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Abstract

In the popular computer gameof Tetris, the player is given a sequenceof tetromino pieces
and must pack them into a rectangular gameboard initially occupiedby a given con¯guration of
¯lled squares;any completely ¯lled row of the gameboard is clearedand all piecesabove it drop
by one row. We prove that in the o²ine version of Tetris, it is NP-complete to maximize the
number of cleared rows, maximize the number of tetrises (quadruples of rows simultaneously
¯lled and cleared),minimize the maximum height of an occupiedsquare,or maximize the number
of piecesplaced before the gameends. We furthermore show the extreme inapproximabilit y of
the ¯rst and last of these objectives to within a factor of p1¡ " , when given a sequenceof p
pieces,and the inapproximabilit y of the third objective to within a factor of 2¡ " , for any " > 0.
Our results hold under several variations on the rules of Tetris, including di®erent models of
rotation, limitations on player agilit y, and restricted piecesets.
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Figure 1: The tetrominoesSq (\square"), LG (\left gun"), RG(\righ t gun"), LS (\left snake"), RS
(\righ t snake"), I (\I"), and T (\T").

1 In tro duction

Tetris [10] is a popular computer game invented by mathematician Alexey Pazhitnov in the mid-
1980s.Tetris is oneof the most widespreadcomputer gamesever created. By 1988,just a few years
after its invention, it was already the best-sellinggamein the United States and England. Over 50
million copieshave beensold worldwide. (Incidentally , She®[9] givesa fascinating account of the
tangled legal debate over the pro¯ts, ownership, and licensing of Tetris.)

In this paper, we embark on the study of the computational complexity of playing Tetris. We
considerthe o²ine versionof Tetris, in which the sequenceof piecesthat will bedropped is speci¯ed
in advance. Our main result is a proof that optimally playing o²ine Tetris is NP-complete, and
furthermore is highly inapproximable.

The game of Tetris. Concretely, the game of Tetris is as follows. (We give precisede¯nitions
in Section 2, and discusssomevariants on these de¯nitions in Section 7.) We are given an initial
gameboard, which is a rectangular grid with somegridsquares¯lled and someempty. (In typical
Tetris implementations, the gameboard is 20-by-10, and \easy" levels have an initially empty
gameboard, while \hard" levels have non-empty initial gameboards, usually with the gridsquares
below a certain row ¯lled independently at random.)

A sequenceof tetrominoes|see Figure 1|is generated,typically probabilistically; the next piece
appears in the middle of the top row of the gameboard. The piece falls, and as it falls the player
can rotate the pieceand slide it horizontally . It stops falling when it lands on a ¯lled gridsquare,
though the player has a ¯nal opportunit y to slide or rotate it before it stops moving permanently .
If, when the piececomesto rest, all gridsquaresin an entire row h of the gameboard are ¯lled, row
h is cleared. All rows above h fall one row lower; the top row of the gameboard is replacedby an
entirely un¯lled row. As soon as a piece is ¯xed in place, the next pieceappearsat the top of the
gameboard. To assist the player, typically a one-piecelookahead is provided: when the i th piece
beginsfalling, the identit y of the (i + 1)st pieceis revealed.

A player loses when a new piece is blocked by ¯lled gridsquares from entirely entering the
gameboard. Normally, the player can never win a Tetris game,sincepiecescontinue to be generated
until the player loses. Thus the player's objective is to maximize his or her score,which increases
as piecesare placed and as rows are cleared.

Our results. We intro duce the natural full-information (o²ine) version of Tetris: we have a
deterministic, ¯nite piecesequence,and the player knows the identit y and order of all piecesthat
will be presented. (Games magazinehas, incidentally , posedseveral Tetris puzzlesbasedon the
o²ine version of the game[7].) We study the o²ine version becauseits hardnesscaptures much of
the di±cult y of playing Tetris; intuitiv ely, it is only easierto play Tetris with complete knowledge
of the future, so the di±cult y of playing the o²ine version suggeststhe di±cult y of playing the
online version. It also naturally generalizesthe one-piecelookahead of implemented versions of
Tetris.
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It is natural to generalizethe Tetris gameboard to m-by-n, since a relatively simple dynamic
program solves the caseof a constant-size gameboard in time polynomial in the number of pieces.
Furthermore, in an attempt to considerthe inherent di±cult y of the game|and not any accidental
di±cult y dueto the limited reaction time of the player|w ebeginby allowing the player an arbitrary
number of shifts and rotations beforethe current piecedrops in height. (Wewill restrict thesemoves
to realistic levels later.)

In this paper, we prove that it is NP-complete to optimize any of several natural objective
functions for Tetris:

² maximizing the number of rows clearedwhile playing the given piecesequence;

² maximizing the number of piecesplaced beforea lossoccurs;

² maximizing the number of tetrises|the simultaneous clearing of four rows;

² minimizing the height of the highest ¯lled gridsquare over the courseof the sequence.

We also prove the extreme inapproximabilit y of the ¯rst two (and the most natural) of these
objective functions: given an initial gameboard and a sequenceof p pieces,for any constant " > 0,
it is NP-hard to approximate to within a factor of p1¡ " the maximum number of piecesthat can
be placed without a loss,or the maximum number of rows that can be cleared. We also show that
it is NP-hard to approximate the minimum height of a ¯lled gridsquare to within a factor of 2 ¡ " .

To prove these results, we ¯rst show that the cleared-row maximization problem is NP-hard,
and then give various extensionsof our reduction for the remaining objectives. Our initial proof of
hardnessproceedsby a reduction from 3-Par tition , in which we are given a set S of 3s integers
and a bound T, and asked to partition S into s setsof three numbers each, so that the sum of the
numbers in each set is exactly T. Intuitiv ely, we de¯ne an initial gameboard that forcespiecesto
be placed into s piles, and give a sequenceof piecesso that all of the piecesassociated with each
integer must be placed into the samepile. The player can clear all rows of the gameboard if and
only if all s of thesepiles have the sameheight.

A key di±cult y in our reduction is that there are only a constant number of piecetypes,soany
interesting component of a desired NP-hard problem instance must be encoded by a sequenceof
multiple pieces.The bulk of our proof of soundnessis devoted to showing that, despitethe decoupled
nature of a sequenceof Tetris pieces,the only way to possibly clear the entire gameboard is to place
in a single pile all piecesassociated with each integer.

Our reduction is robust to a wide variety of modi¯cations to the rules of the game. In particular,
we show that our results also hold in the following settings:

² with restricted player agilit y|allo wing only two rotation/translation movesbeforeeach piece
drops in height;

² with restricted piecesets|using f LG; LS; I; Sqg or f RG; RS; I; Sqg, plus at least oneother piece;

² without any losses|i.e., with an in¯nitely tall gameboard;

² under a wide variety of di®erent rotation models|including the somewhatnon-intuitiv emodel
that we have observed in real Tetris implementations.
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Related work: Tetris. This paper is, to the best of our knowledge,the ¯rst considerationof the
complexity of playing Tetris. Kostreva and Hartman [8] consider Tetris from a control-theoretic
perspective, using dynamic programming to choosethe \optimal" move|de¯ned using a heuristic
measureof the quality of a con¯guration. Other previous work has concentrated on the possibility
of a forced eventual loss (or a perpetual loss-avoidingstrategy) in the online, in¯nite version of the
game. In other words, under what circumstancescan the player be forced to lose,and how quickly?
Under what circumstancescan the player make the gamelast for in¯nitely many moves?

Brzustowski [1] has shown a number of results on forced eventual losses,both positive and
negative. He has given a strategy for perpetually avoiding a loss in any (su±ciently large) even-
width gameboard using any one-piecepieceset, or any two of the pieces f I; Sq; RG; LGg. (The
strategiesfor the piecesetsf I; LGg, f I; RGg, and f RG; LGg rely on the one-piecelookahead.) He has
also given such a perpetual loss-avoiding strategy for any (su±ciently large) odd-width gameboard
for the piecesetsf Ig, f RGg, f LGg, and f Tg.

On the negative side, Brzustowski has shown that perpetual loss-avoidance is impossible for
the piecesetsf RSg, f LSg, and f Sqg in odd-width boards. More fundamentally , he has proven that
in any sizeboard, if the machine can adversarially choosethe next piece(following the lookahead
piece) in reaction to the player's moves, then the machine can force an eventual loss using any
piecesetthat contains f LS; RSg. Burgiel [2] has strengthened this last result for gameboards of
width 2n for odd n, showing that an alternating sequenceof LS's and RS's will eventually causea
loss, regardlessof the way in which the player placesthem. This implies that, if piecesare chosen
independently at random with a non-zero probabilit y massassignedto each of LS and RS, then
there is a forced eventual losswith probabilit y one for any such gameboards.

Related work: other games and puzzles. A number of other popular one-player com-
puter games have been shown to be NP-hard, most notably Minesweeper|or, more precisely,
the Minesweeper \consistency" problem [6]. Seethe survey of the ¯rst author [3] for a summary of
other gamesand puzzlesthat have beenstudied from the perspective of computational complexity.
Theseresults form the emergingareaof algorithmic combinatorial gametheory, in which many new
results have beenestablishedin the past few years.

2 Rules of Tetris

Here we rigorously de¯ne the game of Tetris, formalizing the intuition of the previous section.
While tedious, we feel that such rigor is necessaryso that the many subtle nuances of Tetris
becometransparent (following immediately from the rules). For concreteness,we have chosento
give very speci¯c rules, but in fact the remainder of this paper is robust to a variety of modi¯cations
to these rules; in Section 7, we discusssomevariations on these rules for which our results still
apply.

In particular, here we consider a particular set of rotation rules|what we call instantaneous
rotation |that, in our opinion, is the most intuitiv e and natural model for Tetris rotation. However,
wehaveobserved that many Tetris implementations usea di®erent setof rotation rules; in Section7,
we show that our results continue to hold under this observed rotation model.

The gameb oard. The gameboard is a grid of m rows and n columns, indexedfrom bottom-to-top
and left-to-righ t. The hi; j i th gridsquare is either un¯l led (open, unoccupied) or ¯l led (occupied).
In a legal gameboard, no row is completely ¯lled, and there are no completely empty rows that
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Figure 2: Piececenters.

lie below any ¯lled gridsquare. When determining the legality of certain moves, we consider all
gridsquaresoutside the gameboard as always-occupied sentinels.

Game pieces. The seven Tetris pieces,shown in Figure 1, are exactly thoseconnectedrectilinear
polygons that can be created by assembling four 1-by-1 gridsquares. The center of each piece is
shown in Figure 2. A piece state P is a 4-tuple, consisting of:

1. a piece type| Sq; LG; RG; LS; RS; I; or T;

2. an orientation |0 ±; 90±; 180±; or 270±|the number of degreesclockwise from the piece'sbase
orientation (shown in Figure 1);

3. a position of the piece'scenter on the gameboard, chosenfrom f 1; : : : ; mg £ f 1; : : : ng. The
position of a Sq is the location of the upper-left gridsquareof the Sq, sinceits center falls on
the boundary of four gridsquaresrather than in the interior of one;

4. the value ¯xed or un¯xed, indicating whether the piececan continue to move.

In an initial piece state, the pieceis in its baseorientation, and the initial position placesthe highest
gridsquaresof the pieceinto row m, and the center into column bn=2c, and the pieceis un¯xed.

Rotating pieces. A rotation model is a computable function R : hP; µ; B i 7! P 0, where P and
P0 are piece states, µ 2 f¡ 90±; 90±g is the rotation angle, and B is a gameboard. We imposethe
following conditions on R:

1. If P = ht; o;hi; j i ; f i and the rotation is legal, then P 0 = ht; (o + µ) mod 360±; hi 0; j 0i ; f i for
somei 0 and j 0. If the rotation is il legal, then P 0 = P.

2. In determining the legality of a rotation, R only examines an O(1)-sized neighborhood of
the piece P|i.e., only gridsquares within a constant distance of the original position are
relevant|and dependsonly on the neighborhood, and not its location in the gameboard.

3. If all the gridsquaresin the neighborhood of P are un¯lled, then the rotation is legal.

4. If the rotation is legal, then P 0 doesnot occupy any gridsquare already ¯lled in B .

We will imposeadditional constraints on R in Section5 to restrict us to reasonablerotation models.
Intuitiv ely, a reasonablerotation model simply allows for the turning of a pieceon the board without
any unnatural powers of translation, such as \jumping" to a distant point in the gameboard.
Our proof assumesan arbitrary reasonablerotation model; in Section 7, we discussa number of
important reasonablerotation models.

For now, we will consider the instantaneous rotation model: ¯x the piece center (shown in
Figure 2), and rotate the piecearound that point. The position after rotation is unchanged|i.e.,
hi 0; j 0i = hi; j i . A rotation is illegal only if it violates Condition 4.
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Pla ying the game. No moves are legal for a piece P = ht; o;hi; j i ; ¯xedi . The following moves
are legal for a pieceP = ht; o;hi; j i ; un¯xedi , with current gameboard B :

1. A clockwiserotation. The new piecestate is R(P; 90±; B ).

2. A counterclockwiserotation. The new state is R(P; ¡ 90±; B ).

3. A slide to the left. If the gridsquaresto the left of the pieceare open in B , we can translate
P to the left by one column. The new piecestate is ht; o;hi; j ¡ 1i ; un¯xedi .

4. A slide to the right, similarly. The new piecestate is ht; o;hi; j + 1i ; un¯xedi .

5. A drop by one row, if all of the gridsquaresbeneath the pieceare open in B . The new piece
state is ht; o;hi ¡ 1; j i ; un¯xedi .

6. A ¯x , if at least one gridsquare below the piece is ¯lled in B . The new piece state is
ht; o;hi; j i ; ¯xedi .

A trajectory ¾ of a piece P is a sequenceof legal moves starting from an initial state and ending
with a ¯x move. The result of a tra jectory for a pieceP on gameboard B is a new gameboard B 0,
de¯ned as follows:

1. The new gameboard B 0 is initially B with the gridsquaresof P ¯lled.

2. If the pieceis ¯xed so that, for somerow r , every gridsquare in row r of B 0 is full, then row r
is cleared. For each r 0 ¸ r , replacerow r 0 of B 0 by row r 0+ 1 of B 0. Row m of B 0 is an empty
row. Multiple rows may be clearedby the ¯xing of a single piece.

3. If the next piece'sinitial state is blocked in B 0, the gameendsand the player loses.

For a game hB0; P1; : : : ; Ppi , a trajectory sequence § is a sequenceB0; ¾1; B1; : : : ; ¾p; Bp so that,
for each i , the tra jectory ¾i for piecePi on gameboard B i ¡ 1 results in gameboard B i . However, if
there is a losing move ¾q for someq · p then the sequence§ terminates at Bq instead of Bp.

The Tetris problem. We will consider a variety of di®erent objectives for Tetris (e.g., maxi-
mizing the number of cleared rows, maximizing the number of piecesplaced without a loss, etc.)
For the decision version of a particular objective ©, the Tetris problem Tetris [©] is formally as
follows:

Giv en: A Tetris gameG = hB ; P1; P2; : : : ; Ppi .

Output: Doesthere exist a tra jectory sequence§ so that ©(G; §) holds?

Wesay that an objective function © is acyclic when, for all gamesG, if there is a tra jectory sequence
§ so that ©(G; §) holds, then there is a tra jectory sequence§ 0 so that ©(G; § 0) holds and there
are no repeated piecestates in § 0. Most interesting Tetris objective functions are acyclic; in fact,
many depend only on the ¯nal placement of each piece.

An objective function © is checkable when, given a game G and a tra jectory sequence§, we
can compute the truth value of ©(G; §) in time poly(jGj; j§ j).

Theorem 2.1 For any checkableacyclic objective © we haveTetris [©] 2 NP.
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Proof. We are given a Tetris gamehB ; P1; : : : ; Ppi . Here is an NP algorithm for Tetris [©]:
Guessan acyclic tra jectory sequence§, and con¯rm that § is a legal, acyclic tra jectory in

time poly(j§ j). Con¯rming that all rotations in § are legal depends on the computabilit y of the
rotation function, and the fact that legality can only depend on the constant-sized neighborhood
of the piece.

Since§ is acyclic, each of its p tra jectories can only contain at most 4¢jB j + 1 states|un¯xed
oncein each position and each orientation, and one ¯nal ¯xed state. Thus j§ j = poly(G). Since©
is checkable, we can then in time poly(jGj; j§ j) = poly(jGj) verify that ©(G; §) holds, and since©
is acyclic, guessingan acyclic tra jectory sequence§ su±ces. 2

The ©(G; §) that we will initially concern ourselves with is k-cleared-rows(G; §): in the game G,
does § clear at least k rows without incurring a loss? In Section 7, we will consider a variety of
other objective functions.

Lemma 2.2 The objective k-cleared-rows is checkableand acyclic.

Proof. The objective is acyclic becauseit only dependson the ¯xed piecestate at the end of each
tra jectory, so the path in the tra jectory is irrelevant; it is checkable since it results from a simple
scanof the status of the gameboard after each tra jectory in §. 2

3 The Reduction

In this section, we de¯ne a mapping from instances of 3-Par tition [5, p. 224] to instances of
Tetris [k-cleared-rows]. Recall the 3-Par tition problem:

Giv en: A sequencea1; : : : ; a3s of non-negative integers and a non-negative integer T, so that
T=4 < ai < T=2 for all 1 · i · 3s and so that

P 3s
i=1 ai = sT.

Output: Can f a1; : : : ; a3sg be partitioned into s disjoint subsetsA1; : : : ; As so that, for all 1 ·
j · s, we have

P
ai 2 A j

ai = T?

We limit our attention to 3-Par tition instancesthat obey the following properties, for technical
reasonsthat will later becomeapparent:

1. For any set S µ f a1; : : : ; a3sg, if
P

ai 2 S ai = T then jSj = 3.

2. T is even.

3. If
P

ai 2 A j
ai 6= T then

¯
¯
¯T ¡

P
ai 2 A j

ai

¯
¯
¯ ¸ 3s.

We can map an arbitrary 3-Par tition instance into one obeying these properties by multiply-
ing each ai and T by 4s. This mapping does not a®ectwhether or not the instance has a valid
3-partition. Property (2) is obviously guaranteed; for property (3), note that, before the multipli-
cation, if

P
ai 2 A j

ai 6= T then jT ¡
P

ai 2 A j
ai j ¸ 1 sinceall valuesare integral, and multiplying by

4s multiplies di®erencesby 4s as well. For Property (1), note that we still have T=4 < ai < T=2,
so it is still the casethat if

P
ai 2 S ai = T then jSj = 3.

We chooseto reducefrom this problem becauseit is NP-hard to solve 3-Par tition even if the
inputs ai and T are provided in unary:

Theorem 3.1 (Garey and Johnson [4]) 3-Par tition is NP-complete in the strong sense. 2
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Figure 3: The initial gameboard for a Tetris gamemapped from an instance of 3-Par tition .

Given a 3-Par tition instance P = ha1; : : : ; a3s; T i obeying the three conditions above, we will
produce a Tetris gameG(P) whosegameboard can be completely clearedprecisely if P is a \y es"
instance of 3-Par tition .

The initial gameboard is shown in Figure 3. Intuitiv ely, there are s bucketscorresponding to
the sets A1; : : : ; As for the 3-Par tition problem. The piecesequencewill consist of a number of
tetrominoescorresponding to each ai , chosencarefully so that all piecescorresponding to ai must
be placed into the samebucket. There is a legal 3-partition for f a1; : : : ; a3sg exactly when the piles
of piecesin each bucket have the sameheight. The last three columns of the gameboard form a
lock which prevents any rows from being cleareduntil the end of the piecesequence;if all buckets
are ¯lled exactly to the sameheight, then the entire board can be clearedusing the last portion of
our piecesequence.

Formally, our gameG consistsof the following:

Initial board: Our gameboard will have 6T + 22+ (3s+ O(1)) rows and 6s+ 3 columns. Intuitiv ely,
the factor of six in the height is becauseeach ai will be represented by ai + 1 blocks of six rows
and six columns each; since the set A j = f ai ; aj ; akg sums to T, this is 6(T + 3) = 6T + 18.
In addition to these6T + 18 rows, there are four rows at the bottom ensuring that the initial
blocks are placed correctly.

The top 3s + O(1) rows|the O(1) is exactly the size of the neighborhood in the rotation
model|are initially empty, and are there solely as a staging area in which to rotate and
translate piecesbefore they fall into the bottom 6T + 22 rows. We will not mention them
again in the construction (and, below, the highest row is the (6T + 22)nd). Our choice of
3s + O(1) as the number of staging rows will be discussedin Section 7.

The remainder of the initial board can be thought of in s + 1 logical pieces, the ¯rst s of
which are six columns wide and the last of which is three columns wide. The ¯rst s logical
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piecesare buckets, arranged in the following six-column pattern:

² the ¯rst and secondcolumns are empty except that the four lowest rows are full;

² the third column is completely empty;

² the fourth and ¯fth columns are full in each row h 6´ 5 (mod 6) and empty in each
h ´ 5 (mod 6);

² the sixth column is completely full;

We call a row r ´ 5 (mod 6) a notch row, and refer to the un¯lled rows of columns 4 and 5
of row r as a notch.

The last logical pieceis a three-column lock, and consistsof the following:

² the ¯rst column is full except that the highest and second-highestrows are empty;

² the secondcolumn is full except that the topmost row is empty;

² the third column is empty except that the second-highestrow is full.

Pieces: The sequenceof piecesfor our gameconsistsof a sequenceof piecesfor each ai , followed
by a number of additional piecesafter all the ai 's. For each integer a1; : : : ; a3s, we have the
following pieces:

² the initiator , which consistsof the sequencehI; LG; Sqi ;

² the ¯l ler, which consistsof the sequencehLG; LS; LG; LG; Sqi repeated ai times;

² the terminator , which consistsof the sequencehSq; Sqi .

These piecesare given for a1, a2, etc., in exactly this order. After the piecescorresponding
to a3s, we have the following pieces:

² s successive I's;

² one RG;

² 3T=2 + 5 successive I's. (Since we enforcedthat T is even, this is an integral number of
pieces.)

Theorem 3.2 The gameG(P) is polynomial in the size of P.

Proof. The gameboard has size6T + 22+ 3s + O(1) by 6s + 3, and the total number of piecesis

3sX

i =1

[3 + 5ai + 2] + s + 1 +
µ

3T
2

+ 5
¶

= 16s + 5sT +
3T
2

+ 6:

The ai 's and T are represented in unary, so the sizeof the gameis polynomial. 2
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Figure 4: A valid sequenceof moveswithin a bucket.

(a) (b) (c)

¢¢¢
(d) (e) (f )

Figure 5: Finishing a valid move sequence.

4 Completeness

Here we show the easier direction of the correctnessof our reduction: for a \y es" instance of
3-Par tition , we can clear the entire gameboard.

Theorem 4.1 (Completeness) For any \yes" instance P of 3-Par tition , there is a trajectory
sequence § that clears the entire gameboard of G(P) without triggering a loss.

Proof. Since P is a \y es" instance, there is a partitioning of the ai 's into sets A1; : : : ; As so thatP
ai 2 A j

ai = T. We have ensured that jA j j = 3 for all j . Place all piecesassociated with set
A j = f x; y; zg into the j th bucket of the gameboard, as illustrated in Figure 4.

Figure 5(a) shows the con¯guration after all of the piecesassociated with a1; : : : ; a3s have been
placed, as follows. After all piecesassociated with the number x have been placed into bucket j ,
the ¯rst 4 + 6x + 2 rows of bucket j are full, and the left-hand two columns of bucket j are ¯lled
four rows above that. The piecesassociated with the number y ¯ll the next 4 + 6y + 2 rows, and
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those with z the next 4 + 6z + 2 rows, leaving again two columns with four additional rows ¯lled.
Sothe total number of rows ¯lled after the \n umbers" is 18+ 6(x + y + z) = 18+ 6T. Doing this for
each bucket j yields a con¯guration in which all buckets are ¯lled up to row 18+ 6T, with columns
one and two ¯lled up to row 22+ 6T.

We next get s successive I's in the sequence.We produce the con¯guration in Figure 5(b) by
dropping one of the I's into the third column of each bucket, to ¯ll rows 19+ 6T through 22+ 6T.
Now the con¯guration hasthe ¯rst 22+ 6T rows¯lled in all of the buckets, and the lock is untouched.

Next we get an RG. Drop it into the slot in the lock, yielding the con¯guration of Figure 5(c);
the ¯rst two rows are then cleared. In the resulting con¯guration, the ¯rst 20+ 6T rows of the ¯rst
6s + 2 columns are full, and the last column is completely empty.

Figure 5(d{f ) shows the ¯nal stage of the sequence,as the 3T=2 + 5 successive I's arrive.
Drop each into the last column of the lock. Each of the I's clears four rows; in total, this clears
4 ¢(3T=2 + 5) = 6T + 20 rows, clearing the entire the gameboard. The ¯rst, second,and last of
theseI's are illustrated in Figure 5(d{f ). 2

5 Soundness

Call valid any tra jectory sequencethat clears 6T + 22 rows in G(P). We will refer to a move or
tra jectory as valid if it can appear in a valid tra jectory sequence. In this section, we show that
the existenceof a valid strategy for the Tetris game G(P) implies that P is a \y es" instance of
3-Par tition .

We will often omit referenceto G(P), and refer to its parts simply as the gameboard and the
piece sequence.

5.1 Basic Coun ting

The soundnessof our reduction is fundamentally basedupon the observation that, in order to win
G(P), we must fruitfully use every gridsquare in the piece sequence.There are exactly as many
un¯lled gridsquaresin the bottom 6T + 22 rows of the gameboard as there are gridsquaresin the
piece sequence;thus, in order to clear the gameboard, we can never place any piece so that it
extends beyond the (6T + 22)nd row.

Fact 5.1 The gameboard initial ly has 64s + 20sT + 6T + 24 un¯l led gridsquares in the bottom
6T + 22 rows. Of these, there are 64s + 20sT un¯l led gridsquares in the buckets, and 6T + 24
un¯l led gridsquares in the lock.

Proof. In each bucket, there are exactly 6T + 18, 6T + 18, 6T + 22, and 0 un¯lled gridsquaresin the
¯rst, second,third, and sixth columns, respectively. The fourth and ¯fth columns are full in each
row h 6´ 5 (mod 6) and empty in each h ´ 5 (mod 6), so the ¯rst 6T + 18 rows are exactly one-sixth
un¯lled; the four highest rows are ¯lled since6T + 23 ´ 5 (mod 6). Thus there are exactly T + 3
un¯lled gridsquaresin the fourth and ¯fth columns,and, in total, 20T + 64 un¯lled gridsquaresper
bucket. Therefore, buckets account for exactly 64s + 20sT un¯lled gridsquares.

In the lock, the ¯rst column hasexactly two un¯lled gridsquares,the secondcolumn hasexactly
one un¯lled gridsquare,and the third column has exactly 6T + 21 un¯lled gridsquares. Thus there
are 2 + 1 + 6T + 21 = 6T + 24 total in the lock.

Overall, then we have 64s + 20sT + 6T + 24 un¯lled gridsquares. 2
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Fact 5.2 The total number of gridsquares in the piece sequence is exactly 64s + 20sT + 6T + 24.
Of these, there are 64s + 20sT gridsquares in sequence of pieces up to (but not including) the RG,
and 6T + 24 gridsquares in the pieces starting at (and including) the RG.

Proof. As we calculated in the proof of Lemma 3.2, there are 16s + 5sT + 3T
2 + 6 total piecesin

the sequence,of which the last 16s + 5sT precedethe RG. Each covers exactly four gridsquares,so
the total number of gridsquaresin the piecesequenceis 64s+ 20sT + 6T + 24, of which 64s+ 20sT
precedethe RG. 2

Corollary 5.3 Any move that places a ¯l led gridsquare above row 6T + 22 is invalid.

Proof. The total number of ¯lled gridsquaresin the input sequenceand initial gameboard combined
is exactly the number of gridsquares in 6T + 22 rows. Thus to clear 6T + 22 rows, every ¯lled
gridsquare must be in a clearedrow. In particular, we must clear the bottom 6T + 22 rows (since
each of theserows has at least one ¯lled gridsquare initially), and cannot place a ¯lled gridsquare
above the (6T + 22)nd row. 2

5.2 In valid Mo ves and Con¯gurations

In this section, we describe generaltypesof con¯gurations from which the gamecan never be won.
In Section 5.4, we will use these results to show that the only possible valid strategy is that of
Section 4.

5.2.1 Securit y of the Lo ck

Lemma 5.4 In any valid strategy, none of the pieces f LG; I; LS; Sqg can be the ¯rst piece placed in
a lock column.

Proof. It is easyto verify that noneof f LG; I; LS; Sqg can be placed in such a way to ¯ll even oneof
the un¯lled gridsquaresin the lock without also ¯lling a gridsquare beyond the (6T + 22)nd row.
Therefore, by Corollary 5.3, such a move is invalid. 2

There are two important corollaries of this simple lemma:

Corollary 5.5 In any valid strategy, no rows are cleared before the RG.

Proof. No rows can be cleareduntil at least one pieceenters the lock columns; by Lemma 5.4, the
¯rst pieceto do so must be the RG. 2

Corollary 5.6 In any valid strategy:
1. all gridsquares of all pieces preceding the RG must all be placed into buckets,¯l ling all empty

bucketgridsquares.
2. all gridsquares of all pieces starting with (and including) the RG must be placed into the lock

columns, ¯l ling all empty lock gridsquares.

Proof. Immediate from Lemma 5.4, Corollary 5.3, and Facts 5.1 and 5.2. 2

In the remainderof this section,wewill only considermovesequencesthat obey thesecorollaries.
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Figure 6: An unapproachable bucket.

5.2.2 De¯nition of Un¯llable Buc kets

Call a bucket un¯l lable if it cannot be ¯lled completely using arbitrarily many piecesfrom the set
f LG; LS; Sq; Ig.

Lemma 5.7 In any valid strategy, no con¯guration with an un¯l lable bucketarises.

Proof. By Corollary 5.6, all gridsquaresof piecesprecedingRGmust go into buckets, and Facts 5.1
and 5.2 imply that there are exactly the same number of un¯lled bucket gridsquaresas pre-RG
gridsquaresin the sequence. If we do not completely ¯ll each bucket, then at least one of these
gridsquareswill not go into a bucket, violating Corollary 5.6. (Since no rows are cleared,an un¯l-
lable con¯guration can never be made ¯llable again, and therefore makes the tra jectory sequence
invalid.) 2

Here we outline a collection of buckets which, if they arise in play, prevent G(P) from being
won. SeeFigures 6 and 7.

Unapproac hable Buc kets. In Figure 6, we show an unapproachablebucket. This bucket, which
can arise during play, is un¯llable; in fact, even without a notion of gravit y and piecemovements,
it is impossibleeven to tile such a bucket completely using f I; LG; LS; Sqg.

Lemma 5.8 An unapproachablebucket is un¯l lable.

Proof. Supposenot, and considera ¯lling of a bucket that was unapproachable. Let row n be the
¯rst notch row above the unapproachable part of the bucket.

The notch in row n must have been ¯lled by either a LG or an I, either of which also ¯lls the
gridsquare in the third column of row n:

(y) (y)

However, the gridsquare denoted by (y) can only be ¯lled by a LG or LS (and an LS only in the
¯rst case),and either one createsan region that cannot be ¯lled by any Tetris piece:
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Figure 7: Some un¯llable buckets: (a) a hole, (b) a spurned notch, (c) a balconied 011-°oored
notch, (d) a balconied110-°oored notch, (e) a balconied111-°oored notch, (f ) a balconied(® 6 4́ 0)-
veranda in non-notch rows, (g) a balconied2-veranda, (h) a balconiedun¯lled sub-notch rectangle,
(i) a balconied °at-b ottomed 2/3-ceiling discrepancy, (j) a balconied notch-spanning 2/3-ceiling
discrepancy.

Thus there was no such ¯lling of the bucket, and unapproachable buckets are un¯llable. 2

Holes. A hole is an un¯lled gridsquare at height h in somebucket so that there is a contiguous
seriesof ¯lled gridsquaresseparating that gridsquare from the empty rows above the buckets. (No
piececan ever ¯ll the hole.)

Spurned notc hes. A spurned notch is a bucket in which, for some notch row r , (1) the two
gridsquares in the notch are not ¯lled, and (2) the gridsquare in the secondcolumn of row r is
¯lled. (The ¯lled gridsquare in the secondcolumn prevents any piecefrom entering the notch.)

Balconied buc kets. A balcony is a bucket in which, for somerow r , two of the three gridsquares
in row r are ¯lled. Intuitiv ely, the balcony prevents any pieceother than I from \getting past" row
r , which meansthat any un¯lled gridsquaresbelow r must be ¯lled entirely using I's. Thus any
bucket with a balcony lying over an area that cannot be ¯lled entirely by I's is un¯llable.

Call a ®-veranda an ®-long maximal run of consecutive un¯lled gridsquaresin a column.
We claim that none of the following buckets can be ¯lled using only I's if there is a balcony in

row r :

1. a balconied 111-°oored notch, 011-°oored notch, or 110-°oored notch.

For somerow h < r where h contains an un¯lled notch, the three gridsquaresin row h ¡ 1
are all ¯lled (for 111-°oored notch), or the secondand third are ¯lled (for 011-°oored notch),
or the ¯rst and secondare ¯lled (110-°oored notch).
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The ¯rst two are un¯llable becausean I cannot rotate into the notch; the last is because
¯lling the notch createsa hole, and ¯nishing row h ¡ 1 createsa 111-°oored notch (or a hole,
if ¯lling the third column of row h ¡ 1 simultaneously ¯lls the third column of row h).

2. a balconied (® 6 4́ 0)-veranda in non-notch rows or balconied 2-veranda.

For somerow h < r , we have (1) h is the highest un¯lled gridsquare in a ®-veranda which
spansno un¯lled notch rows (i.e., only non-notch rows and notch rows in which the notch is
already ¯lled), and ® 6´ 0 (mod 4), or (2) there is a 2-veranda in the hth and (h + 1)st rows.

No ®-veranda for ® 6´ 0 (mod 4) can be ¯lled by any number of vertical I's, and a horizontal I
will only ¯t in a notch row. For the balconied (® 6 4́ 0)-veranda in non-notch rows, there are
no relevant notch rows; for a 2-veranda that spansa notch row, ¯lling that notch can only
leave a balconied 1-veranda in non-notch rows.

3. a balconied un¯l led sub-notchrectangle.

There is an un¯lled notch at height h < r , and, for column i 2 f 2; 3g, and some1 · j · 3,
we have the following in column i : the gridsquaresat heights h; h ¡ 1; : : : ; h ¡ j are un¯lled,
and the gridsquare at height h ¡ j ¡ 1 is ¯lled.

The notch cannot be ¯lled without creating an balconied ®-veranda in non-notch rows, for
1 · ® · 3, and any vertically-placed I in the secondor third columnscreatesa spurnednotch
or a hole.

4. a balconied °at-bottomed 2/3-ceiling discrepancy or a notch-spanning 2/3-ceiling discrepancy.

In a balconied °at-b ottomed 2/3-ceiling discrepancy, for some® ¸ 1, some1 · ¯ · 3, and
some row h < r , we have the following: in both columns two and three, the gridsquares
betweenrows h and h + ® inclusive are empty, and the gridsquaresin rows h ¡ 1 are full. In
column two (respectively, column three), rows h + ® + 1; : : : ; h + ® + ¯ are also empty, and
the gridsquare in row h + ® + ¯ + 1 is full. In column three (respectively, column two), the
gridsquare in row h + ®+ 1 is full.

A balconied notch-spanning 2/3-ceiling discrepancyis just like the above, with the following
exceptions: (1) weeliminate the requirement that the secondand third gridsquaresof row h¡ 1
be full, and (2) we add the requirement that there be an un¯lled notch in rows h; : : : ; h + ®.

For a balconied °at-b ottomed 2/3-ceiling discrepancy, since ¯ 6´ 0 (mod 4), the empty grid-
squaresin columns two and three cannot both be ¯lled by vertically-oriented I's, and any
horizontally-oriented I's placed into notchesin theserows ¯ll onegridsquarein both columns,
and thus do not resolve this discrepancy. For a balconiednotch-spanning 2/3-ceiling discrep-
ancy, we must ¯ll the notch with a horizontal I; oncewe have doneso, the result is a balconied
°at-b ottomed 2/3-ceiling discrepancy.

Thesearguments are formalized in Appendix B.

5.3 Reasonable Rotation Mo dels

Which movesare legal, and therefore which instanceshave valid tra jectory sequences,dependson
certain properties of the rotation model. So far our only mention of the details of our rotation
model has been in the intuition of Section 5.2.2; here we formalize the dependenceon the details
of the model. Call a rotation model reasonableif it satis¯es the following four conditions:
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Figure 8: The possibly valid buckets: (a) and (b) unprepped, (c) over°at, (d) tall-plateau, (e)
trigger-happy.

1. A piececannot \jump" from one bucket to another, or into a disconnectedregion.

2. An LG cannot enter a notch if the gridsquare in the secondcolumn of the notch row is ¯lled.

3. For any balcony at height h with the i th column empty in the balcony, the only gridsquares
at height h0 · h that can be ¯lled by any pieceother than an I are those in the i th column
in rows h and h ¡ 1.

4. An I cannot enter a notch if the gridsquares in the secondand third columns of the row
immediately beneath the notch row are ¯lled.

Thesefour conditions are the only onesthat we rely on, so this is the only place where we depend
on the details of the rotation model. Thus, to show that our reduction holds for any particular
rotation model, it su±ces to prove that the model is reasonable.

Lemma 5.9 In any reasonablerotation model, a con¯guration with a bucketcontaining any of the
following is un¯l lable: (1) a hole, (2) a spurned notch, (3) a balconied 110-°oored notch, 011-°oored
notch, or 110-°oored notch, (4) a balconied un¯l led sub-notchrectangle, (5) a balconied (® 6 4́ 0)-
veranda in non-notch rows, (6) a balconied 2-veranda, (7) a balconied °at-bottomed 2/3-ceiling
discrepancy, and (8) a balconied notch-spanning 2/3-ceiling discrepancy. 2

Lemma 5.10 The instantaneous rotation model of Section 2 is reasonable. 2

We prove Lemmas 5.9 and 5.10 in AppendicesB and A, respectively. The proof of Lemma 5.9
formalizes the intuition of the previous section, explaining why we cannot completely ¯ll each of
thesebuckets. The proof of Lemma 5.10 simply checks the conditions of reasonability.

5.4 The Only Way to Pla y ...

Armed with the results from the previous section, we will show that the only valid moves are
those in which we play correctly according to the sequencedescribed in Section 4. We assume(by
Corollary 5.4) that no piecesare placed into the lock columns until the RG.

In Figure 8, we give a collection of buckets which can arise during play. We call unprepped a
bucket, as in (a) or (b), which is ¯lled up to the baseof a notch except the top four rows of exactly
oneof the ¯rst and third columnsare un¯lled. A bucket is over°at , as in (c), if it is exactly ¯lled up
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the row above the top of a notch. A bucket is a tal l-plateau as in (d), if it hasonly the ¯rst column
un¯lled in the nine rows starting one row beneath a notch. Finally, a bucket is trigger-happy if it
is un¯lled in exactly the row beneath a notch row plus the third column of row below that.

Call a con¯guration unprepped if each of its buckets is unprepped. Call a con¯guration one-x
(respectively, one-x-one-y) if exactly one of its buckets is of type x (respectively, one each of types
x and y) and the rest are unprepped.

Lemma 5.11 (Initiator Soundness) In an unprepped con¯guration, the only possiblyvalid strat-
egy for hI; LG; Sqi is to place all three pieces in somebucket to produce an over°at bucket, yielding
a one-over°at con¯guration. 2

Lemma 5.12 (Filler Soundness) For the sequence hLG; LS; LG; LG; Sqi :

1. In a one-over°at con¯guration, the only possiblyvalid strategy is either (1) to place all pieces
in the over°at bucket to produce an over°at bucket, yielding a one-over°at con¯guration, or
(2) to place hLG; LSi into the over°at bucketand hLG; LG; Sqi in an unprepped bucket,yielding
a one-tall-plateau-one-trigger-happycon¯guration.

2. In a one-tall-plateau-one-trigger-happycon¯guration, there is no valid strategy. 2

Lemma 5.13 (T erminator Soundness) For the sequence hSq; Sqi ,

1. In a one-over°at con¯guration, the only possibly valid strategy is to place both pieces in the
over°at bucket to produce an unprepped bucket, yielding an unprepped con¯guration.

2. In a one-tall-plateau-one-trigger-happycon¯guration, there is no valid strategy. 2

The proofsof thesepropositions, found in Appendix C, all follow the same(tedious) outline: we ex-
haustively enumerateall possiblemovesthat canbemadein the initial con¯guration using the given
pieces,and show that, except for the \correct" moves leading to the stated ¯nal con¯guration(s),
each move yields an un¯llable con¯guration, in the senseof Lemma 5.9.

Lemma 5.14 For any r ¸ 0, in an unprepped con¯guration, the only possibly valid strategy for
the sequence

I; LG; Sq; r £ hLG; LS; LG; LG; Sqi ; Sq; Sq

is to place all of the pieces into a single bucket, yielding an unprepped con¯guration.

Proof. By Lemma 5.11, the only valid movesfor the initial hI; LG; Sqi placethem all in somebucket,
making it over°at. By induction on r and by Lemma 5.12,each successive hLG; LS; LG; LG; Sqi must
be placed into the samebucket, yielding either a one-over°at or one-tall-plateau-one-trigger-happy
con¯guration. Furthermore, if a one-tall-plateau-one-trigger-happy arises, then the next pieces
(another hLG; LS; LG; LG; Sqi or a hSq; Sqi ) cannot be validly placed. By Lemma 5.13, the ¯nal
pieceshSq; Sqi must go into the samebucket, making it|and the con¯guration|unprepp ed. 2

Prop osition 5.15 Consider an unprepped con¯guration with exactly 4s total un¯l led gridsquares
in all buckets. Then there is a winning strategy for s successiveI's only if there are exactly four
un¯l led gridsquares per bucket, and this strategy is to place one in each bucket to ¯l l it up to the
(6T + 22)nd row.
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Proof. If there are fewer than four un¯lled gridsquaresin any bucket, then the initial unprepped
con¯guration must have a ¯lled gridsquareabove the (6T + 22)nd row. Thus there is a valid strategy
only if there are exactly four un¯lled gridsquaresin each bucket.

In this con¯guration, any placement of the I's other than oneper bucket would ¯ll a gridsquare
beyond the (6T + 22)nd row. 2

Theorem 5.16 (Soundness) If there is a valid strategy for G(P), then P is a \yes" instance of
3-Par tition .

Proof. If there is a valid strategy for G(P), then by Corollary 5.6, there is a way of placing all pieces
preceding the RG into buckets to exactly ¯ll all the empty bucket gridsquares. By Lemma 5.14,
for each number ai , we must place all of the piecesassociated with ai into a single bucket, yielding
an unprepped bucket. Thus, after the piecesassociated with a1; : : : ; a3s have been placed, the
result is an unprepped con¯guration with a total of 4s un¯lled gridsquares in the buckets. By
Proposition 5.15, we place exactly one I in each of these buckets to ¯ll it up to the (6T + 22)nd
row. Thus after the numbers, each bucket must have beencompletely ¯lled up to the (6T + 18)th
row, with two of the three columns ¯lled up to the (6T + 22)nd row.

De¯ne A j to be the set of ai 's so that all the piecesassociated with ai are placed into bucket
j . The number of un¯lled gridsquares in bucket j, by Fact 5.1, is 20T + 64. Thus the number
of gridsquares ¯lled by the piecesassociated with ai 2 A j must be exactly 20T + 60, and the
last four gridsquaresin the bucket must have be ¯lled by the I. The total number of gridsquares
associated with the sequencecorresponding to ai is 4 ¢[3 + 5ai + 2] = 20ai + 20, by Fact 5.2. Thus
the total number of gridsquaresassociated with numbers ai 2 A j is

P
ai 2 A j

(20ai + 20) + 4. Thus
20T + 60 =

P
ai 2 A j

(20ai + 20). Recall from Section 3 that we chose the ai 's and T so that the
following facts hold:

1. if
P

ai 2 A j
ai = T then jA j j = 3;

2. if
P

ai 2 A j
ai 6= T then

¯
¯
¯T ¡

P
ai 2 A j

ai

¯
¯
¯ ¸ 3s.

Then 20T + 60 =
P

ai 2 A j
(20ai + 20) implies that

P
ai 2 A j

ai = T and thus that jA j j = 3.
This holds for all j , so the sets A1; : : : ; As are a valid 3-partition. Thus P is indeed a \y es"

instance of 3-Par tition . 2

Theorem 5.17 Tetris [max-cleared-rows] is NP-complete.

Proof. Immediate from Lemmas2.2 and 5.10 and Theorems2.1, 3.1, 3.2, 4.1, and 5.16. 2

6 NP-Completeness for Other Ob jectiv es and Inappro ximabilit y

In our original de¯nition, we consideredthe maximization of the number of rows clearedover the
courseof play. This is a fundamental component of a player's score,but in fact the scoremay be
more closely aligned with the number of tetrises|that is, the number of times during play that
four rows are cleared simultaneously, by the vertical placement of an I|that occur during play.
(Maximizing tetrises is a typical goal in real play.)
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Another type of metric|considered by Brzustowski [1] and Burgiel [2], for example|is that of
survival. How many piecescan be placed beforea lossmust occur?

De¯ne k-tetrises(G; §), h-height-¯lled(G; §), and p-placed-pieces(G; §), respectively, asthe follow-
ing objectives: in the gameG, does§, respectively, contain at least k tetrises, never ¯ll a gridsquare
above height h, and place at least p piecesbefore losing?

In this section, we describe reductions extending that of Section 3 to establish the hardnessof
optimizing each of theseobjectives. In Section6.3, we give results on the hardnessof approximating
the number of rows cleared and the number of piecessurvived. Note that all of these objectives
are checkable and acyclic, and therefore the corresponding problems are in NP.

6.1 Maximizing Tetrises

We usea reduction very similar to that of Section 3, as shown in Figure 9(a). The new gameis as
follows:

² The top 6T + 22+ 3s + O(1) rows of the gameboard are exactly the sameas in our previous
reduction. We add four rows below these,entirely full except in the sixth column.

² The piecesequenceis exactly the sameas in the previous reduction, with a single I appended.

Our gameboard, shown in Figure 9(a), is that of Section 3, augmented with four new bottom rows
that are full in all but the sixth column. We append a single I to our previous piecesequence.

For a \y es" instance of 3-Par tition |namely , one in which we can clear the top 6T + 22 rows
using the original part of the piece sequence|(6 T + 20)=4 + 1 tetrises are achievable. (The last
occurs when the appendedI is placed into the new bottom rows.)

For a \no" instance, we cannot clear the top 6T + 22 rows using the original pieces,and since
the sixth column is full in all of the original rows, we cannot clear the bottom four rows with the
last I in the sequence.Thus we clear at most 6T + 22 rows. This implies that there were at most
(6T + 20)=4 < (6T + 20)=4 + 1 tetrises.

Therefore we can achieve (6T + 24)=4 tetrises just in the casethat the top 6T + 22 rows can be
clearedby the ¯rst part of the sequence,which occurs exactly when the 3-Par tition instance is a
\y es" instance. Therefore it is NP-hard to maximize the number of tetrises achieved.

Theorem 6.1 Tetris [max-tetrises] is NP-complete. 2

6.2 Maximizing Lifetime

Our original reduction yields some initial intuition on the hardnessof maximizing lifetime. In
the \y es" caseof 3-Par tition , there is a tra jectory sequencethat ¯lls no gridsquaresabove the
(6T + 22)nd row, while in the \no" casewe must ¯ll somegridsquare in the (6T + 23)rd row:

Theorem 6.2 Tetris [min-height-¯lled] is NP-complete. 2

However, this doesnot immediately imply the hardnessof maximizing the number of piecesthat
the player can place without losing, becauseTheorem 6.2 only applies for certain heights|and, in
particular, does not apply for height m (the top row of the gameboard), becauseour tra jectory
sequencefrom Section4 requiressomeoperating spaceabove the (6T + 22)nd row for rotations and
translations.
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(a) (b)

Figure 9: The initial gameboardsshowing hardnessfor (a) maximizing tetrises and (b) maximizing
survival time. The top of thesegameboards is an exact reproduction of our previous reduction.

To show the hardnessof maximizing survival time, we needto do somemore work. We augment
our previous reduction as shown in Figure 9(b). Intuitiv ely, we have created a large area at the
bottom of the gameboard that can admit a large number of Sq's, but we place a lock so that
Sq's can reach this area only if the gameboard of the original reduction is cleared. Crucially, the
gameboard has odd width, so after a large number of Sq's a lossmust occur.

Our new gameboard consistsof the following layers, for a value r to be determined below:

² The top 6T + 22 + 3s + O(1) rows are exactly the sameas in our previous reduction, with
the addition of four completely-¯lled columns on the right-hand side of the gameboard.

² The two next-highest rows form a secondlock, preventing accessto the rows beneath. This
lock requires a RG to be unlocked, just as in the lock columns at the top of the previous
reduction. The un¯lled squaresin the lock are in the four new columns.

² The bottom r rows form a reservoir, and are empty in all columns but the ¯rst.

The gameboard has 6T + 3s + r + O(1) rows and 6s + 7 columns. Let A = O(Ts2) be the total
area in and above the lock rows, and let R = r (6s + 6) be the total initially un¯lled area in the
reservoir.

Our piece sequenceis augmented as follows: ¯rst we have all piecesof our original reduction,
then a single RG, and ¯nally R=4 successive Sq's.

For the moment, chooser = poly(T; s) so that R ¸ 2A + 1.
In the \y es" caseof 3-Par tition , the ¯rst part of the sequencecan be used to entirely clear

the 6T + 22 rows of the original gameboard. The RGclearsthe secondlock, and the R=4 successive
Sq's can then be packed into the reservoir to clear all of the reservoir rows.

In the \no" caseof 3-Par tition , the ¯rst part of the sequencecannot entirely clear the top
6T + 22 rows of the gameboard. Since all rows above the secondlock are ¯lled, this meansthat
the RG cannot unlock the reservoir, and crucially the RG is the last chance to do so|no number
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of Sq's can ever subsequently clear the lock rows. We claim that within A=2 + 1 Sq's (which cover
2A + 4 gridsquares),a loss will occur. Since there are an odd number of columns, only rows that
initially contain an odd number of ¯lled gridsquarescan be clearedby a sequenceof Sq's; thus each
row can be clearedat most once in the Sq sequence.In order to survive 2A + 4 gridsquaresfrom
a Sq sequence,at least one row must be cleared more than once. Therefore after A=2 + 1 · R=4
successive Sq's, a lossmust occur.

Theorem 6.3 Tetris [max-placed-pieces] is NP-complete. 2

6.3 Hardness of Appro ximation

By modifying the reduction of Theorem 6.3, we can prove extreme inapproximabilit y for either
maximizing the number of rows clearedor maximizing the number of piecesplaced without a loss,
and a weaker inapproximabilit y result for minimizing the maximum height of a ¯lled gridsquare.

Theorem 6.4 Given a sequence of p pieces, approximating Tetris [max-placed-pieces] to within a
factor of p1¡ " for any constant " > 0 is NP-hard.

Proof. Our construction is as in Figure 9(b), but with a larger reservoir: choose r so that the
r -row reservoir's un¯lled area R is larger than (2A)1=" , where A is the total area of the gameboard
excluding the reservoir rows. As before,we append to the original piecesequenceone RG followed
by exactly enough Sq's to completely ¯ll the reservoir. As in Theorem 6.3, in the \y es" caseof
3-Par tition , we can place all of the piecesin the given sequence(which in total cover an area of
at least R), while in the \no" casewe can place piecescovering at most 2A area beforea lossmust
occur. Thus it is NP-hard to distinguish the casein which we can survive all p piecesof the original
sequencefrom the casein which we can survive at most 2A=4 < (R" )=4 < p" pieces. 2

Theorem 6.5 Given a sequence of p pieces, approximating Tetris [max-cleared-rows] to within a
factor of p1¡ " for any constant " > 0 is NP-hard.

Proof. Our construction is again as in Figure 9(b), with r > a2=" rows in the reservoir, where there
are a total rows at or above the secondlock. As above, in the \y es" caseof 3-Par tition , we can
completely ¯ll and clear the gameboard, and in the \no" casewe can clear at most a rows. Thus
it is NP-hard to distinguish the casein which at least r rows can be clearedfrom the casein which
at most a < r "=2 rows can be cleared.

Note that the number of columns c in our gameboard is ¯xed and independent of r , and that
the number of piecesin the sequenceis constrained by r < p < (r + a)c. We also require that r be
large enoughthat p < (r + a)c < r 2=(2¡ " ) . (Note that r , and thus our game, is still polynomial in
the size of the 3-Par tition instance.) Thus in the \y es" casewe clear at least r > p1¡ "=2 rows,
and in the \no" casewe clear at most a < r "=2 < p"=2. Thus it is NP-hard to approximate the
number of clearedrows to within a factor of (p1¡ "=2)=(p"=2) = p1¡ " . 2

Theorem 6.6 Given a sequence of p pieces, approximating Tetris [min-height-¯lled] to within a
factor of 2 ¡ " for any constant " > 0 is NP-hard.

Proof. Once again, our construction follows Figure 9(b). Let F = O(Ts) be the total number of
¯lled gridsquaresat or above the rows of the lower lock, and let P = O(Ts) be the total number
of gridsquaresin the piece sequenceup to and including the secondRG. Chooser = (F + P)=±,
where ± = "=(3 ¡ " ).
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As before, in the \y es" instance of 3-Par tition , we can place the piecesof the given sequence
so that the highest ¯lled gridsquare is in the (6T + 22)nd row of the original gameboard, which is
height 6T + 24+ r · r + P + F · r (1 + ±) in our gameboard.

In the \no" case,all of the Sq's appendedto the piecesequencewill have to beplacedat or above
the secondlock, since we can never break into the reservoir. Note that, if rows are not cleared,
we can never pack the appendedSq's into fewer than r rows. Thus the height of the highest ¯lled
gridsquareis at least 2r ¡ · , where · is the number of rows clearedduring the sequence.As before,
we can only clear rows that have an odd number of ¯lled gridsquaresin them beforethe Sq's in the
sequence.Since there are only F + P gridsquaresin total in this part of the sequence,obviously
· · F + P = r ±. Thus there is a ¯lled gridsquare at height at least r (2 ¡ ±).

Therefore it is NP-hard to approximate the minimum height of the maximum ¯lled gridsquare
to within a factor of r (2 ¡ ±)=r(1 + ±) = (2 ¡ ±)=(1 + ±) = 2 ¡ " . 2

7 Varying the Rules of Tetris

The completenessof our reduction does not depend on the full set of allowable moves in Tetris,
and the soundnessdoesnot depend on all of its limitations. Thus our results continue hold in some
modi¯ed settings.

7.1 Limitations on Pla yer Agilit y

We have phrased the rules of Tetris so that the player can, in principle, make in¯nitely many
translations or rotations before moving the piece down to the next-highest row. When actually
playing Tetris, there is a ¯xed amount of time (varying with the di±cult y level) in which to make
manipulations at height h; onecannot slide piecesarbitrarily far to the left or right beforethe piece
falls.

Our reduction requires only that the player be able to make two translations before the piece
falls by another row (or is ¯xed), to slide a LG into a notch. This is why we have chosento have
3s + O(1) empty rows at the top of the gameboard|this givesus enoughroom to do any desired
translation and rotation before the piece reaches the top of a bucket while still only making two
moves at any given height. (In the \no" casefor loss-avoidance, this may causethe game to end
more quickly, but the \y es" caseremains feasible.)

Thus the problem remains NP-hard even when move sequencesare restricted to at most two
movesbetweendrops, for any of the objectives.

7.2 Piece Set

Our reduction usesonly the piecesf LG; LS; I; Sq; RGg, so Tetris remains NP-complete when the
piecesetis thus restricted. By taking the mirror image of our reduction, the hardnessalso holds
for the piecesetf RG; RS; I; Sq; LGg. In fact, the use of the RG in the lock was not required; we
simply needsomepiecethat doesnot appear elsewherein the piecesequence.Thus Tetris remains
NP-hard for any piece set consisting of f LG; LS; I; Sqg or f RG; RS; I; Sqg, plus at least one other
piece. (The reduction works exactly as before if the key for the lock is T, pointing downward; for a
snake, the bottom three gridsquaresof a vertically-oriented snake servesas the key, and we observe
that no other piece|except T, which is not in our sequence|can be placed without ¯lling at least
two gridsquaresabove the (6T + 22)nd row.)
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7.3 Losses

We de¯ned a lossas the ¯xing of a pieceso that it doesnot ¯t entirely within the gameboard; i.e.,
the piece¯lls somegridsquare in the would-be (m + 1)st row of the m-row gameboard. Instead, we
might de¯ne lossesas occurring only after rows have beencleared|that is, a piececan be ¯xed so
that it extends into the would-be (m + 1)st row, so long as this is not the caseonceall ¯lled rows
are cleared. Sincethe completenesssequence(of Lemma 4.1) never ¯lls gridsquaresanywhere near
the top of the gameboard, our results hold for this de¯nition as well.

In fact, for our original reduction, we do not depend on the de¯nition of lossesat all|the
completenesstra jectory sequencedoesnot near the top of the gameboard, and the soundnessproof
doesnot rely on losses.Obviously the objective of Theorem 6.3 is nonsensicalwithout a de¯nition
of losses,but all other results still hold.

7.4 Rotation Rules

In Section 2, we speci¯ed concrete rules for the rotation of piecesaround a particular ¯xed point
in each piece. In fact, our reduction applies for a wider variety of rotation models|an y reasonable
rotation model, as de¯ned in Section5. In particular, there are two other reasonablerotation rules
of interest: the continuous model and the Tetris model that we have observed in practice.

In the continuous (or Euclidean) rotation model, the rotation of a piece is around its center,
as before, but we furthermore require that all gridsquaresthat the piece passesthrough must be
unoccupied.

Lemma 7.1 The continuous rotation model is reasonable. 2

The Tetris rotation model, which we have observed to be the one used in a number of actual
Tetris implementations, is illustrated in Figure 10. Intuitiv ely, this model works as follows: for
each piece type, choosethe smallest k so that the piece ¯ts within a k-by-k bounding box (k = 2
for Sq, k = 4 for I, and k = 3 otherwise). In a particular orientation, choosethe smallest k1 and k2

so that the piece¯ts in k1-by-k2 bounding box. Place the pieceso that the k1-by-k2 bounding box
is exactly centered in the k-by-k box. This doesnot in generalyield a position aligned on the grid,
so shift the k1-by-k2 bounding box to the left and up, as necessary. (Incidentally , it took us some
time to realize that the \real" rotation in Tetris did not follow the instantaneousmodel, which is
intuitiv ely the most natural one.)

Lemma 7.2 The Tetris rotation model is reasonable. 2

The proofs of Lemmas7.1 and 7.2, found in Appendix A, are straightforward checks of the four
conditions of reasonablerotation models.

7.5 The Final Result

Theorem 7.3 It remains NP-hard to optimize (or approximate) the maximum height of a ¯l led
gridsquare, the number of rows cleared, tetrises attained, or pieces placed without a loss when any
of the following hold:

1. the player is restricted to two rotation/tr anslation movesbefore each piece drops in height.
2. pieces are restricted to f LG; LS; I; Sqg or f RG; RS; I; Sqg plus at least one other piece.
3. lossesare not triggered until after ¯l led rows are cleared.
4. rotations follow any reasonablerotation model.
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Figure 10: The Tetris model of rotation. The pictured k-by-k bounding box is in the sameposition
in each con¯guration; each piece can be rotated clockwise to yield the con¯guration on its right
(wrapping to the leftmost column) or counterclockwise to yield the con¯guration on its left.

When lossesnever occur, it remains hard to optimize (or approximate) the number of cleared rows,
number of tetrises, or maximum height of a ¯l led gridsquare. 2

8 Conclusion and Future Work

An essential part of our reduction is a complicated initial gameboard from which the player must
start. A major open question is whether Tetris can be played e±ciently with an empty initial
con¯guration:

² What is the complexity of Tetris when the initial gameboard is empty?

While our results hold under a variety of modi¯cations to the rules of Tetris, somerule changes
break our reduction. In particular, our completenessresult relies on the translation of piecesas
they fall. At more di±cult levels of the game,it may be very hard to make two translations before
the piecedrops another row in height.

² Is translation a crucial part of the complexity of Tetris? Supposethe model for moves (fol-
lowing Brzustowski [1]) is the following: the piece can be translated and rotated as many
times as the player pleases,and then falls into place. (That is, no translation or rotation is
allowed after the piecetakes its ¯rst downward step.) Is the gamestill hard?
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Another classof openquestionsconsidersversionsof the Tetris gamewith gameboardsand piecesets
of restricted size:

² What is the complexity of Tetris for a gameboard with a constant number of rows? A constant
number of columns? Is Tetris ¯xed-parameter-tractable with respect to the number of rows
or number of columns? (We have polynomial-time algorithms for the special casesin which
the total number of gridsquaresis logarithmic in the number of piecesin the sequence,or for
the caseof a gameboard with two columns.)

² We have reduced the piecesetdown to ¯v e of the seven pieces. For what piecesetsis Tetris
polynomial-time solvable? (For example, with the piecesetf Ig the problem seemspolynomi-
ally solvable, though non-trivial becauseof the initial partially ¯lled gameboard.)

Finally, in this paper we have concentrated our e®ortson the o²ine, adversarial version of Tetris.
In a real Tetris game,the initial gameboard and piecesequenceare generatedprobabilistically , and
the piecesare presented in an online fashion:

² What can we say about the di±cult y of playing online Tetris if piecesare generated inde-
pendently at random according to the uniform distribution, and the initial gameboard is
randomly generated?

Ac kno wledgmen ts. The ¯rst author thanks Amos Fiat and Ming-wei Wang for helpful initial
discussions.Thanks also to Josh Tauber for pointing out the puzzlesin GamesMagazine [7].
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A Rotation Mo dels

Recall that a rotation model is reasonableif it satis¯es the following four conditions:

1. A piececannot \jump" from one bucket to another, or into a disconnectedregion.

2. An LG cannot enter a notch if the gridsquare in the secondcolumn of the notch row is ¯lled.

3. For any balcony at height h with the i th column empty in the balcony, the only gridsquares
at height h0 · h that can be ¯lled by any pieceother than an I are those in the i th column
in rows h and h ¡ 1.

4. An I cannot enter a notch if the gridsquares in the secondand third columns of the row
immediately beneath the notch row are ¯lled.

As a preliminary step, we will give somesu±cient conditions on rotation modelsfor two of these
conditions.

Lemma A.1 Suppose, for every rotation of every piece, there is somegridsquare that is ¯l led both
before and after the rotation. Then clause(1) of the de¯nition of reasonableis satis¯ed.

Proof. Partition the un¯lled gridsquaresof the bucket into connectedregions (wheretwo gridsquares
areconnectedif and only if they sharean edge),counting the four gridsquarescontaining the current
pieceasun¯lled. Sincesomegridsquareremains¯lled by the piecebeforeand after a legal rotation,
the four gridsquares¯lled before and after the rotation must be in the sameregion. Furthermore,
neither a horizontal translation nor drop can shift the piecefrom one region to another.

By de¯nition, a hole is a di®erent region from that at the top of the bucket, where the piece
enters. A piece can never move from one region to another, so therefore it can never ¯ll a hole.
Similarly, a piececan never jump from one bucket to another, sincedoing so would force it to pass
through the wall dividing the buckets. 2

Lemma A.2 Suppose, for every rotation of every piece except I, there is a row h that has at least
two gridsquares ¯l led by the piece before the rotation, and, after the rotation, one of the following
holds:

(a) somerow h0 ¸ h ¡ 1 stil l has at least two gridsquares ¯l led by the piece.
(b) row h ¡ 2 has at least two gridsquares ¯l led by the piece, and at least one gridsquare in row

h ¡ 1 that was un¯l led before the rotation is now ¯l led.
Then clause(3) of the de¯nition of reasonableis satis¯ed.

Proof. Suppose,as per clause(3), that there is a balcony at height b, with the i th column empty
in row b.

For every pieceother than I, in any orientation, there is a row that has at least two gridsquares
¯lled by that piece. Call such a row heavy. In any con¯guration in which a heavy row is at height
b+ 1 or above, it is easyto con¯rm that clause(3) is satis¯ed.

Supposethat there is a way to move the pieceso that the following condition holds:

(¤) all of its heavy rows appear in row b¡ 1 or lower.
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Consider the ¯rst time that (¤) occurs, and consider the previous move ¾, i.e., the one that made
(¤) true.

It is obvious that ¾cannot be a horizontal translation or a ¯x, sincethesemovesdo not a®ect
the vertical placement of the heavy rows. Furthermore, the move ¾cannot have beena drop, since
the ¯lled gridsquaresin the topmost heavy row would somehow have passedthrough the balcony.
Thus ¾must have beena rotation.

If ¾ is a rotation satisfying condition (a), then there is a heavy row that cannot have passed
below the balcony|it is either still above the balcony, or at best is in the samerow as the balcony,
implying that the rotation was not legal (since two of the three gridsquaresin row b were already
occupied).

Otherwise, the rotation ¾must satisfy the condition (b). The only way to have made (¤) true
would be for a heavy row to have been in row b+ 1 before the rotation and b¡ 1 after. But, by
condition (b), to do this the piecemust occupy two distinct gridsquaresin row b: one before and
a di®erent one after the rotation. Since row b is a balcony, and two of its three gridsquaresare
already occupied, this is impossible.

Thus there is no such move ¾, and clause(3) is satis¯ed. 2

A.1 Instan taneous Rotation

Lemma 5.10 The instantaneous rotation model is reasonable.

Proof. Recall that in the instantaneousrotation model, rotation occurs around the center of each
piece:

1. No piece can ¯ll a hole. Immediate from Lemma A.1|b y de¯nition, the gridsquare
containing the center of the pieceis ¯lled beforeand after the rotation.

2. No LG can fully ¯ll a spurned notc h. Supposethat the LG managedto enter the notch,
and considerthe ¯rst time that it did so. It is in the ¯rst of the following con¯gurations when
this occurs.

In the move before its ¯rst entry into the notch, it must be in one of the remaining con¯gu-
rations (respectively, arising from a clockwise rotation, counterclockwise rotation, left slide,
right slide, and drop). Note that it is impossiblefor the LG to have entered the notch via a
¯x, which doesnot changethe piece'sposition or orientation.

In each of these con¯gurations, the LG intersects a ¯lled gridsquare|in the fourth, in the
secondcolumn of the notch row; for the others, one or more of the initially-¯lled gridsquares
in the notch columns of the bucket.

3. Only an I can fully pass a balcon y. Immediate from Lemma A.2|one can easily verify
that, in fact, the ¯rst stated condition applies for each rotation.
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4. An I cannot enter a 011-°o ored notc h or 111-°o ored notc h. Suppose that the I
managed to enter the notch, and consider the ¯rst time that it did so. It is in the ¯rst
con¯guration of one of the following rows when this occurs. (Note that the rotation center
could be in either the secondor third gridsquare of the I, reading from left to right.)

In the move before the I's ¯rst entry into the notch, it must be in one of the remaining
con¯gurations|resp ectively, arising from a clockwise rotation, counterclockwise rotation, left
slide, right slide, and drop. Note that it is impossiblefor the I to have entered the notch via
a ¯x, which doesnot changethe piece'sposition or orientation.

In each of these con¯gurations but the third in each row, the previous position overlaps an
occupied gridsquare|one of the assumedgridsquares in the ¯rst two con¯gurations of the
¯rst row, and an initially-¯lled gridsquare in the notch columns in the remainder.

Thus the only way for the I to fully enter the notch is for it to have previously beenpartially
in the notch. Now we consider the previous position of the I before it was partially in the
notch. The following con¯gurations are arranged analogouslyto the above.

But, in all but the fourth position of each row, the I overlaps a ¯lled square, as before; in
the fourth, the previous position is fully in the notch. But, by our assumption that we are
consideringthe ¯rst entry into the notch, this cannot have beenthe previous con¯guration.

Therefore the I cannot fully enter the 011-°oored notch or 111-°oored notch.

Thus the instantaneousmodel is reasonable. 2

A.2 Con tin uous Rotation

Lemma 7.1 The continuous rotation model is reasonable.

Proof. Any movewhich is allowed in the continuousrotation model is alsoallowed in the instanteous
rotation model, so this follows immediately from Lemma 5.10. 2
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A.3 Tetris Rotations

Lemma 7.2 The Tetris rotation model is reasonable.

Proof. We show that the four requirements are met:

1. No piece can ¯ll a hole. Immediate from Lemma A.1 and inspection of the rotations.

2. An LG cannot enter a spurned notc h. Supposethat the LG somehow managedto enter
the notch. Then it must be in the ¯rst of the following con¯gurations after it enters the
notch, and must have previously been in either the remaining con¯gurations immediately
before (respectively, arising from a clockwise rotation, counterclockwise rotation, left slide,
right slide, and drop). Note that it is impossiblefor the LG to have entered the notch via a
¯x, which doesnot changethe piece'sposition or orientation.

In each of these con¯gurations, the LG intersects a ¯lled gridsquare|in the fourth, in the
secondcolumn of the notch row; for the others, one or more of the initially-¯lled gridsquares
in the notch columns of the bucket.

3. Only an I can fully pass a balcon y. Immediate from Lemma A.2 and inspection of the
rotation rules.

4. An I cannot enter a 011-°o ored notc h or 111-°o ored notc h. This is analagousto this
condition for instantaneousrotation, but simpler.

Supposethat the I managedto enter the notch, and consider the ¯rst time that it did so. It
is in the ¯rst con¯guration of the following when this occurs. In the move before the I's ¯rst
entry into the notch, it must be in one of the remaining con¯gurations|resp ectively, arising
from a rotation (clockwise and counterclockwise have the sameresult), right slide, left slide,
and drop. Note that it is impossiblefor the I to have entered the notch via a ¯x, which does
not changethe piece'sposition or orientation.

In each of these con¯gurations but that arising from a right slide, the previous position
overlaps an occupied gridsquare.

Thus the only way for the I to fully enter the notch is for it to have previously beenpartially
in the notch. Now we consider the previous position of the I before it was partially in the
notch. The following con¯gurations are arranged analogouslyto the above.

In all but the position arising from the left slide, the I overlaps a ¯lled square,as before. By
our assumption that we are consideringthe ¯rst entry into the notch, this cannot have been
the previous con¯guration.

Therefore the I cannot fully enter the 011-°oored notch or 111-°oored notch.

Thus the Tetris model is reasonable. 2
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B Deriving Un¯llabilit y from Reasonable Rotation Mo dels

Recall that a bucket is un¯l lable if it cannot be ¯lled completely using arbitrarily many piecesfrom
the set f LG; LS; Sq; Ig. Note that, for the purposesof proving un¯llabilit y, we do not needto worry
about the pieceRG.

In this appendix, we show that a variety of con¯gurations are un¯llable in any reasonable
rotation model. Note that by clause(1) of reasonable,we can limit our attention to a singlebucket
when proving un¯llabilit y.

Lemma B.1 In any reasonablerotation model, a bucketwith (a) a hole, (b) a spurned notch, (c)
a balconied 011-°oored notch, or (d) a balconied 111-°oored notch is un¯l lable.

Proof. Claim (a) is immediate from clause(1) of the de¯nition. Since an I in the spurned notch
would have to occupy the (¯lled) gridsquare in the secondcolumn of that row, an LG is the only
piecethat could ¯ll the notch; thus claim (b) follows from clause(2) of the de¯nition of reasonable.
For claims (c) and (d), the un¯lled notch must be ¯lled with an I by clause(3), and by clause(4)
no I can enter the notch. 2

Lemma B.2 In any reasonable rotation model, a bucket with a balconied 110-°oored notch is
un¯l lable.

Proof. Say the balconied 110-°oored notch is in row n. By clause(3), only an I can ¯ll the notch
in row n. If the notch is ¯lled by an I beforethe empty gridsquare in the third column of row n ¡ 1
is ¯lled, then the result is a hole. If the empty gridsquare in the third column of row n ¡ 1 is ¯lled
beforethe notch in row n is ¯lled, then the result is a balconied111-°oored notch, or a hole if ¯lling
the third gridsquare in row n ¡ 1 simultaneously ¯lls the third gridsquare of row n. Either way,
the result is un¯llable. 2

Lemma B.3 Consider a bucket with a balcony in row h, and, somewhere below row h, an ®-
veranda. In any reasonablerotation model, the bucket is un¯l lable if either

1. the ®-veranda spans no notch rows, and ® 6´ 0 (mod 4), or
2. the ®-veranda spans one notch row, and ® 62f 0; 1g (mod 4).

Proof. By clause(3) of the de¯nition of reasonable,the ®-veranda can only be ¯lled by I's. (The
®-verandacannot be located in the exceptionof clause(3)|in the i th column in the h and (h¡ 1)st
rows, where the balcony leaves the i th column of row h open|b ecauseotherwise the ®-veranda
would be above row h.)

1. An I cannot ¯t horizontally into any non-notch row, so the only way to ¯ll the ®-veranda is
with vertically placedI's. But since® 6´ 0 (mod 4), the ®-verandacannot be completely ¯lled
by vertical I's.

2. Just as in case (1), since ® 6´ 0 (mod 4) we cannot ¯ll the ®-veranda using vertical I's
alone. The only other possibility is to place an I horizontally into the notch row, ¯lling some
gridsquare in the middle of the ®-veranda. This results in a ¯ -veranda and ° -veranda, where
the notch was in the (¯ + 1)th-highest row of the ®-veranda and ¯ + 1 + ° = ®.

By the assumption that ® ¡ 1 6´ 0 (mod 4), we know that ¯ + ° 6´ 0 (mod 4), which implies
that at least one of ¯ -veranda and ° -veranda falls into case(1).
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Thus such a bucket is un¯llable. 2

Lemma B.4 In any reasonablerotation model, a bucket with a balconied (® 6 4́ 0)-veranda in
non-notch rows or balconied 2-veranda is un¯l lable.

Proof. Immediate from Lemma B.3, sinceat most oneof the rows spannedby a balconied2-veranda
is a notch row. 2

Lemma B.5 In any reasonablerotation model, a bucket with a balconied un¯l led sub-notch rect-
angle is un¯l lable.

Proof. Suppose the notch in row n has the rectangle beneath it un¯lled. By clause (3) of the
de¯nition of reasonable,only I's can be usedto ¯ll the notch in row n and the un¯lled gridsquares
in the rectangle below the notch.

Consider the un¯lled gridsquare(s) in the i th column in rows n ¡ 1; : : : ; n ¡ j , i 2 f 2; 3g and
j 2 f 1; 2; 3g, and the ¯lled gridsquare in row n ¡ j ¡ 1. These un¯lled gridsquaresmust be ¯lled
by a vertically-placed I, sincethey are in non-notch rows.

If i = 3 and the gridsquarein column 3 and row n ¡ 1 is ¯lled beforethe notch in row n is ¯lled,
then the result is a hole: sincej · 3, the vertical I extends into row n. If i = 2 and the gridsquare
in column 2 and row n ¡ 1 is ¯lled before the notch in row n is ¯lled, then the result is a spurned
notch: again, the vertical I extends into row n.

If, on the other hand, the notch is ¯lled before the un¯lled gridsquare in row n ¡ 1, then the
result is a j -veranda: in column i , rows n and n ¡ j ¡ 1 are ¯lled and rows n ¡ 1; : : : ; n ¡ j are
un¯lled. Furthermore, for j · 3, none of the un¯lled rows are notch rows (since n is a notch row).
This is un¯llable by Lemma B.3.

Regardlessof which we try to ¯ll ¯rst, the resulting con¯guration is un¯llable. 2

Lemma B.6 In any reasonablerotation model, a bucketwith a balconied °at-bottomed 2/3-ceiling
discrepancy is un¯l lable.

Proof. Suppose that in row f the gridsquares in both the secondand third columns are ¯lled,
and in rows f + 1; : : : ; f + ® both are empty, and that the secondgridsquare in row f + ® + 1
is ¯lled. Further suppose that the secondcolumn is full and the third column empty in rows
f + ®+ 1; : : : ; f + ®+ ¯ , and is ¯lled in row f + ®+ ¯ + 1, where ¯ 6´ 0 (mod 4). (The casewhen
columns two and three are swapped is analogous.) By clause(3) of the de¯nition of reasonable,
only I's can be usedto ¯ll the un¯lled gridsquaresbeneath row f + ®+ ¯ + 1.

If f + ® + 1 is a notch row, then it is a spurned notch|or a hole for the casein which the
un¯lled segment of column three is the shorter one|whic h is un¯llable by Lemma B.1. If all of
f + 1; : : : ; f + ® are non-notch rows, then we have an ®-veranda and an (®+ 1)-veranda spanning
no notch rows. By Lemma B.3, this is un¯llable. Otherwise, there is at least one un¯lled notch
row in rows f + 1; : : : ; f + ®; consider the highest such notch row r .

If an I is placed horizontally to ¯ll the notch in row r before any gridsquares in the second
or third columns at or above row r are ¯lled, then the resulting con¯guration has a balconied
°at-b ottomed 2/3-ceiling discrepancyspanning only non-notch rows. By the previous case,this is
un¯llable.

Thus someI must be placed vertically to ¯ll gridsquaresin the secondor third columns at or
above row r before the notch is ¯lled. Such a placement of an I must ¯ll either the secondor third
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gridsquare of row r as well (a vertical I ¯lls four un¯lled gridsquaresabove a ¯lled gridsquare in
the samecolumn). This createsa spurned notch or a hole, respectively.

In any case,then, the con¯guration is un¯llable. 2

Lemma B.7 In any reasonablerotation model, a bucket with a balconied notch-spanning 2/3-
ceiling discrepancy is un¯l lable.

Proof. By clause(3) of the de¯nition of reasonable,only I's can be usedto ¯ll the spannednotch.
Once this notch is ¯lled, the result is a balconied °at-b ottomed 2/3-ceiling discrepancy. 2

Lemma 5.9 In any reasonablerotation model, any bucket containing any of the following is
un¯l lable:

1. a hole.
2. a spurned notch.
3. a balconied 110-°oored notch, 011-°oored notch, or 111-°oored notch.
4. a balconied un¯l led sub-notchrectangle.
5. a balconied (® 6 4́ 0)-veranda in non-notch rows.
6. a balconied 2-veranda.
7. a balconied °at-bottomed 2/3-ceiling discrepancy.
8. a balconied notch-spanning 2/3-ceiling discrepancy.

Proof. Immediate from LemmasB.1, B.2, B.4, B.5, B.6, and B.7. 2
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Figure 11: Con¯gurations that can arise during play: (a,b) unprepped, (c) over°at, (d) trigger-
happy (e) tall-plateau, (f ) under°at, (g) (I-UP), (h,i) (LG-UP-i ), (j) (I-UP-LG-i ), (k,l) (LG-UP-
f i; j g), (m) short-plateau, (n) (LG-TP- i ), (o) (LG-UF-i ), (p) (LG-UA- i ), (q) (LG-UA-f i; j g), (r)
(LG-OF-1), (s) (LG-OF-2), (t) (LG-OF-3), (u) (LG-OF-4-i ), (v) (LG-TH- i ), (w) (LG-TH- f i; j g). In
each annotated con¯guration, the i th-highest (and j th-highest) notcheshave LGs ¯lling them.

C Pro of of Soundness Prop ositions

In this section, we show that, under any reasonablerotation model, there is no possible way to
win the gameG(P) without playing \righ t." In Figure 11, we show the con¯gurations that will be
relevant in our proofs.

C.1 Pieces and Con¯gurations

C.1.1 Unprepp ed Buc kets

Prop osition C.1 If I is dropped validly into an unprepped bucket, then it produces either an un-
der°at bucketor an (I-UP) bucket.
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Proof. For an unpreppedbucket in which the ¯rst column is the un¯lled one,the possibleplacements
of the I are as follows:

(The ¯rst and secondcon¯gurations have the I horizontally in the i th-highest notch. Both of these
con¯gurations are blocked for i = 1, sincethis con¯guration has a 011-°oored notch and thus no I
can enter the bottom notch.)

The ¯rst has a hole for any i . In the second,for any i 6= 1, the lowest notch is a balconied
011-°oored notch; for i = 1, this is blocked. The third con¯guration is under°at, the fourth
con¯guration has a spurned notch, and the last has a hole.

For the other kind of unprepped bucket, with the third column un¯lled, the possibleplacements
of the I are as follows:

(The ¯rst and secondcon¯gurations have the I horizontally in the i th-highest notch.)
The ¯rst has a hole in the notch for any i . The secondcon¯guration has a hole for i = 1 and is

a balconied110-°oored notch for i > 1. The third is under°at, and the fourth hasa spurnednotch.
The ¯fth is (I-UP). 2

Prop osition C.2 If LG is dropped validly into an unprepped bucket, it produces (LG-UP-i ) for
somei .

Proof. If the unprepped bucket has the ¯rst column empty and the bottom four rows of the second
and third columns full, then the possiblecon¯gurations are the following:
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(In the ¯fth con¯guration, the i th-highest notch is partially ¯lled, for any i > 1; the eighth and
ninth apply for any i ¸ 1.)

Each but the last of thesecon¯gurations createsa hole (the ¯fth for any i > 1 and the eighth
for any i ¸ 1); the last is (LG-UP-i ).

For the other kind of unpreppedbucket, with an empty third column, the possiblecon¯gurations
are the following:

(The ¯fth, eighth, and ninth have the LG in the i th-highest notch; theseapply for any i .)
The ¯rst con¯guration has a spurned notch, the third has a balconied 110-°oored notch, and

the last is (LG-UP-i ). The remainder of thesecon¯gurations all have holes(the ¯fth and eighth for
all i ¸ 1). 2

Prop osition C.3 There is no valid move for Sq in an unprepped bucket.

Proof. The possibleplacements for a Sq are as follows:

The ¯rst, second,and fourth of thesecreate holes; the third has a spurned notch. 2

Prop osition C.4 There is no valid move for LS in an unprepped bucket.

Proof. The possiblecon¯gurations are the following:

(In the fourth and eighth of thesecon¯guration, the LS is in the i th-highest notch, for any i ¸ 1.)
All of these con¯gurations except the ¯fth have holes; the ¯fth has a balconied 110-°oored

notch. 2
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C.1.2 ( I-UP) Buc kets

Prop osition C.5 If LG is dropped validly into an (I-UP) bucket, it produces (I-UP-LG-i ) for some
i ¸ 2.

Proof. The possiblecon¯gurations are the following:

(In the ¯fth, eighth, and ninth con¯gurations, the i th-highest notch is (partially) ¯lled, for any
i ¸ 1.)

The ¯rst has a balconied 110-°oored notch, as does the third. All other con¯gurations except
the last have holes(including the ¯fth and eighth for any i ). The last is (I-UP-LG-i ), though there
is a hole if i = 1. 2

Prop osition C.6 There is no valid placement of Sq in an (I-UP) bucket.

Proof. The possiblecon¯gurations are the following:

The ¯rst has a balconied 110-°oored notch, and the secondhas a hole. 2

Prop osition C.7 There is no valid placement of Sq in an (I-UP-LG-i ) bucket.

Proof. The possiblecon¯gurations are the following:
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(In each con¯guration, the LG is initially in the i th-highest notch for any i > 1; if i = 1, the
con¯guration already has a hole.)

The ¯rst and third con¯gurations have a balconied 110-°oored notch; the secondhas a hole. 2

C.1.3 LG-prepp ed Buc kets

Prop osition C.8 There is no valid move for Sq in (LG-UP-i ).

Proof. The possiblecon¯gurations are as follows:

(In each con¯guration, the LG is initially in the i th-highest notch for any i ¸ 1. The secondand
¯fth con¯gurations are blocked if i = 1.)

The ¯rst, second(for i > 1), and ¯fth (for i > 1) con¯gurations have holes. The third has a
balconied 011-°oored notch if i > 1, or a balconied 2-veranda if i = 1. The fourth has a spurned
notch if i > 1, and a hole if i = 1. The sixth has a balconied 110-°oored notch if i > 1, or a hole if
i = 1. 2

Prop osition C.9 There is no valid move for LS in (LG-UP-i ).

Proof. With (LG-UP-i ) so that the ¯rst column is un¯lled in the bottom four rows, the possible
con¯gurations are the following:

(The LG is in the i th-highest column initially . In the last of thesecon¯gurations, the LS is in the
j th-highest notch, for any j ¸ 1 and j 6= i . The secondand fourth con¯gurations are possibleonly
if i 6= 1.)

Of these,all con¯gurations but the third create holes (the last for any j ), and the third has a
balconied 011-°oored notch, or a balconied 1-veranda in non-notch rows for i = 1.

With (LG-UP-i ) so that the ¯rst four rows of the third column are un¯lled, the possiblecon¯g-
urations are the following:
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(Again, the LG is in the i th-highest notch initially and the LS in the last con¯guration is in the
j th-highest notch, for any j ¸ 1 and j 6= i . The secondand fourth con¯gurations are possibleonly
if i 6= 1.)

The ¯rst and third both have a balconied 110-°oored notch, or a hole if i = 1. The second(for
i > 1), fourth, ¯fth, and sixth (for any j ) have a hole. 2

Prop osition C.10 If LG is validly placed in (LG-UP-i ), then the result is a short-plateau or a
(LG-UP-f i; j g) for somej .

Proof. When the given (LG-UP-i ) bucket has the empty rows in the ¯rst column, the possible
con¯gurations are as follows. First, the con¯gurations in which the LG is placed vertically:

(The notch initially ¯lled with the LG is the i th-highest; in the last con¯guration, the j th-highest
notch is also ¯lled for any j 6= i and j ¸ 1. If i = 1, the secondcon¯guration is impossible,and the
¯fth and sixth con¯gurations are identical.)

The ¯rst, second,fourth, ¯fth (for i > 1), and seventh (for any j 6= i ) con¯gurations have holes.
The third has a balconied 2-veranda for i = 1 and a balconied 011-°oored notch for i > 1. The
sixth also has a balconied 011-°oored notch for i > 1. For i = 1, the ¯fth and sixth con¯gurations
are identical, and form a short-plateau.

And, now, those in which the LG is placed horizontally:
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(The LG is initially in the i th-highest notch; in the last two con¯gurations, the j th-highest notch is
also(partially) ¯lled by a newLG, for any j 6= i and j ¸ 1. If i = 1, the ¯rst and third con¯gurations
are impossible.)

All but the last of thesehas a hole (and the ¯fth has a hole regardlessof the value of j ). The
last con¯guration is (LG-UP-f i; j g).

When the given (LG-UP-i ) bucket has the empty rows in the third column, the possiblecon¯g-
urations are as follows. When the LG is placed vertically:

(The notch initially ¯lled with the LG is the i th-highest for any i ¸ 1; in the last con¯guration, the
j th-highest notch is also ¯lled for any j 6= i and j ¸ 1. If i = 1, then there is a hole initially , and
all con¯gurations are invalid.)

The ¯rst hasa spurnednotch. The second,¯fth, and seventh (for any j ) have holes. The third,
fourth, and sixth all have a balconied 110-°oored notch.

And, now, those in which the LG is placed horizontally:
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(The LG is initially in the i th-highest notch for any i ¸ 1; in the last two con¯gurations, the j th-
highest notch is (partially) ¯lled by a new LG, for any j 6= i . If i = 1, there is a hole initially , and
all con¯gurations are invalid.)

All but the last of these has a hole (and the next-to-last has a hole regardlessof the value of
j ). The last con¯guration is (LG-UP-f i; j g). 2

Prop osition C.11 There is no valid move for Sq in (LG-UP-f i; j g).

Proof. The possiblecon¯gurations are:

(The initially ¯lled notches are the i th- and j th-highest, for i; j ¸ 1 and i 6= j . The second
con¯guration is blocked for min( i; j ) = 1. The ¯fth, sixth, seventh, and eighth con¯gurations have
holesand are thus invalid if min( i; j ) = 1.)

In the ¯rst, second,and sixth con¯gurations, there are holes. The third has a balconied 2-
veranda for min( i; j ) = 1 and a balconied 011-°oored notch for min( i; j ) > 1. The fourth has a
balconied 5-veranda in non-notch rows for max(i; j ) = 2, a balconied notch-spanning 2/3-ceiling
discrepancyfor min( i; j ) = 1 and max(i; j ) > 2, and a balconied011-°oored notch for min( i; j ) > 1.
In the ¯fth con¯guration, there is a spurned notch. The seventh and eighth each have a balconied
110-°oored notch for min( i; j ) > 1. 2
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C.1.4 Short-Plateau Buc kets

Prop osition C.12 If Sq is validly placed in a short-plateau bucket,then the result is a tal l-plateau.

Proof. The only possiblecon¯gurations are

The ¯rst has a hole; the secondis a tall-plateau, as desired. 2

C.1.5 Tall-Plateau Buc kets

Prop osition C.13 There is no valid move for LS in a tal l-plateau bucket.

Proof. The possiblecon¯gurations are the following:

(The secondcon¯guration has the LS in the i th-highest notch, for any i ¸ 1.)
All four have holes. 2

Prop osition C.14 There is no valid move for Sq in a tal l-plateau bucket.

Proof. The possiblecon¯gurations are the following:

Both have holes. 2
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Prop osition C.15 If LG is placed validly in a tal l-plateau bucket, the result is a (LG-TP- i ) for
somei .

Proof. The following con¯gurations are possible:

(In the third con¯guration, the LG is placed in the i th-highest bucket, for i > 1, and in the eighth
and ninth, for i ¸ 1.)

Of these, there is a hole in all but the last. The last is a (LG-TP- i ). 2

Prop osition C.16 There is no valid placement of LS in (LG-TP- i ) for any i .

Proof. The following con¯gurations are possible:

(Initially the i th-highest notch is ¯lled by the LG. The secondcon¯guration denotesthe LS in the
j th-highest notch, for any j 6= i . The ¯fth con¯guration is blocked for i = 1.)

Of these, there is a hole in all but the last, which has a balconied °at-b ottomed 2/3-ceiling
discrepancy(or a balconied 2-veranda if i = 1). 2

C.1.6 Under°at Buc kets

Prop osition C.17 If LG is dropped into an under°at bucket, it produces (LG-UF- i ) for somei .

Proof. The possiblecon¯gurations are the following:
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(The ¯fth of these applies to the i th-highest notch for any i > 1, the eighth and ninth for any
i ¸ 1.)

The ¯rst con¯guration createsa spurnednotch, and the third hasa balconied111-°oored notch.
Of the others, all but the last|( LG-UF-i )|create holes. 2

Prop osition C.18 There is no valid move for Sq in an under°at bucket.

Proof. The possiblecon¯gurations are the following:

The ¯rst of thesecon¯gurations has a spurned notch, and the secondhas a hole. 2

Prop osition C.19 There is no valid move for LS in an under°at bucket.

Proof. The possiblecon¯gurations are the following:

(The secondhas the LS in the i th-highest notch, for any i ¸ 1.)
The ¯rst, second,and fourth of these con¯gurations have holes; the secondhas a balconied

111-°oored notch. 2

Prop osition C.20 If Sq is dropped validly into (LG-UF- i ), then (1) i = 1, and (2) the result is
an over°at bucket.

Proof. The possiblecon¯gurations are as follows:
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(In each of thesecon¯gurations, the i th-highest notch is initially ¯lled with the LG, for any i ¸ 1.
The third con¯guration is impossibleif i = 1.)

The ¯rst of theseis a balconied111-°oored notch for i > 1 and a balconied2-veranda for i = 1.
The secondis a spurned notch unlessthe lowest notch is ¯lled, i.e., unlessi = 1; in this case,the
reuslt is over°at. The third con¯guration has a hole. 2

C.1.7 Ov er°at Buc kets

Prop osition C.21 If LG is validly placed in an over°at bucket, the result is (LG-OF-1), (LG-OF-
2), (LG-OF-3), or (LG-OF-4-i ) for somei .

Proof. The possiblecon¯gurations for placement of the LG are as follows:

(The ¯fth, eight, and ninth denote the placement of the LG in the i th-highest notch, for any i ¸ 1.)
The ¯rst two con¯gurations are (LG-OF-1) and (LG-OF-2). The third hasa balconied2-veranda

in the secondcolumn; the fourth, ¯fth (for any i ), sixth and eighth (for any i ) have holes. The
seventh is (LG-OF-3), and the last is (LG-OF-4-i ). 2

Prop osition C.22 There is no valid move for LS in an over°at bucket.

Proof. The possiblecon¯gurations are:
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(The fourth represents the placement of the LS into the i th notch for any i ¸ 1.)
The ¯rst of these con¯gurations has a balconied 1-veranda in non-notch rows; the remaining

three have holes. 2

Prop osition C.23 If hSq; Sqi is validly placed in an over°at bucket,then the result is an unprepped
bucket.

Proof. The possiblecon¯gurations after the placement of the ¯rst Sq are as follows:

Both of thesecon¯gurations are valid. Now, when we place the secondSq, the possibleresults are
the following:

The secondand fourth con¯gurations have holes; the ¯rst and third are both unprepped. 2

Prop osition C.24 There is no valid move for LS in (LG-OF-1).

Proof. The only possiblecon¯gurations are as follows:

(The fourth denotesthe placement of the LS into the i th-highest notch, for any i ¸ 1.)
All of thesecon¯gurations have holes. 2

Prop osition C.25 There is no valid placement of LS into (LG-OF-2).

Proof. Then the possiblecon¯gurations are the following:
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(The fourth denotesthe placement of the LS into the i th-highest notch, for any i ¸ 1.)
The ¯rst con¯guration is unapproachable, and the other three have holes. 2

Prop osition C.26 If LS is placed validly in (LG-OF-3), the result is a trigger-happy bucket.

Proof. The only possiblecon¯gurations are the following:

(The fourth denotesthe placement of the LS into the i th-highest notch, for any i ¸ 1.)
The ¯rst hasa spurnednotch, and the secondand fourth have holes. The third is trigger-happy,

as desired. 2

Prop osition C.27 There is no valid move for LS in (LG-OF-4-i ) for any i .

Proof. Then the possiblecon¯gurations are the following:

(Initially , in each con¯guration, there is an LG in the i th-highest notch, for somei ¸ 1. The sixth
con¯guration denotesthe placement of the LS into the j th-highest notch, for any j 6= i and j ¸ 1.)

The ¯rst has a balconied1-veranda in non-notch rows. The second,fourth, ¯fth, and sixth (for
any j ) have holes,and the third has a balconied °at-b ottomed 2/3-ceiling discrepancy. 2
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C.1.8 Trigger-Happ y Buc kets

Prop osition C.28 There is no valid move for Sq in a trigger-happy bucket.

Proof. The possibleplacements for a Sq in a trigger-happy bucket are as follows:

The ¯rst has a spurned notch; the secondhas a hole. 2

Prop osition C.29 If LG is placed validly into a trigger-happy bucket, the resulting con¯guration
is either (LG-TH- i ) or under°at.

Proof. The possiblecon¯gurations for the LG in the trigger-happy bucket are as follows:

(In the ¯fth, seventh, and eighth con¯gurations, the LG is in the i th-highest notch for any i ¸ 1.)
The ¯rst hasa spurnednotch, and the third hasa balconied2-veranda. The eighth is (LG-TH- i ),

and the ninth is under°at. The remainder have holes. 2

Prop osition C.30 There is no valid move for LS in a trigger-happy bucket.

Proof. The possiblecon¯gurations are as follows:
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(The secondcon¯guration represents the placement of the LS into the i th-highest notch for any
i ¸ 1.)

The ¯rst, second(for any i ), and fourth con¯gurations have holes; the third has a spurned
notch. 2

Prop osition C.31 There is no valid placement of Sq in (LG-TH- i ).

Proof. The possiblecon¯gurations are the following:

(The LG is initially in the i th-highest notch for i ¸ 1; the secondcon¯guration is blocked for i = 1.)
The ¯rst has a spurned notch for i > 1 and a hole for i = 1. The secondhas a hole. The third

has a balconied un¯lled sub-notch rectangle if i > 1 and a balconied 2-veranda if i = 1. 2

Prop osition C.32 There is no valid placement of LS in (LG-TH- i ).

Proof. The possiblecon¯gurations are the following:

(The LG is initially in the i th-highest notch for i ¸ 1; the ¯fth con¯guration is blocked for i = 1.
In the secondcon¯guration, the LS is in the j th-highest notch for any j 6= i and j ¸ 1.)

The fourth con¯guration has a spurned notch for i > 1, and a hole for i = 1. The sixth has
a balconied un¯lled sub-notch rectangle for i > 1 and a balconied 2-veranda for i = 1. All other
con¯gurations have holes. 2

Prop osition C.33 If LG is placed validly into (LG-TH- i ) then the result is either (LG-UF- i ) or
(LG-TH- f i; j g).
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Proof. The possiblecon¯gurations are as follows when the LG is placed vertically:

(The initially-placed LG is in the i th-highest notch, for somei ¸ 1. The secondand ¯fth con¯gu-
rations are blocked for i = 1. In the last con¯guration, the LG is in the j th-highest notch, for any
j 6= i and j ¸ 1.)

The ¯rst con¯guration has a spurned notch for i > 1 and a hole for i = 1. The secondand ¯fth
have a hole. The third and sixth each have a balconiedun¯lled sub-notch rectangle for i > 1 and a
balconied 2-veranda for i = 1. The fourth has a balconied 2-veranda for i > 1 and a hole for i = 1.
The last has a hole for any j .

The possiblecon¯gurations are as follows when the LG is placed horizontally:

(The initially-placed LG is in the i th-highest notch for somei ¸ 1; in the secondand third con¯g-
urations, the LG is placed into the j th-highest notch, for j 6= i and j ¸ 1.)

The third con¯guration is (LG-TH- f i; j g); the ¯fth is (LG-UF-i ). The remainder all have holes.
2

Prop osition C.34 There is no valid move for Sq in (LG-TH- f i; j g).

Proof. The possiblecon¯gurations are the following:
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(The initial LG's are in the i th- and j th-highest notches,for somei; j ¸ 1. The secondcon¯guration
is blocked if min( i; j ) = 1.)

The ¯rst has a spurned notch (or a hole if min( i; j ) = 1), the secondhas a hole, and the
third and fourth both have a balconied un¯lled sub-notch rectangle (or a balconied 2-veranda if
min( i; j ) = 1). 2
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C.2 Soundness Theorems

Lemma 5.11 In an unprepped con¯guration, the only possibly valid strategy for hI; LG; Sqi is to
place all three pieces in somebucket to produce an over°at bucket, yielding a one-over°at con¯gu-
ration.

Proof. Initially , all buckets are unprepped. By Proposition C.1, the result of placing the I in an
unprepped bucket is either under°at or (I-UP).

² I pro duces an under°at buc ket. Then the con¯guration is one-under°at, and consistsof
unprepped buckets and an under°at bucket.

{ The LG goes in to the under°at buc ket. By Proposition C.17, the result is (LG-UF-i )
for somei .
Then the current con¯guration consistsof unprepped buckets and (LG-UF-i ). Now we
considerwhere we can place the Sq:

¤ The Sq goes in to the (LG-UF- i ) buc ket. By Proposition C.20, this is valid i®
i = 1 and the result is over°at.

¤ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.

{ The LG goes in to an unprepp ed buc ket. By Proposition C.2 the result is (LG-UP-i )
for somei . Then the current con¯guration consistsof unprepped buckets, an under°at
bucket, and (LG-UP-i ). But now we must place the Sq:

¤ The Sq goes in to the (LG-UP- i ) buc ket. Invalid by Proposition C.8.
¤ The Sq goes in to the under°at buc ket. Invalid by Proposition C.18.
¤ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.

Thus the only valid move sequenceis to placethe LG in the samebucket to yield a (LG-UP-1),
and then the Sq in the samebucket to yield an over°at bucket.

² I pro duces an ( I-UP) buc ket. Then the current con¯guration consistsof unpreppedbuckets
and an (I-UP) bucket.

{ The LG goes in to the ( I-UP) buc ket. By Proposition C.5, the result is (I-UP-LG-i )
for somei .
Then the current con¯guration consistsof unprepped buckets and (I-UP-LG-i ).

¤ The Sq goes in to the ( I-UP- LG-i ) buc ket. Invalid by Proposition C.7.
¤ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.

{ The LG goes in to an unprepp ed buc ket. By Proposition C.2 the result is (LG-UP-i )
for somei . Then the current con¯guration consistsof unprepped buckets, (LG-UP-i ),
and (I-UP). But now we must place the Sq:

¤ The Sq goes in to the (LG-UP- i ) buc ket. Invalid by Proposition C.8.
¤ The Sq goes in to the ( I-UP) buc ket. Invalid by Proposition C.6.
¤ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.

Thus the only valid move sequenceis to placethe I into a bucket to yield an under°at con¯guration,
then place the LG in the samebucket to yield a (LG-UP-1), and ¯nally the Sq in the samebucket
to yield an over°at. 2
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Lemma C.35 In a one-over°at con¯guration, the only possibly valid strategy for the sequence
hLG; LSi is to place both pieces into the over°at bucket, producing a trigger-happy bucket, yielding
a one-trigger-happycon¯guration.

Proof. The initial con¯guration consistsof unprepped buckets and one over°at bucket.

² The LG goes in to an unprepp ed buc ket. By Proposition C.2, the result is (LG-UP-i ) for
somei . Then the con¯guration now consistsof unprepped buckets, one over°at bucket, and
one (LG-UP-i ) bucket.

{ The LS goes in to the over°at buc ket. Invalid by Proposition C.22.

{ The LS goes in to the (LG-UP- i ) buc ket. Invalid by Proposition C.9.

{ The LS goes in to an unprepp ed buc ket. Invalid by Proposition C.4.

² The LG goes in to the over°at buc ket. By Proposition C.21, the result is (LG-OF-1),
(LG-OF-2), (LG-OF-3), or (LG-OF-4-i ) for somei . Then the current con¯guration consistsof
unprepped buckets and one (LG-OF-1), (LG-OF-2), (LG-OF-3), or (LG-OF-4-i ).

{ The LS goes in to an unprepp ed buc ket. Invalid by Proposition C.4.

{ The LS goes in to the (LG-OF-1) buc ket. Invalid by Proposition C.24.

{ The LS goes in to the (LG-OF-2) buc ket. By Invalid by Proposition C.25.

{ The LS goes in to the (LG-OF-3) buc ket. By Proposition C.26, the result is trigger-
happy.

{ The LS goes in to the (LG-OF-4- i ) buc ket. Invalid by Proposition C.27.

Thus the only possibly valid move is the placement of the LG into the over°at bucket to yield
either a (LG-OF-2) or a (LG-OF-3), and the placement of the LS into the samebucket to make it
trigger-happy. This results in a one-trigger-happy con¯guration. 2

Lemma C.36 In a one-trigger-happy con¯guration, the only possibly valid strategy for the se-
quence hLG; LG; Sqi is (1) to place all three pieces in the trigger-happy bucketto yield a one-over°at
con¯guration, or (2) to place all three pieces in an unprepped bucketto yield a one-tall-plateau-one-
trigger-happy con¯guration.

Proof. Our initial con¯guration consistsof unprepped buckets and onetrigger-happy bucket. First,
we considerwhether zero, one, or two of the LG's go into the trigger-happy bucket:

² Neither LG goes in to the trigger-happ y buc ket. Then the two LG's go into unprepped
buckets.

{ The two LG's go in to di®eren t unprepp ed buc kets. Then by Proposition C.2, the
result of dropping each LG is (LG-UP-i ) and (LG-UP-i 0), for somei and i 0.
Thus our con¯guration consists of unprepped buckets, (LG-UP-i ), (LG-UP-i 0), and a
trigger-happy bucket.

¤ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.
¤ The Sq goes in to (LG-UP- i ) or (LG-UP- i 0). Invalid by Proposition C.8.
¤ The Sq goes in to the trigger-happ y buc ket. Invalid by Proposition C.28.
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{ The two LG's go in to the same unprepp ed buc ket. Then by Proposition C.2, the
result of dropping the ¯rst LG into an unprepped bucket is (LG-UP-i ) for somei . By
Proposition C.10, the result of the secondis a short-plateau or (LG-UP-f i; j g), for some
j .
Now our con¯guration consistsof unprepped buckets, a trigger-happy bucket, and one
(LG-UP-f i; j g) or short-plateau.

¤ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.
¤ The Sq goes in to the trigger-happ y buc ket. Invalid by Proposition C.28.
¤ The Sq goes in to (LG-UP- f i; j g). Invalid by Proposition C.11.
¤ The Sq goes in to the short-plateau buc ket. By Proposition C.12, the result is

a tall-plateau.

² Exactly one of the LG's goes in to the trigger-happ y buc ket. By Proposition C.29,
the result of placing the LG into the trigger-happy bucket is either (LG-TH- i ) or under°at,
and by Proposition C.2, the result of dropping the other LG into an unprepped column is
(LG-UP-i 0), for somei and i 0.

The resulting con¯guration then consistsof unprepped buckets, (LG-UP-i 0) and either (LG-
TH- i ) or under°at.

{ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.

{ The Sq goes in to (LG-UP- i 0). Invalid by Proposition C.8.

{ The Sq goes in to (LG-TH- i ). Invalid by Proposition C.31.

{ The Sq goes in to under°at. Invalid by Proposition C.18.

² Both of the LG's go in to the trigger-happ y buc ket. By Proposition C.29, the result of
placing the LG into the trigger-happy bucket is either under°at or (LG-TH- i ) for somei .

By Proposition C.33, the result of placing the secondLG in (LG-TH- i ) is either (LG-UF-i ) or
(LG-TH- f i; j g) for somej . By Proposition C.17, the result of placing the LG in the under°at
bucket is also (LG-UF-i ).

Then, regardlessof whether the ¯rst LG produced (LG-TH- i ) or under°at, the current con-
¯guration consistsof unprepped buckets and either (LG-UF-i ) or (LG-TH- f i; j g).

{ The Sq goes in to an unprepp ed buc ket. Invalid by Proposition C.3.

{ The Sq goes in to (LG-UF- i ). By Proposition C.20, this is valid i® i = 1 and the result
is over°at.

{ The Sq goes in to (LG-TH- f i; j g). Invalid by Proposition C.34.

Thus the only possibly-valid moves are to place all three piecesinto (1) the trigger-happy bucket
to produce an over°at bucket, yielding a one-over°at con¯guration, or (2) an unprepped bucket to
produce a tall-plateau bucket, yielding a one-tall-plateau-one-trigger-happy con¯guration. 2

Lemma C.37 There is no valid move for the sequence hLG; LSi in a one-tall-plateau-one-trigger-
happy con¯guration.

Proof. Our initial con¯guration consists of unprepped buckets, one tall-plateau bucket, and one
trigger-happy bucket.
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² The LG goes in to an unprepp ed buc ket. Then by Proposition C.2, the result is (LG-UP-i )
for somei .

{ The LS goes in to an unprepp ed buc ket. Invalid by Proposition C.4.

{ The LS goes in to (LG-UP- i ). Invalid by Proposition C.9.

{ The LS goes in to the tall-plateau buc ket. Invalid by Proposition C.13.

{ The LS goes in to the trigger-happ y buc ket. Invalid by Proposition C.30.

² The LG goes in to the tall-plateau buc ket. Then by Proposition C.15, the result is
(LG-TP- i ) for somei .

{ The LS goes in to an unprepp ed buc ket. Invalid by Proposition C.4.

{ The LS goes in to (LG-TP- i ). Invalid by Proposition C.16.

{ The LS goes in to the trigger-happ y buc ket. Invalid by Proposition C.30.

² The LG goes in to the trigger-happ y buc ket. Then by Proposition C.29, the result is
either under°at or (LG-TH- i ) for somei .

{ The LS goes in to an unprepp ed buc ket. Invalid by Proposition C.4.

{ The LS goes in to (LG-TH- i ). Invalid by Proposition C.32.

{ The LS goes in to the under°at buc ket. Invalid by Proposition C.19.

{ The LS goes in to the tall-plateau buc ket. Invalid by Proposition C.13.

Thus there is no valid strategy for hLG; LSi in a one-tall-plateau-one-trigger-happy con¯guration.
2

Lemma 5.12 For the sequence hLG; LS; LG; LG; Sqi :

1. In a one-over°at con¯guration, the only possiblyvalid strategy is either (1) to place all pieces
in the over°at bucket to produce an over°at bucket, yielding a one-over°at con¯guration, or
(2) to place hLG; LSi into the over°at bucketand hLG; LG; Sqi in an unprepped bucket,yielding
a one-tall-plateau-one-trigger-happycon¯guration.

2. In a one-tall-plateau-one-trigger-happycon¯guration, there is no valid strategy.

Proof. For the one-over°at con¯guration, by Lemma C.35, if the sequencehLG; LSi is placedvalidly,
both piecesare dropped into the over°at bucket, and the result is a one-trigger-happy con¯guration.
By Lemma C.36, the only valid placement for the sequencehLG; LG; Sqi in a one-trigger-happy
con¯guration yields a one-over°at (placing all three piecesinto the trigger-happy bucket) or one-
tall-plateau-one-trigger-happy con¯guration (placing them into an unprepped bucket).

In the one-tall-plateau-one-trigger-happy con¯guration, by Lemma C.37, there is no valid tra-
jectory sequence. 2

Lemma 5.13 For the sequence hSq; Sqi ,

1. In a one-over°at con¯guration, the only possibly valid strategy is to place both pieces in the
over°at bucket to produce an unprepped bucket, yielding an unprepped con¯guration.
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2. In a one-tall-plateau-one-trigger-happycon¯guration, there is no valid strategy.

Proof. By PropositionsC.3, C.28, and C.14, no Sqcanvalidly go into any unprepped, trigger-happy,
or tall-plateau bucket.

For a one-over°at con¯guration, then, both Sq's must go into the over°at bucket. By Proposi-
tion C.23, the result is an unprepped bucket.

For a one-tall-plateau-one-trigger-happy con¯guration, there is no bucket into which the ¯rst
Sq can be validly placed. 2
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