissectionon the left of Figure 37. It is cyclicly hinged asshown on
the right. Splitting the cycle at any hinge point givesan extendible chain.

Figure 37: Hexagonto a square. (Left) Dissection. (Right) Extendible cycle.

Corollary 18 For any positive n, there is a linearly hinged dissection of 10n pieces that
rotates into all n-ominoes and n-hexes.

Pro of: Again this follows directly from Theorem16 and the above construction. 2

We have not studied how many piecescan be mergedtogether to save a few piecesin the
casethat n > 1.

For handling n-iamonds and n-hexes, we crosspose two strips as in Figure 38. The
hexagonstrip is createdby slicing two isoscelestriangles from the hexagon,with each slice
going through the midpoints of two of the hexagon'ssides. Thesemidpoints are identi¯ed
with dots. The appropriate angle between the crossposed strips is found by forcing the
midpoints of the remaining sidesto be positioned on sidesof the equilateral triangle. This
givesa 6-piecehingeddissection,matching the fewestpiecesknown for any hingeddissection
of an equilateral triangle to a hexagon[9].

Figure 38: Crossposedstrips for an equilateral triangle to a regular hexagon.

To get an extendiblelinearly hingeddissection,we make three morecuts (shown dashed),
giving the dissection in Figure 39. Two of the cuts are through the isoscelestriangles,
producinga linearly hingeddissection.The third cut is to a vertex of the equilateral triangle,
to put a hinge at the baseand right sideof the equilateral triangle.
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Figure 39: Triangle to hexagon.(Left) Dissection. (Right) Extendible chain.

Corollary 19 For any positive n, there is a linearly hinged dissection of 9n pieces that
rotates into all n-iamondsand n-hexes.

Again, this corollary follows directly from Theorem 16, and we have not studied how
many piecescan be mergedtogether to save a few piecesin the casethat n > 1.

8 Conclusion

Our most generalresult is that, for any hinged dissectionH and n ¸ 1, there is a hinged
dissectionH 0 that rotates into any arrangement of n copiesof P joined at corresponding
edges,whereP is any polygon into which H rotates. In particular, if H is a single-piece\dis-
section," there is a hinged dissectionthat rotates into all arrangements of copiesof a given
polygonP joined at correspondingedges.This statement includespolyregularsasa subclass,
for which we showed how to improve the number of pieces.This classcontains assubclasses
several well studied objects: polyominoes,polyiamonds,and polyhexes.We proved the anal-
ogousresult for polyabolos (equal-sizeright isoscelestriangles joined edge-to-edge),which
do not fall under any of the above classes,but are still considered\p olyforms." Using more
general (multipiece) dissectionsfor H , we showed how to simultaneously hinge-dissectall
polyiamonds and polyominoes; all polyiamonds and polyhexes; and all polyominoes and
polyhexes|in general,n £ k-regularsand n £ k0-regularswhen there is a hinged dissection
of a regular k-gon into a regular k0-gon.

Following up on our work, Frederickson[9, pp. 234{236]hasshown how to obtain similar
results for twist-hinge dissections,in which hinges cannot be rotated but can be twisted
(°ipp ed over 180±). In particular, for n ¸ 5, he describes a (4n ¡ 5)-piecelinearly twist-
hinged dissectionthat twists into all n-ominoes. He also describes, for n ¸ 4, a 6n-piece
linearly twist-hinged dissectionthat twists into all n-iamonds,and when n is even, into all
(n=2)-hexes.

Let usconcludewith a list of interestingopenproblemsabout hingeddissections,focusing
on polyforms:

1. Can our results be generalizedto arbitrary polyforms, that is, connectededge-to-edge
gluings of n nonoverlapping copiesof a commonpolygon?

2. How many piecesare neededfor a hinged dissectionof all pentominoes? What about
generaln-ominoesas a function of n? We know of no nontrivial lower bounds.
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3. Can any n-omino be hinge-dissectedinto any m-omino (of an appropriate scale), for
all n; m? In Section5, we proved this is true for m = 2n.

4. Can any regular k-gon be hinge-dissectedinto any regular k0-gon with the samearea?
Hinged dissectionsfor ten di®erent pairs of regular polygonsappear in [9].

5. Is there a single hinged dissectionof all n £ k1-regulars,n £ k2-regulars,and n £ k3-
regulars?For example,is there a hinged dissectionthat rotates into all n-iamonds,n-
ominoes,and n-hexes?This questionis equivalent to askingwhether there is a hinged
dissectionthat rotates into an equilateral triangle, square,and regular hexagon.

6. We have shown that there exist rotations of a common hinged dissection into any
n£ k-regular. Is it possibleto continuouslyrotate the dissectionfrom onecon¯guration
to another, while keepingthe piecesnonoverlapping? It is known that somehinged
dissectionscannot be continuously moved in this way [9].

7. It would be interesting to generalizeto higher dimensions.For example,polycubes are
connectedface-to-facegluingsof nonoverlapping unit (solid) cubesjoined face-to-face.
Can a collection of solids be hinged together at edgesso that the dissectioncan be
rotated into any n-cube (for ¯xed n)?
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