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Abstract

Unfolding a convex polyhedron into a simple planar polygon is a well-studied prob-
lem. In this paper, we study the limits of unfoldability by studying noncorvex poly-
hedra with the same combinatorial structure as cornvex polyhedra. In particular, we
give two examplesof polyhedra, one with 24 convex facesand one with 36 triangular
faces,that cannot be unfolded by cutting along edges. We further shawv that sudc a
polyhedron can indeed be unfolded if cuts are allowed to crossfaces. Finally, we prove
that \op en" polyhedrawith triangular facesmay not be unfoldable no matter how they
are cut.

1 Intro duction

A classicopen questionin geometry[5, 12, 20, 24]is whether every cornvex polyhedron can
be cut alongits edgesand °attened into the plane without any overlap. Sud a collection of
cuts is called an edge cutting of the polyhedron, and the resulting simple polygon is called
an edgeunfolding or net. While the rst explicit description of this problemis by Shephard
in 1975[24], it hasbeenimplicit sinceat leastthe time of Albrecht Déver, circa 1500[11].
It is widely conjectured that ewery corvex polyhedron has an edge unfolding. Some
recen support for this conjectureis that ewery triangulated corvex polyhedron hasa vertex
unfolding, in which the cuts are along edgesbut the unfolding only needsto be connectedat
vertices[10]. On the other hand, experimertal results suggestthat a random edgecutting of
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a random polytope causesoverlap with probability approading 1 asthe number of vertices
approadesin nit y [22].

While unfoldingswere originally usedto make paper modelsof polyhedra[7, 27], unfold-
ings have important industrial applications. For example,sheetmetal bendingis an excient
processfor manufacturing [14, 26]. In this process,the desiredobject is appraximated by a
polyhedron, which is unfoldedinto a collection of polygons. Then thesepolygonsare cut out
of a sheetof material, and ead pieceis folded into a portion of the object's surfaceusing a
bending madine. The unfoldings have multiple piecespartly for practical reasonssuc as
excient padking into a rectangle of material, but mainly becausdlittle theory on unfolding
noncorvex polyhedrais available, and thus heuristics must be used[2Q].

There are two freely available heuristic programs for constructing edge unfoldings of
polyhedra: the Mathematica padkage UnfoldPolytope [19], and the Macintosh program Hy-
perGami[15. There are no reports of these programsfailing to nd an edgeunfolding for
a cornvex polyhedron; HyperGamieven nds unfoldingsfor noncorvex polyhedra. There are
also seweral commercial heuristic programs; an exampleis Toud-3D [17], which supports
noncorvex polyhedra by using multiple pieceswhen needed.

It is known that if we allow cuts acrossthe facesas well as along the edges,then every
convex polyhedron has an unfolding. Two sud unfoldings are known. The simplest to
descrile is the star unfolding [1, 2], which cuts from a genericpoint on the polyhedronalong
shortestpaths to ead of the vertices. The secondis the source unfolding [18, 23], which cuts
along points with more than one shortest path to a genericsourcepoint.

There has beenlittle theoretical work on unfolding noncorvex polyhedra. In what may
be the only paper on this subject, Biedl et al. [4] shaov the positive result that certain
classeof orthogonal polyhedra can be unfolded. They shav the negative result that not all
noncorvex polyhedra have edgeunfoldings. Two of their examplesare given in Figure 1.
The rst exampleis rather trivial: the top box must unfold to t inside the hole of the top
faceof the bottom box, but there is insuzcient areato do so. The secondexampleis closer
to a corvex polyhedronin the sensethat ewvery faceis homeomorphicto a disk.
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Figure 1: Orthogonal polyhedrawith no edgeunfoldings from [4].

Neither of these examplesis satisfying becausethey are not \top ologically corvex." A
polyhedron is topologically convex if its graph (1-skeleton) is isomorphicto the graph of a
corvex polyhedron. The rst example of Figure 1 is ruled out becausefacesof a corvex



polyhedron are always homeomorphicto disks. The secondexampleis ruled out because
there are pairs of facesthat share more than one edge, which is impossiblefor a convex
polyhedron'. In general,a famoustheorem of Steinitz [13, 16, 25 tells usthat a polyhedron
is topologically convex preciselyif its graph is 3-connectedand planar.

The class of topologically convex polyhedra includes all convex-faed polyhedra (i.e.,
polyhedrawhosefacesare all corvex) that are homeomorphicto spheres.Sthewon and other
researbers[4, 21] have asked whether all such polyhedra can be unfolded without overlap
by cutting along edges. In other words, can the conjecture that every corvex polyhedron
is edge-unfoldablebe extendedto topologically convex polyhedra? Another particularly
interesting subclass, which we consider here, are polyhedra whose facesare all triangles
(called triangulated or simplicial) and are homeomorphicto spheres.

In this paper we construct families of triangulated and convex-facedpolyhedrathat are
homeomorphicto spheresand have no edge unfoldings. This proves, in particular, that
the edge-unfoldingconjecturedoesnot generalizeto topologically convex polyhedra. We go
on to show that cuts acrossfacescan unfold someconvex-facedpolyhedra that cannot be
unfolded with cuts only along edges. This is the rst demonstration that generalcuts are
more powerful than edgecuts.

We alsoconsiderthe problem of constructing a polyhedronthat cannot be unfolded even
using generalcuts. If suc a polyhedronexists, the theoremthat every corvex polyhedronis
generally unfoldable (using, for example,the star or sourceunfolding) cannot be extended
to topologically corvex polyhedra. As a step towards this goal, we presen an \op en" trian-
gulated polyhedron that cannot be unfolded. Finding a \closed" ununfoldable polyhedron
is an intriguing open problem.

A preliminary versionof this work appearedin CCCG'99 [3].

2 Basics

We begin with formal de nitions and somebasic results about polyhedra, unfoldings, and
cuttings.

We de ne a polyharon to be a connectedset of closedplanar polygonsin 3-spacesuc
that (1) any intersectionbetweentwo polygonsin the setis a collection of verticesand edges
commonto both polygons, and (2) ead edgeis sharedby at most two polygonsin the
set. A closal polyhedronis onein which ead edgeis sharedby exactly two polygons. If a
polyhedronis not closed,we call it an open polyhedron;the boundary of an open polyhedron
is the set of edgescovered by only one polygon.

In general,we may allow the polygonal facesto be multiply connected(i.e., have holes).
Howewer, in this paper we conceitrate on corvex-facedpolyhedra. A polyhedronis convex-
faced if every faceis strictly corvex, that is, ewvery interior face angle is strictly lessthan
Y Thus, in particular, ewery face of a corvex-facedpolyhedron is simply connected. A
polyhedronis triangulated if every faceis a triangle, that is, hasthree vertices.

Next we prove that corvex-facedpolyhedra (and hencetriangulated polyhedra) are a

lwe disallow polyhedra with \°oating vertices," that is, vertices with angle ¥ on both incident faces,
which can just be removed.



subclassof topologically convex polyhedra, that is, polyhedra whosegraphs (1-skeleta) are
isomorphicto graphsof convex polyhedra. A convexpolyhedron is a closedpolyhedronwhose
interior is a corvex setlequiv alertly, the open line segmen connectingany pair of points
on the polyhedron'ssurfaceis interior to the polyhedron.

Theorem 1 (Steinitz’s Theorem [13 16,25) A graphis the graph of a convex polyhe-
dron preciselyif it is 3-connected and planar.

Corollary 2 Every convex-faed closel polyhadron that is homemorphicto a sphee is topo-
logically convex.

Pro of: Becausehe polyhedronis homeomorphicto a sphere,its graph G must be planar.
It remainsto show that G is 3-connected.If there is a vertex v whoseremoval disconnectsG
into at leasttwo componerts G; and G,, then there must be a \b elt" wrapping around the
polyhedronthat separatesG; and G,. This belt hasonly onevertex (v) connectingG; and
G,, soit must consistof a singleface. This facetouchesitself at v, which is impossiblefor
a corvex polygon. Similarly, if there is a pair (v1; V) of verticeswhoseremoval disconnects
G into at leasttwo componerts G; and G,, then again there must be a \b elt" separating
the two componerts, but this time the belt connectsG; and G, at two vertices (v, and v,).
Thus, the belt can consistof up to two faces,and thesefacessharetwo verticesv; and v,.
This is impossiblefor strictly corvex polygons. 2

A cutting of a polyhedron P is a union C of a nite number of line segmets (called
cuts) on P, sud that cutting along C results in a connectedsurfaceP j C that can be
°attened into the plane (that is, isometrically embedded) without overlap. The resulting
°attened form is called an unfolding of P. An edgecutting of P is a cutting of P that is
just a union of P's edges. The correspnding unfolding is called an edge unfolding We
sometimescall unfoldings genearl unfoldings to distinguish them from edgeunfoldings. We
call a polyhedronunfoldableif it hasa generalunfolding, and edge-unfoldablef it hasan edge
unfolding. Similarly, we call a polyhedron [edge-Jununfoldableif it is not [edge-Junfoldable.

If P is an open polyhedron, we limit attention to cuttings that cortain only a nite
number of boundary points of P. Every neighborhood of a boundary point of P in C must
cortain an interior point of P in C; otherwise,the boundary point could be removed from C
without changingP j C. Hence,the collection of boundary points of P in C canbe reduced
down to a nite setwithout any e®ect.

We de ne the curvature of an interior vertex v to be the discrete analog of Gaussian
curvature, namely 2“aminus the sum of the faceanglesat v. (For verticeson the boundary
of the polyhedron, we do not de ne the notion of curvature.) Hence,the neighborhood
of a zero-cunature vertex can be °attened into the plane, the neighborhood of a positive-
curvature vertex (for example, a cone) requires a cut in order to be °attened, and the
neighborhood of a negative-cunature vertex (for example, a saddle) requirestwo or more
cuts to avoid self-overlap.

We look at a cutting asa graph drawn on the polyhedron, and establishsomebasicfacts
about thesegraphsin the next lemmas.

Lemma 3 Any cutting of a polyhedron P is a forest, and spans every nontoundary vertex
of P that hasnonzeo curvature.



Pro of: If a cutting contained a cycle, having positive area both interior and exterior
to the cycle, then the resulting unfolding would be disconnected,a cortradiction. (Above
we excludedthe possibility of the cutting cortaining a cycle on the boundary of an open
polyhedronP.) If the cutting did not cortain a particular (nonboundary) point with nonzero
curvature, neighborhoods of that point could not be °attened without overlap. 2

A commonassumptionis that an unfolding must be a simple polygon, which implies that
a cutting of a closedpolyhedron must furthermore be a (connected)tree; seee.qg.[8, 9, 22].
Without this restriction, in most cases,a cutting of a closedpolyhedronis a tree, but in
fact this is not always the case.Figure 2 illustrates a basic construction for separatingo®a
connectedcomponert of the cutting. We could add cuts to connectthe inner tree to the rest
of the forest, but theseextra cuts are unnecessary Using this construction, we can build
a polyhedron and a cutting having arbitrarily many connectedcomponerts, by connecting
a seriesof the constructionsin Figure 2 in a \dented barrel" shape, and then capping the

ends.

Figure 2: A portion of a polyhedronin (left) perspective view and (middle) birds-eye view,
and (right) the unfolding that resultsfrom a cutting with a separatedconnectedcomponert
of cuts. To formally construct this portion of a polyhedron, start with the unfolding on the
right, and fold asshown.

Togetherwith JosephO'Rourke (personalcomnunication, July 2001), we have proved
that sudh examplesrequire noncorvexity:

Lemma 4 Any cutting of a convexclosel polyhelron is a tree.

Pro of: By Lemma 3, the cutting is a forest. Supposefor cortradiction that the forest
has multiple connectedcomponerts. Then there is a closedpath p on the surfaceof the
polyhedronthat avoids all cuts and strictly enclosesa connectedcomponert of the cutting.
In particular, p avoidsall verticesof the polyhedron. Let ¢, denotethe total turn anglealong
the path p. Becausep avoids vertices, it unfolds to a connected(uncut) closedpath in the
planar layout; thus, ¢ = 2% Becausethe polyhedron is homeomorphicto a sphere,the
Gauss-Bonnettheorem [6, pp. 215{217]applied to p says that ¢ + ° = 2¥awhere° is the
curvature enclosedby p. By cornvexity, © , 0. Further, p enclosesa connectedcomponert
of the cutting, which consistsof at least one vertex of the polyhedron,so® > 0. Therefore,
¢, < 2% contradicting that p could lay out °at in the plane. 2

Lemma 5 If v is a vertexof a polyhedron P with negative curvature, then any cutting of P
must include more than one cut incident to v.
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Pro of: Supposesomecutting C includesonly a singlecut incidernt to v. Let N beP\ B,
whereB is a small ball aroundv. Neighborhood N unfoldsto a small disk that self-orerlaps
by preciselythe absolutevalue of the curvature of v. 2

3 Hats

Our construction of a closedpolyhedronwith no edgeunfolding beginsby constructing open
polyhedrathat cannotbe edgeunfolded. The intuition is to build a\hat-shaped" polyhedron
having just oneinterior vertex with positive curvature (the peakof the hat). The remaining
vertices have negative curvature and this se\erely limits the possibleedgecuttings.

We know of two combinatorially di®eren families of convex-facedhats that suzce to
prevent edgecuttings. They are shavn in Figures 3 and 4. The remainder of this section
de nes and analyzeshats in detail. These hats have the additional property that their
boundary is a triangle, and in the next sectionwe will exploit this by gluing eat hat to a
faceof a regular tetrahedron.

The rst hat (Figure 3) is called a basic hat becauseof its low face court. The second
hat (Figure 4), howewer, hasonly triangular faces,and is hencecalled a triangulated hat. In
both caseswe will evertually nd a corvex-facedclosedpolyhedrawith no edgeunfoldings,
and in the latter caseit will alsobe triangulated.

""""""""""""""""""""""" /@{
Open —/ < : ;|

Figure 3: A basichat and its constituernt faces.

The two typesof hats are similar, sowe will treat them together. First we needsome
terminology for featuresof the hats. The three boundary verticesare calledthe corners of the
hat, the innermost vertex is the tip, and the remaining verticesare the middle vertices. The
three trianglesincidert to the tip form the spike of the hat. The remainingfaces(incident to
the corners)form the brim of the hat. The brim of a basichat consistsof three trapezoids,
whereasthe brim of a triangulated hat consistsof six triangles. Note that the spike of the
triangulated hat is rotated 60* relative to the boundary, in cortrast to the basic hat.

More formally, hats are parameterizedby three parameters. Basichats are parameterized
by angles® and  satisfying 30 - ®, < 90%, and a length = > 1. For consistencywith
the other type of hat, we alsode ne ° = 0 for basichats. The spike is an open tetrahedron
consistingof three idertical isosceledriangles, wherethe lower anglesare ® and the bottom
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Figure 4: A triangulated hat and its constituert faces.

sides have unit length. The brim is an open truncated tetrahedron consisting of three
idertical symmetric trapezoids,where the lower anglesare , the top length is 1, and the
bottom length is ".

Triangulated hats are parameterizedby angles®, , and ° satisfying30* - ®, + °=2<
90" and ° < 60*. The spike is an open tetrahedron with baseangles®), just like the basic
hat. In the brim, there are three identical isosceledriangles touching the boundary along
their baseedges,which have baseangles ; and three identical isosceledriangles touching
the peak at their baseedges,and touching the boundary at their opposite vertex, whose
angleis °.

As mertioned above, the key to our constructionsis to make the middle vertices have
negative curvature.

Lemma 6 The middle vertices of a hat have negative curvature precisely if ® > — + °=2.
In particular, for any valid choie of  and °, there is a valid choie of ® that satis es this

property.

Pro of: The rst claim follows simply by summingthe anglesincidernt to a middle vertex
and cheding whenthat sumis greaterthan 2¥ For basic hats, we have

20+ 2(Yaj ) > 2Ya

and for triangulated hats, we have

Yaj °

20+ 2 + Y 2 > 2Y

Now ® is only restricted by 30 - ® < 90" for validity and ® >  + °=2 for negative
curvature. Because30* -  + °=2, thesetwo conditions are satis ed preciselyif + °=2<
® < 90, which is satis able because + °=2< 9(". 2
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Note that theseconditions are rather symmetric for the two typesof hats, specifying that
the angleat a basevertex of the spike is larger than the angleat a corner of the hat.

A more useful property of hats is that the middle verticescan be madeto have negative
curvature even when one of the spike triangles is cut away:

Lemma 7 The middle vertices of a hat have negative curvature evenwhena spiketriangle
is removel, provided ® > 2 + °. In particular, for any and ° with 30 -  + °=2< 45
and ° < 60, there is a valid choiee of ® that satis es theseproperties.

Pro of: The rst claim follows from Lemmas6 by halving the coetcient of ®, becauseonly
a single® is now included in the sum of angles. The constrairts now become30* - ® < 90*
and®> 2 + °. Because30* - + °=2, theseareequivalert to 2 + ° < ®< 90, which is
adhievable because + °=2< 45 2

For example,a hat with angles® = 81*, = 30%, and ° = 20*, hasnegative curvature at
the middle vertices even when a spike triangle is removed. In the caseof the basic hat, we
would have ®+ 2(%4 ) = 38T, andfor the triangulated hat ®+ (¥4 2 )+ 2(%4 °)=2= 36T

Theorem 8 Hats that satisfy the constraints in Lemma7 are open convex-faed polyhelra
with no edgeunfoldings.

Pro of: By Lemma 3, any edgecutting is a forest of nonboundary edgesthat coversthe
tip and middle vertices. Every connectedcomponert of the cutting is a tree, and so must
have at least two leaves. Note that no two cornersof the hat can be leaves of a common
connectedcomponert of the cutting, becauseotherwisethe path of cuts connectingthem
would disconnectthe polyhedron. (Recall we excludedthe possibility of a boundary edge
beingin a cutting.) Thus, at most one corneris a leaf of ead connectedcomponert of the
cutting. By Lemma 6, the middle vertices have negative curvature, so by Lemma5, they
cannot be leaves of the cutting. Hence,the cutting must in fact be a single path from a
cornerto the tip, visiting all of the middle vertices.

It is possibleto argue by caseanalysisthat, for basic hats, there is precisely one suc
path up to symmetry (seeFigure 5, left), and for triangulated hats, there are two suct paths
up to symmetry (seeFigure 5, certer and right). Eadh of thesecuttings has a vertex with
only one spike triangle cut away (marked by a gray circle in Figure 5), which meansthe
remainder has negative curvature, leadingto overlap by Lemmab.

Howewer, this canbe arguedmore simply asfollows. Becausehe spike remainsconnected
to the rest of the polyhedron, there must be a spike triangle A that remains connectedto
a brim faceB; seeFigure 6. Becausethere is only one cut in the hat incidert to a corner,
this cut is not incident to one of the two verticessharedby facesA and B, say v. Therefore
the brim facesB, C, and (in the caseof a triangulated hat) D incident to v and the spike
face A remain connectedin the unfolding along edgesincidert to v. But by Lemma7, these
faceshave total angleat v of more than 360, causingoverlap. 2



Figure 5: The possiblecuttings (up to symmetry) of a hat satisfying Lemma?7.

AV

Figure 6: Proof of Lemma 8: a planar drawing of ead kind of hat with a possiblecut in
bold.

4 Gluing Hats Together

Becausethe boundary of a hat is an equilateral triangle, we can take four hats and place
them againstthe facesof a regular tetrahedron (and then remove the guiding tetrahedron).
The result is a closedpolyhedronwith no edgeunfolding, which we call a spiked tetrahedron.
First obsene the following property of unfolded hats:

R

Figure 7: Spiked tetrahedra for both typesof hats.



Lemma 9 In any edge cutting of a spikel tetrahalron, there is a path joining at least two
corners of each hat using nontoundary edgesof that hat, provided the parameterssatisfy the
constraint in Lemma.

Pro of: This lemma follows directly from Theorem 8: an edge cutting of the spiked
tetrahedron cannot induce an edgecutting of a constituent hat, and cannot causeoverlap,
soit must cut eat hat into at leasttwo piecesby way of a path with the claimedproperties.

2

Now the desiredresult follows easily:

Theorem 10 Spikel tetrahadra are convex-faed closal polyhedra with no edge unfoldings,
providal the constituent hats satisfy the constraint in Lemma?.

Pro of: Supposethere were an edgecutting. By Lemma 9, inside eat of the four hats
would be paths of cuts joining two corners,and thesepaths shareno cuts becausehey use
only nonboundary edges.But becausdhere are only four cornersin total, thesepaths would
form a cyclein the cutting, cortradicting Lemma 3. 2

This theoremalso provesthat the analogouslyde ned spikal octahadron cannot be edge
unfolded for hats satisfying the constrain in Lemma 7. In particular, there is a basic-hat
spiked octahedron having no edgeunfolding, for any — satisfying 30* - < 45°. Using a
di®eren proof technique [3], it can be shown that there is sud a spiked octahedronfor any
 satisfying 45 <~ < 60".

5 General Unfolding

While spiked tetrahedra are not edge-unfoldablefor certain choicesof the parameters,they
are always generally unfoldable; seeFigure 8. We start with the parallelogramunfolding of
the underlying tetrahedron on which we glued the hats. The spikes do not have room to
unfold in the middle of an unfolded brim, sowe usethe following trick. Cut out eat spike
and a small band that connectsit to an edgeon the boundary of the tetrahedron unfolding.
Now attach that band and unfolded spike to the correspnding edge of the tetrahedron
unfolding (corresponding in the sensethat the edgesare glued to eat other). The bands
are chosento be nonperpendicular sothat a band doesnot attempt to attach whereanother
band was removed.

6 No General Unfolding

An intriguing open question is whether there is a convex-facedpolyhedron, triangulated
polyhedron, or any closedpolyhedronthat cannotbe generallyunfolded. This sectionmakes
a steptoward solvingthis problemby presening atriangulated open polyhedron(polyhedron
with boundary) with no generalunfolding.

The constructionis to connectse\eral trianglesin a cycle,all sharinga commonvertex v,
asshown in Figure 9. By connectingenoughtriangles and/or adjusting the trianglesto have
large enoughangleincident to v, we can arrangefor vertex v to have negative curvature.
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Figure 8: Generalunfolding of a spiked tetrahedron.

I

Figure 9: Open polyhedron with no unfolding. One cut createsan unfolding with overlap,
but two cuts disconnectthe results.

Theorem 11 The open polyheron in Figure 9 has no geneal unfolding if v has negative
curvature.

Pro of: A cutting could only have leaveson the boundary, becausev hasnegative curva-
ture, and becausehe cut incident to any other leaf could be glued (uncut) without a®ecting
the unfolding. But any cutting hasat leasttwo leaves,soit must disconnectthe polyhedron,
a cortradiction. 2
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7 Conclusion

The spiked tetrahedra (Figure 7) show that the conjectureabout edgeunfoldings of convex
polyhedracannotbe extendedto topologically corvex polyhedra. Figure 8 further illustrates
the added power of cuts along facesfor topologically corvex polyhedra. Figure 9 shavs an
open polyhedron that cannot be unfolded at all, but the °exibilit y exploited in Figure 8
suggeststhat it will be more ditcult to settle whether there is a closedpolyhedron with
that property. Another interesting open questionis the complexity of deciding whether a
given triangulated polyhedron has an edgeunfolding, now that we know that the answer is
not always \y es."
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