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Abstract. We analyze se\eral perfect-information combinatorial games
played on planar triangulations. We intro duce three broad categories of
such games: constructing, transforming, and marking triangulations. In
various situations, we develop polynomial-time algorithms to determine
who wins a given game under optimal play, and to nd a winning strat-
egy. Along the way, we show connectionsto existing combinatorial games
such as Kayles.

1 Intro duction

Let S beasetof n points in the plane, which we assumeto bein generalposition,
i.e., no three points of S lie on the sameline. A triangulation of S is a simplicial
decomposition of its corvex hull having S as vertex set.
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In this work we considerseeral gamesinvolving the vertices, edges(straight-
line segmens) and faces (triangles) of some triangulation. We presen games
where two players R (ed) and B(lue) play in turns, aswell as solitaire gamesfor
oneplayer. In somebichromatic versions,player R will usered and player B will
useblue, respectively, to color someelemeri of the triangulation. In monaochro-
matic variations, all players (maybe the single one) usethe samecolor, green.

Gameson triangulations comein three main avors:

{ Constructing (a triangulation) . The players construct a triangulation T(S)
on a given point setS. Starting from no edges,playersR and B play in turn
by drawing one or more edgesin eadh move. In somevariations, the game
stops as soon as somestructure is achieved. In other cases,the game stops
when the triangulation is complete, the last move or possibly somecourting
decidesthen who is the winner.

{ Transforming (a triangulation) . A triangulation T(S) on top of S is initially
given, all edgesoriginally coloredblack. In ead turn, a player applies some
local transformation to the current triangulation, resulting in a new trian-
gulation with someedgespossibly recolored. The gamestopswhen a speci ¢
con guration is achieved or no more movesare possible.

{ Marking (a triangulation) . A triangulation T (S) ontop of S isinitially given,
all edgesand nodes originally colored black. In ead turn, someof its ele-
ments are marked (e.g., colored) in a game-speci c way. The game stops
when somecon guration of marked elemers is achieved (possibly the whole
triangulation) or no more movesare possible.

For eat of the variety of gamesdescribed in Section 3, we are interested
in characterizing who wins the game, and designing e cien t algorithms to de-
termine the winner and compute a winning strategy. We presen seweral such
results in Sections4{6 to give a taste of the area, and leave further details to
the companion paper [1].

Besidesbeauty and entertainment, games keep attracting the interest of
mathematicians and computer scienists becausethey also have applications to
modeling seweral areasand becausethey often reveal deep mathematical prop-
erties of the underlying structures, in our casethe combinatorics of planar tri-
angulations.

2 Combinatorial Games

Gameson triangulations belongto the more generalareaof combinatorial games
which typically involve two players, R and B. We de ne next a few more terms
from combinatorial gametheory that we will usein this paper. For more infor-
mation, refer to the books [3,5] and the survey [7]. The paper [8] contains a list
of more than 900 references.

We consider gameswith perfect information (no hidden information as in
many card games)and without chancemoves(lik e rolling dice). In such a game,
a game position consistsof a set of options for R's movesand a set of options
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for B's moves. Each option is itself a game position, represeting the result of
the move.

Most of the gameswe considerin this paper (the monochromatic games)are
alsoimpartial in the sensethat the options for R are the sameasthe options for
B. In this case,a gameposition is simply a set of game positions, and can thus
be viewed asa tree. The leavesof this tree correspond to the empty set, meaning
that no options can be played; this gameis called the zero game denoted 0.

In general,ead leaf might be assigneda label of whether the current player
reaching that node is a winner or loser, or the playerstied. However, a common
and natural assumption is that the zero gameis a losing position, becausethe
next player to move has no move to make. We usually make this assumption,
called normal play, sothat the goalis to make the last move. In contrast, misere
play is just the opposite: the last player able to move loses.In more complicated
games,the winner is determined by comparing scores.

Any impartial perfect-information combinatorial gamewithout ties has one
of two outcomes under optimal play (when the players do their best to win):
a rst-player win or a second-player win. In other words, whoever moves rst
can force herselfto readch a winning leaf, or elsewhoever movessecondcan force
herselfto reach a winning leaf, no matter how the other player movesthroughout
the game. Such forcing proceduresare called winning strategies For example,
under normal play, the gameO is a second-plaer win, and the game having a
single move to O is a rst-pla yer win, in both casesno matter how the players
move. More generally, impartial gamesmay have athird outcome:that oneplayer
can force a tie.

The Sprague-Grundytheory of impartial games(seee.g.[3, Chapter 3]) says
that, under normal play, every impartial perfect-information combinatorial game
is equivalert to the classicgame of Nim. In (single-pile) Nim, there is a pile of
i 0 beans,denoted i, and players alternate removing any positive number
of beansfrom the pile. Only the empty pile 0 results in a second-plaer win
(becausethe rst player has no move); for any other pile, the rst player can
force a win by removing all the beans.If a gameis equivalent to i, then i is
called the Nim value of the game.

Given two or more games,their sum is the gamein which, at ead move,
a player choosesone subgameto move in, and makes a single move in that
subgame.In this sense,sums are disjunctive: a player makes exactly one move
at ead turn. Games often split into sums of independent gamesin this way,
and combinatorial game theory explains how the sum relates to its parts. In
particular, if we sum two gameswith Nim valuesi and j, then the resulting
game has Nim value equal to the bitwise XOR of i and j.

3 Examples of Games

We describe next the rules of seweral speci ¢ gamesthat we have studied.
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3.1 Constructing

3.1.1 Monochromatic Complete Triangulation. The players construct a triangu-
lation T (S) on agivenpoint setS. Starting from no edges playersR and B play
in turn by drawing one edgein eac move. Each time a player completesone or
more empty triangle(s), it is (they are) given to this player and it is again her
turn (an \extra move"). Oncethe triangulation is complete, the gamestopsand
the player who owns more triangles is the winner.

3.1.2 Monochromatic Triangle. Starts asin 3.1.1, but has a dierent stopping
condition: the rst player who completesone empty triangle is the winner.
3.1.3 Bichromatic Complete Triangulation. As in 3.1.1, but the two players use
red and blue edges.Only monochromatic triangles court.

3.1.4 Bichromatic Triangle. As in 3.1.2, but with red and blue edges.The rst
empty triangle must be monochromatic.

3.2 Transforming

3.2.1 Monochromatic Flipping. Two players start with a triangulation whose
edgesare initially black. Each move consistsof choosing a black edge, ipping
it, and coloring the new edgegreen. The winner is determined by normal play.
3.2.2 Monochromatic Flipping to Triangle. Samerules as for 3.2.1, except now
the winner is who completesthe rst empty greentriangle.

3.2.3 Bichromatic Flipping. Two playersplay in turn, selectinga ippable black
edgee of T(S) and ipping it. Then e aswell asany still-black boundary edges
of the enclosingquadrilateral becomered if it was player R's turn, and blue if
it was player B's move. The gamestopsif no more ips are possible.The player
who owns more edgesof her color wins.

3.2.4 All-Green Solitaire. In ead move, the player ips a ippable black edgee
of T(S); then e becomesgreen, as do the four boundary edgesof the enclosing
quadrilateral. The goal of the gameis to color all edgesgreen.

3.2.5 Green-Wins Solitaire. As in 3.2.4, but the goal of the gameis to obtain
more greenedgesthan black edges.

3.3 Marking

3.3.1 Triangulation Coloring Game. Two playersmovein turn by coloring a black
edgeof T(S) green.The rst player who completesan empty greentriangle wins.
3.3.2 Bichromatic Coloring Game.Two playersR and B movein turn by coloring
red respectively blue a black edgeof T(S). The rst player who completesan
empty monochromatic triangle wins.

3.3.3 Four-Cycle Game. Sameas 3.3.1 but the goal is to get an empty quadri-
lateral.

3.3.4 Nimstring Game. Nimstring is a gamede ned in Winning Ways [3] as a
special caseof the classicchildren's (but nonethelessdeep) combinatorial game
Dots and Boxes [2,3]. In the context of triangulations, players in Nimstring
alternate marking one-by-one the edgesof a given triangulation (i.e., coloring
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greenan edge,initially black), and wheneer a triangle hasall three of its edges
marked, the completing player is awarded an extra move and must move again.
The winner is determined by normal play, meaningthat the goal is to make the
last complete move. Thus, the player marking the last edgeof the triangulation
actually loses,becausethat last edge completesone or two triangles, and the
player is forced to move again, which is impossible.

4 Metamorphosis of Some Games

In this section we show that someof the above gamesare equivalent to famous
combinatorial gamesand describe their solutions.

4.1 Triangulation Coloring Game

Obviously the Triangulation Coloring Game (3.3.1) terminates after a linear
number of movesand there are no ties. For point setsS in corvex position and
seweral classesof triangulations T(S) of S we will shov a one-to-onerelation
to seeminglyunrelated gameson piles of beans,which will provide us with an
optimal winning strategy for thesesettings. To this end, considerthe dual of the
triangulation T(S), i.e., the graph Gt with a vertex per triangle of T(S) and an
edgebetweenead pair of vertices corresponding to triangles of T(S) that share
a diagonal. An inner triangle of T(S) consistsertirely of diagonalsof T(S), and
therefore it does not use an edge of the corvex hull of S. Thus, exactly those
vertices of Gy corresponding to inner triangles have degreethree, whereasall
other vertices have degreeone (ears of the triangulation) or two.

(b) (o)

Fig. 1. Dierent incarnations of the triangulation coloring game

Motiv ation for consideringthe dual graph of T(S) stemsfrom the following
obsenation. Coloring an edgeof a triangle  for which one edge has already
been colored leads immediately to a winning move for the opponert: she just
hasto color the third edgeof . Thuswe call any triangle  with one colored
edge’taken’, becausewe can never color another edgeof  unlesswe areready to
lose.Thus, coloring an edgee of T (S) means,in the dual setting, marking either
a single vertex of G (if e was on the convex hull) or two adjacert vertices (if e
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was a diagonal) as taken. Vertices already marked cannot be marked again and
whoever marks the last vertex will win. Figure 1(b) shons G asa setof connected
arrays of boxes, where marking a vertex of G might be seenas drawing a cross
inside the corresponding box.

If the triangulation is serpertine, i.e., its dual is a simple path (equivalertly,
a single array of boxeswithout branches), we can show that the rst player has
a winning strategy by applying a symmetry principle (called the Tweedledum-
Tweedledee Argumentin [3]). For an odd number of triangles, she rst takesthe
certral triangle by coloring the edgeof this triangle that belongsto the convex
hull. For an eventhe number of triangles, she rst takesboth triangles adjacert
to the certral diagonal by coloring this diagonal. In both casesthe remainders
are two combinatorially identical triangulations (two equal-sizedbox arrays), in
which all possiblemovescan be played independertly. Thusthe winning strategy
of player one is just to mimic any of her opponert's movesby simply coloring
the corresponding edgein the other triangulation. This strategy ensuresthat
she always can make a valid move, forcing the secondplayer nally to color a
secondedgeof an already taken triangle, leading to a winning position for the
rst player.

If T(S) contains inner triangles, the dual is a tree and the problem of nding
optimal strategies is more involved. We consider this situation with the only
restriction that no two inner triangles sharea commondiagonal; seefor example
Figure 1(a). We say that in this casethe corresponding triangulation is a simple-
branching triangulation. The main obsenation for our game is that all inner
triangles can be ignored: Consider an inner triangle  and obsene rst that it
cannot be taken on its own, because doesnot have an edgefrom the convex
hull of S. Thusthe situation after the three neighborsof havebeentakenis the
same,regardlessof whether wastakentogether with oneofthem: is blocked
in any case.In the dual setting, this obsenation meansthat we can remove the
vertex of G correspondingto  (plus adjacert edges)without changingthe game.
Drawing G with blocks as in Figure 1(b), we can thus remove the “triangular'
blocks and considerthe remaining block arrays independertly. Instead of playing
with these arrays, we might as well deal with integersre ecting the length of
ead array; seeFigure 1(c).

Surprisingly, this setting turns out to be an incarnation of a well-known
taking-and-breaking game played on heaps of beans or sets of coins, called
Kayles [3]. This game was introduced by Dudeney and independerily also by
Sam Loyd, who originally calledit "Rip Van Winkle's Game'. The following de-
scription is taken from [3, Chapter 4]: Each player, whenit is his turn to move,
may take 1 or 2 beans from a heap, and, if he likes, split what is left of that heap
into two smaller heaps.

Any triangulation of a corvex set S without inner triangles sharing a com-
mon diagonal can be represeried by Kayles, while the reversetransformation is
lessgeneral. The number of heapswhich can be represeried by a single legal
triangulation hasto be odd becauseany inner triangle has degreethree. During
a gameof courseany number of heapsmay occur, asthe triangulation may split
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into sewral independent parts. A generalization is thus to play the game on
more than one point set from the very beginning.

BecauseKaylesis impartial, the Sprague-Grundytheory describedin Section
2 applies, sothe gameis completely described by its sequenceof Nim values for
a single pile of sizen. It hasbeenshawn that this Nim sequenceéhasa periodicity
of length 12, with 14 irregularities occurring, the last for n = 70; seeTable 4.1.
To compute the Nim value for a game with seweral heaps, we can xor-add up
the Nim values (given by Table 4.1) for the individual heaps.Moreover, in this
case,we can xor-add up just a four-bit vector, corresponding to the four “magic’
heapsizesl, 2, 5, and 27, respectively, where powers of two in the Nim sequence
appear for the rst time. For example, a single heap of size 42 (Nim value 7)
is equivalent to the situation of three heapswith sizesl, 2, and 5, respectively,
re ecting the “ones'in the 4-bit represenation of 7.

Table 1. Nim valuesfor Kayles: the Nim sequencehas periodicity 12 and there are 14
exceptional numbers

exceptional values:
G0)=0 G@B)=3 GB6)=3 GO =4 G(11)=6 G15) =7 G(18) =3
G(21) =4 GR22)=6 G(28)=5 GB4) =6 G(39) =3 G5-7)=4 G(70)=06

It follows that, in time linear in the number of heaps, a position can be
determined to be either a rst-pla yer win (nonzero Nim value) or a second-
player win (zero Nim value). Any move from a second-plger-winning position
leadsto a rst-pla yer-winning position; and for any rst-pla yer-winning position
there is always at least one move that leadsto a second-plaer-winning position.
A winning strategy just needsto follow such moves,becauseafter one move, the
playerse ectiv ely reverseroles. Becauseany position hasat most a linear number
of possiblemoves,we concludethat for the triangulation-coloring gamea winning
move (if it exists) can be found in time linear in the size of the triangulation.
It is interesting to note that there are no zerosin the Nim sequenceof Kayles.
This re ects the fact that when starting with a single integer number the rst
player can always win, as hasbeenpointed out above for triangulations without
inner triangles.

From the previous discussionwe obtain the following result:

Theorem 1. Deciding whether the Triangulation Coloring Game on a simple-
branching triangulation on n points in convex position is a rst-player win or a
second-player win, as well as nding movesleading to an optimal strategy, can
be solvel in time linear in the size of the triangulation.
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At this point it is worth mentioning that there is a version of Kayles played
on graphs: two players play in turn by selecting a vertex of a given graph G
that must be nonadjacert to (and di erent from) any previously chosenvertex.
The last player that can selecta vertex, completing a maximal independert set,
is the winner. Deciding which player has a winning strategy is known to be
PSPACE-complete [10].

Now, given a triangulation T on a point setS, let us de ne a graph EG(T)
having a vertex per eat edgein T and an adjacency between any two nodes
whose corresponding edgesin T belong to the same triangle; an example is
shown in Figure 2. From the preceding paragraphs, it is clear that playing the
Triangulation Coloring Game on T is equivalert to playing Kayles on EG(T).

Fig. 2. A triangulation T of a point set (left) and the graph EG(T) assaiated to
adjacent edges(right)

While such areduction doesnot prove hardnessof the Triangulation Coloring
Game, it doestransfer any solutions to special casesof Kayles. In [4] it is shown
that there are polynomial-time algorithms to determine the winner in Kayles
on graphswith bounded asteroidal number, on cocomparability graphs, and on
circular-arc graphs. Theorem 1 can be rephrasedasa similar (and computation-
ally e cien t) result for outerplanar graphsin which every block is a triangle and
blocks that contain three articulation vertices do not shareany of them.

4.2 Mono chromatic Triangle

We presert an optimal strategy for Monochromatic Triangle (3.1.2) provided S
is a cornvex set. First obsenethat an edgeshould be drawn only if it connectstwo
verticesthat have not beenusedbefore. Otherwise, a vertex p of degreeat least
two occurs, leadingto a winning move for the opponert: shejust hasto closethe
triangle formed by two neighboring edgesof p. (Note that it is important here
that we consider point setsin corvex position.) In other words, when drawing
a diagonal pqin S, the two vertices p and q are taken for the rest of the game.
Moreover, pg splits S into two independert subsetswith cardinality n1 and n,
respectively, such that n; + n, = n 2. The player who draws the last edge
accordingto these obsenations will win the gamewith her succeedingmove.
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Becauseno edgecan be drawn in setsof cardinality of at most one, we have
just shawvn that our gameis an incarnation of a known game called Dawsoris
Kayles, a cousin of Kayles [3]. In terms of bowling, the game reads as follows:
A row of n pins is given and the only legal move is to knock down two adjacert
pins. Afterwards, one or two shorter rows of pins remain, and single pins are
removed immediately. Whoever makesthe last strik e wins.

In more mathematical terms, the game is de ned by a set of k integers
ni;:::;Nk. A move consistsof choosingonen;, 1 i Kk, reducingit by two to
f; and eventually replacingit afterwards by two numbersn?and n% n% n®= p;.
Any n; 1 canberemoved from the set, becauseit cannot be usedfor further
moves.Whoever can make the last legal move wins. Note the casethat n; is not
split after reduction correspondsto drawing an edgeon the corvex hull of S (or
the respective subset).

Table 2. Nim values for Dawson's Kayles: the Nim sequencehas periodicity 34 and
there are 8 exceptional numbers

(4,8,1,1,2,0,3,1,1;0,3, 3,2, 2,4,4,5,5,9,3; 3,0, 1,1, 3,0, 2, 1, 1, 0, 4,5, 3, 7)
exceptional values:

G0)=0 G@1)=0 G5 =0 G(17)=2 G(18) = 2

G(32)=2 G(35)=0 G(5G2)=2

Sprague-Grundy theory also appliesto Dawson's Kayles. It has beenshown
that its Nim sequencehas a periodicity of length 34, with 8 irregularities occur-
ring, the last for n = 52;seeTable 4.2. As with Kayles,to compute the Nim value
for a position consisting of k heaps,i.e., to xor-add up the Nim valuesgiven by
Table 4.2 for the k heap sizes,a vector with four bits is su cien t, corresponding
to the heap sizes?2, 4, 14, and 69.

Theorem 2. The Monochromatic Triangle gameon n points in convex position
is a second-player win when n 5;9;21; 25;29 (mod 34) and for the special
casesn = 15 and n = 35; otherwise it is a rst-player win. Each move in a
winning strategy can be computed in time linear in the size of the triangulation.

For n even, this result was clear from the very beginning, asin this casethe
rst player, sy R, may start by drawing a diagonal d leaving (n  2)=2 points
on ead side and apply the symmetry principle: for every move of B, player R
either makes a winning move, if available, or mimics her opponent's last move
on the opposite side of d.
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5 Mono chromatic Complete Triangulation

In this section we consider the triangulation-construction game 3.1.1. In this
context, we show by direct argumerts that for a set S in corvex position a
greedy strategy is optimal for this game where, depending on the parity of n,
the rst player can always win (odd n) or either player can force a tie (evenn).

Theorem 3. The outcomeof the Monochromatic Complete Triangulation Game
on n points in convex position is a rst-player win for n odd, and a tie for n
even.

Let us call two edgessharing a common point p an open triangle if we can
build avalid triangle (no intersectionswith other edgesoccur) by connectingthe
two endpoints not adjacert to p by inserting a third edge, called closing edge.
Obviously closing edgesare drawn betweenvertices of the sameconnectedcom-
ponert. When drawing an edge connecting two formerly di erent componerts
we call it ani-edge,i 2 f0;1;2g, if i of its endpoints already have at least one
other incident edge.Thus, 0-edgesconnect isolated points while, by convexity,
1-edgesproduce one additional open triangle, and 2-edgesgive rise to two ad-
ditional open triangles. Becausewe have n points overall, the total number of
i-edgesthroughout a gameisn 1.

Note that in addition to thesetwo types of edgesthere exist so-calledre-
dundant edges:connecting two points from the sameconnectedcomponert, but
not closing a triangle. This happensif a cycle of length at least 4 occurs, con-
taining seeral open triangles. We rst arguethat any optimal strategy usesno
redundant edges,i.e., open triangles will be closedimmediately. Otherwise the
opponert might closethe triangles, getting the points, and cortin ue afterwards
with the samenumber of possiblei-edges.Hereit is crucial to obsene that when
an edgeconnectstwo di erent connectedcomponerts, it is not important for the
strategy which points of these componerts are used, sincewhen closing all open
triangles of the new connectedcomponert everything within its convex hull is
triangulated. Thus for analyzing strategies not the exact shape but only the
number of connectedcomponerts courts.

The greedystrategy works asfollows. As long asthere are closingedges draw
them. Recallthat after closingatriangle, it remainsthe sameplayer'sturn. Then
draw an i-edgefor the smallest possiblei.

To analyzeour strategy, let e; denotethe number of i-edgesdrawn during an
ertire game.The rst time a point of S is used, it is either part of a 0-edgeor a
1-edge.Also, a 0-edgeusestwo previously unusedpoints, whereasa 1-edgeuses
one previously unusedpoint. Thus, 2ep + e; = n. Moreover, e; = g 1 because
e+ e+ e = n 1 Further obsene that if there are no open triangles left
and a player plays an i-edgethen her opponert can, and will by the obsenations
above, closeexactly i opentriangles in her next move. (Note that only i triangles
can be closedonly becauseS is in convex position.) Thus, the goal of a player
is to globally minimize the sum of i over all i-movesshe makes.

We split the remaining proof of the theorem into three parts:
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Lemma 1. For n odd, player R can win by playing greedily.

Proof. We haveey+ e;+ &, = n 1 which is even. Thus, there will be (n  1)=2
rounds of both players picking i-edges.In ead round, player R picks rst and
greedily, and hencein ead round R wins or ties with B. For a tie to occur, B
must tie with R in all rounds, but that requiresthat ep; e;1; e, all be even, which
is not possiblebecausee, = g 1.

Lemma 2. For n even,player B can force a tie by playing greedily.

Proof. We have gy + e1 + &, = n 1 which is odd. If the rst move for player
R is an i-edge, then player B wins i points. After this rst move, there are
n 2 i-edgesremaining. Players B and R will pick thesei-edgesalternately in
(n  2)=2rounds. In ead round, player B picks rst and greedily, and hencein
ead round B either wins or ties with R. Thus, B either wins or ties overall by
playing greedily.

Lemma 3. For n even,player R can force a tie.

Proof. Here we diverge from the greedy strategy, becauseif ey ended up even,
then player B would win by two triangles by playing greedily (only e, is odd).
Instead, R employs a symmetry strategy to ensurethat e; endsup odd, sothat
both e; and e, are even, leading to a tie. Player R beginsby playing a diagonal
splitting S into two equal sets(recall that n is even). Then aslong asB doesnot
unnecessarilyleave triangles open, she plays symmetrically: closeopen triangles
and mimic whatever B has done in the opposite part of S. In this way, it is
guaranteed that ey will be odd: the rst diagonal plus two times the number of
0-edgesB hasdrawn. If at somepoint B doesnot closean open triangle, then R
closesit and starts playing according to the ordinary greedy strategy. Because
R now won a triangle from B, the scoring di erence changedby two and thus
with the greedystrategy R will win for ey odd and get at least a tie for ey even.

6 Solitaire Games

In this section we considergamesin which there is only one player.

6.1 All-Green Solitaire

In eadh move, the player ips a ippable black edgee of T(S); then e becomes
green, as do the four boundary edgesof the enclosingquadrilateral. The goal of
the gameis to color all edgesgreen.

Notice that this is not always possible,as can be seenfrom the example of
a triangulated regular pertagon. Two questionsare of interest: (1) Characterize
classeof triangulations for which it is possible;(2) give an e cien t algorithm to
nd an appropriate ip sequencedor such triangulations. Our next result settles
the secondquestion in the corvex case:
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Theorem 4. Whether the player can win the All-Green Solitaire Game for a
given triangulation of n points in convex position can be decided in time O(n).
When the player can win, a winning sequene of movescan be found within the
sametime bound.

Proof. Let S be the triangulated subpolygon to the right of a given oriented
diagonald. There are two diagonalsd; and d; in S, that form a triangle together
with d, which we orient leaving d to their left, as showvn in Figure 3. Let us
denote by S! and S? the subpolygons these diagonals de ne (we follow the
counterclockwise order). When the notation is iterated we write simply S
instead of (S')!.

Fig. 3. lllustrating the technique for the All-Green Solitaire Game in convex position

Let us de ne the logic value b(S) to be true if, and only if, it is possibleto
color greenall the edgesof the polygon S, by ipping black diagonals strictly
interior to S, assumingthat all edgesin S, including d, are initially black. Let
the logic value g(S) to be true if, and only if, it is possibleto color green all
the edgesof the polygon S, by ipping black diagonals strictly interior to S,
assumingthat all edgesin S are initially black with the only exception of d,
which is initially green. Notice that (S) implies g(S). In the simplest caseS
consistsof merely a single boundary edge(d), then b(S) is falseand g(S) is true.

We use the symbols \~" and \ _" for the logic operators \and" and \or",
respectively. If d is initially black, at somepoint we have to ip either d; or d
to give the color greento d. Say it is di, then none of the boundary edgesof the
quadrilateral that has d; as diagonal may have been ipp ed before, therefore
in order to complete a greencoloration we must have g(S*1) ~ g(S*?) » g(S?).
Hence

b(S) = g(S"") ~ g(Sh?) ~ g(S?) _ g(S*h) "~ g(S*) "~ g(Sh) -

For g(S) to be true it is obviously su cien t that b(S) is true; if b(S) is false
we must have both b(S;) and (S;) to be true, and usethe additional fact that
d is initially green. Therefore we have
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9(S) = [K(S1) * K(S2)] _ B(S) =

[(S1) " B(S)] _ g(S*) ~ g(S¥2) ~ g(S?) _ g(S**) " g(S*2) ~ g(SY) -

Let us call jump of an oriented diagonal d the number of corvex hull edges
that d hason its right side. For example, if d is an edgeat the cornvex hull the
jump isOorn 1whenit is oriented counterclockwiseand clockwise, respectively.

Notice that in the above formulas for b(S) and g(S) these valuesdepend on
similar valuesassaiated to diagonalswith strictly smallerjump. Thereforeif we
processthe polygonsto the right of the oriented diagonalsordered by increasing
jump, the computation of g(S) and K(S) is carried out in constart time for a
xed S, and in time O(n) for the whole triangulation.

Oncethe computation is complete,we can considerin turn ead diagonal e of
the polygon as a tentativ e candidate for starting the All-Green Solitaire Game.
This would color greene and the four boundary edgese;, e;, es and ey, of the
enclosingquadrilateral, oriented counterclockwise. If we call Py, P2, P3 and P4
the polygonsto the right of these diagonals, we would be able to complete a
greencoloring if, and only if, the four valuesg(S;) are true. As this is cheded
in constart time after our precomputation, the overall exploration can be done
in time O(n).

If a rst movein a winning sequences found, the sametechnique can easily
be adapted to explore down the recurrenceof b(S) and g(S) and nd the ertire
sequenceof winning movesin O(n) additional time. Basically, depending on the
casethat causedeither b(S) or g(S) to betrue, you ip the appropriate edgeto
reduceto the appropriate subcasesand recursedown the dual tree. In this way,
O(1) time is spert per triangle / dual node. For example, if g(S) was set true
becauseg(S*1) » g(S¥2)~ g(S?), then oneshould ip d; and then recursein the
subproblemsg(St?), g(S%?), and g(S?).

6.2 Green-Wins Solitaire

Supposethe rules are the sameas All-Green Solitaire, but the goal of the game
is to obtain at the end more greenedgesthan black edges.It is an open question
whether this can always be done.In our next result we give bounds on how many
greenedgeswe can always guarantee.

Theorem 5. The player of the Green-Wins Solitaire Game can obtain from any
given triangulation on n points at least 1=6 of the edgesto be green at the end
of the game. There are triangulated point setssuch that no sequene of ips of
black edgesprovides more than 5=9 of the edgesto be green at the end. (In the
alove fractions we dorit pay attention to additive constants).

Proof. For the lower bound, it is known that any triangulation of n points con-
tains at least % independertly ippable edges,in the sensethat no two of
them are sidesof the sametriangle [9]. Each one of theseedgeswill color 5 edges
by its ip. A greennon- ipp ed edgemight get cournted twice this way, thus we
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getat least 2% + 2 2.4 = D2 colored edges.As there are at most 3n edges,

and we have colored at least n=2 edges(we disregard additiv e constarts for both
numbers), we have got at least 1=6 of the edgesto be green, as claimed.

6
C CB cE C(4) S4)

Fig. 4. Recursive construction of triangulated point sets S(t)

As for the upper bound, we de ne a triangulated corvex polygon C(t) as
follows (seeFigure 4). The vertices of C(t) are placed on an arc of circle with
certral anglebelow . Take C(1) equalto the chord a assiated with the arc,
add a triangle with the third vertex in the arc in order to get C(2). Attach
externally triangles to the two outer chords of C(2) for constructing C(3), and
iterate this processin order to obtain C(t). The number of vertices of C(t) is
2t 141,

Now let v be a point that seescompletely the circular arc from outside the
circle; a triangulated point set S(t) is de ned by connectingv to all the vertices
of C(t). The edgesin S(t) are thosein the boundary of C(t), plus its diagonals,
plus the edgesincident to v, therefore their total number is

et)y= (@ '+ D+ 2 T+1 P+ (2" T+ 1)=3 2

Notice that no boundary edgeof C(t) and no edgeincident to v can ever be
ipp ed, therefore the edgesin S(t) incident to v are never colored green.On the
other hand obsene that if we suppressa from S(t) we obtain two instances of
S(t 1); despitethe fact that the two copiessharean edge,the coloring process
behavesindependenly.

Let g(t) be the maximum number of greenedgesthat can be obtained from
S(t) after any ip sequenceof black edges;we show next that g(t)=€t) ap-
proaches 5=9 for large valuesof t. The numbersg(1) = g(2) = 0and g(3) = 5
are directly computable. Let b and c be the edgesthat together with a form
a triangle in S(t). As S(t) cortains two copiesof S(t 1) which we can color
independertly, we have

2 gt 1) o9o): 1)
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Fig. 5. Bounding the value g:(t). The v esolid lines are greenonceb has been ipp ed

Let gi(t) be the maximum number of greenedgesachievable from S(t) when
neither b nor c are ipp ed. We have

a(t) =2 gt 1) )

Let g2(t) be the maximum number of greenedgesachievable from S(t) when
either b or c are ipp ed (refer to Figure 5). Assumeit is b, and notice that in
this casenone of the edgesd, e and c has been ipp ed before b s, as otherwise
b would be greenand disallowed to be ipp ed. Therefore the maximum number
of greenedgeswe can achieve this way is

®() gt 1)+2 gt 2)+5 ®)
Combining the above equation with the fact that 2 g(t 2) g(t 1) that

we know from (1), we obtain gx(t) 2 g(t 1)+ 5. On the other hand the
equality (2) directly givesthat g;(t) 2 g(t 1)+ 5.Hencewe have

g(t) = max(gu(t); g(t)) 2 g(t 1)+ 5 (4)
and from this we get

q() gt D+glt 1) ot 1)+2 gt 2)+5: ®)
Using equations (3) and (5) we arrive to
gt) = max(gu(t); g2(t)) gt 1)+ 2 gt 2)+ 5
a recursive inequality which solvesto
5
oy @ (D3

Therefore
0
e(t)

52 (1 3, 5
6 3 201 9

as claimed.
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Finally, it is quite easyto prove that the gameis not very exciting in convex
position:

Theorem 6. The player of the Green-Wins Solitaire Game can alwayswin for
any given triangulation on n 4 points in convex position.

Proof. The number of edgesin any triangulation is 2n 3, therefore we have
to prove that we can always achieve at leastn 1 greenedgesafter a suitable
sequenceof ips.

Fig. 6. lllustrating a winning strategy for the Green-Wins Solitaire in convex position

We proceedby induction. The casesn = 4;5;6 are easily chedked directly,
hencewe canassumen 7. Let a and b be consecutive boundary edgesof an ear
of the triangulation, and let d be the diagonal which completesa triangle with a
and b (refer to Figure 6). Let d; and d, be the edgesof the other triangle which
sharesthe diagonal d. Consider the polygons P; and P, respectively separated
by thesediagonalsfrom the whole polygon, and let n; and n, be their respective
number of vertices, wheren; + n, = n. We can assumethat n;  nj.

If n; = 2, we ip dand apply induction to P,. In this way we obtain at least
4+ (n, 1) greenedges,and

4+ (n, 1)=4+(n 2) 1=n+1>n 1

asdesired.If n; = 3, we proceedin the sameway and obtain at least4+ (n, 1)
greenedges.Now

4+ (n, 1)=4+(n 3) 1=n>n 1L

Finally, if n, n; 4, we ip dand apply induction both to P; and P5. In
this way we obtain at least3+ (n; 1)+ (n, 1) greenedges,where

3+(ny 1+ (n; 1)=ny+ny+1=n+1>n 1L
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