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Abstract

Large volumes of available data have led to the emergence of new computational models for
data analysis. One such model is captured by the notion of streaming algorithms: given a
sequence of N items, the goal is to compute the value of a given function of the input items by
a small number of passes and using a sublinear amount of space in N. Streaming algorithms
have applications in many areas such as networking and large scale machine learning. Despite
a huge amount of work on this area over the last two decades, there are multiple aspects
of streaming algorithms that remained poorly understood, such as (a) streaming algorithms
for combinatorial optimization problems and (b) incorporating modern machine learning
techniques in the design of streaming algorithms.

In the first part of this thesis, we will describe (essentially) optimal streaming algorithms
for set cover and maximum coverage, two classic problems in combinatorial optimization.
Next, in the second part, we will show how to augment classic streaming algorithms of the
frequency estimation and low-rank approximation problems with machine learning oracles
in order to improve their space-accuracy tradeoffs. The new algorithms combine the benefits
of machine learning with the formal guarantees available through algorithm design theory.
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Chapter 1

Introduction

In recent decades, massive datasets arose in numerous application areas such as genomics,
finance, social networks and Internet of things. The main challenge of massive datasets is that
the traditional data-processing architectures are not capable of analyzing them efficiently.
This state of affairs has led to the emergence of new computational models for data analysis.
In particular, since a large fraction of datasets are generated as a stream, algorithms for such
data have been studied in the streaming algorithms model extensively. Formally, given a
sequence of N items, the goal is to compute the value of a given function of the input items
by a small number of passes and using a sublinear amount of space in V.

In this thesis, we advance the development of streaming algorithms in two new directions:
(a) designing streaming algorithms for new classes of problems and (b) designing streaming
algorithms using modern machine learning approaches.

The streaming model has been studied since early 80s. The focus of the early work was
on processing numerical data such as estimating heavy hitters, number of distinct elements
and quantiles [74, 35, 13, 129]. Over the last two decades, there has been a significant body
of work on designing streaming algorithms for discrete optimization and in particular graph
problems [102, 143, 73|. However, until recently not much was known about the complexity
of coverage problems, which is a well-studied class of problems in discrete optimization, in
the streaming setting. In the first part of this thesis (Chapters 2-5), we provide optimal

streaming algorithms for several variants of set cover and maximum coverage problems, two

23



well-studied problems in discrete optimization.

Since the classical algorithms have formal worst-case guarantees, they tend to work
equally well on all inputs. However, in most applications, the underlying data has certain
properties that, if discovered and harnessed, could enable much better performance. Inspired
by the success of machine learning, in the second part of this thesis (Chapters 6-7), we de-
sign such “learning-based” algorithms for two fundamental tasks in data analysis: frequency
estimation and low-rank approrimation. We remark that these are the first learning-based
streaming algorithms. For both of these problems, we design learning-based algorithms that,
in theory and practice, achieve better performance (e.g., space complexity or approximation
quality) than the existing algorithms, as long as the input stream has certain patterns. At
the same time, the algorithms (usually) retain the worst-case guarantees of the existing

algorithms for these problems even on adversarial inputs.

1.1. Streaming Algorithms for Coverage Problems

A fundamental class of problems in the area of combinatorial optimization involves minimiz-
ing a given cost function under a set of covering constraints. Perhaps the most well-studied
problem in this family is set cover: given a collection S of sets whose union is [n], the goal
is to identify the smallest sub-collection of S whose union is [n]. In the presence of massive
data, new techniques are required to solve even this classic problem.

The first part of this thesis is devoted to the design of efficient sublinear (space or time)
algorithms for Set Cover and a closely related problem Max k-Cover, here collectively called
coverage problem, that have in many areas, including operations research, machine learning,
information retrieval and data mining [86, 155, 48, 2, 115, 26, 117].

Although both Set Cover and Max k-Cover are NP-complete, a natural greedy algorithm
which iteratively picks the “best” remaining set is provably the optimal algorithm for these
problems unless P = NP [72, 152, 14, 138, 63] and it is widely used in practice. The algorithm
often finds solutions that are very close to optimal. Unfortunately, due to its sequential na-
ture, this algorithm does not scale very well to massive data sets (e.g., see Cormode et al. [56]
for an experimental evaluation). This difficulty has motivated a considerable research effort

whose goal was to design algorithms that are capable of handling large data efficiently on

24



modern architectures. Of particular interest are data stream algorithms, which compute the
solution using only a small number of sequential passes over the data using a limited memory.
The study of streaming Set Cover problem initiated in [155] and since then there has been a
large body of work on coverage problems in massive data analysis models and in particular

streaming model [67, 61, 42, 97, 20, 29, 17, 105, 106, 107, 18, 123, 131, 17, 29, 19, 147, 5].

1.1.1. Streaming Algorithms for Set Cover

In the Set Cover problem, given a ground set of n elements U = {e;, - ,e,}, and a family
of m sets F = {S1,...,Sn} where m > n, the goal is to select a subset Z C F such that Z
covers U and the number of the sets in Z is as small as possible. In the streaming Set Cover
problem as introduced in [155], the set of elements U is stored in the memory in advance;
the sets Sq,---, S, are stored consecutively in a read-only repository and an algorithm can
access the sets only by performing sequential scans of the repository. However, the amount
of read-write memory available to the algorithm is limited, and is smaller than the input
size (which could be as large as mn). The objective is to design efficient approximation
algorithms for the Set Cover problem that performs few passes over the data, and uses as
little memory as possible. In Chapter 2, we present an efficient streaming algorithm for this

problem which has been proved to be optimal [17].

1.1.2. Streaming Algorithms for Fractional Set Cover

The LP relaxation of SetCover is one of the well-studied mathematical programs in ap-
proximation algorithms design. It is a continuous relaxation of the problem where each set
S € F can be selected “fractionally”; i.e., assigned a number zg from [0, 1], such that for each
element e its “fractional coverage” ) . .o 2g is at least 1, and the sum )¢z is minimized.

To the best of our knowledge, it is not known whether there exists an efficient and accurate
algorithm for this problem that uses only a logarithmic (or even a polylogarithmic) number of
passes. This state of affairs is perhaps surprising, given the many recent developments on fast
LP solvers [119, 174, 124, 12, 11, 167]. The only prior results on streaming Packing/Covering
LPs were presented in [6], which studied the LP relaxation of Maximum Matching.

In Chapter 3, we present the first (1 + ¢)-approximation algorithm for the fractional

Set Cover in the streaming model with constant number of passes and using sublinear amount
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of space.

1.1.3. Sublinear Algorithms for Set Cover

Another related natural question to streaming Set Cover is the following: “is it possible to
solve minimum set cover in sub-linear time?” This question was previously addressed in
[145, 172], who showed that one can design constant running-time algorithms by simulating
the greedy algorithm, under the assumption that the sets are of constant size and each
element occurs in a constant number of sets. However, those constant-time algorithms have
a few drawbacks: they only provide a mixed multiplicative /additive guarantee (the output
cover size is guaranteed to be at most k-lnn+en), the dependence of their running times on
the maximum set size is exponential, and they only output the (approximate) minimum set
cover size, not the cover itself. From a different perspective, [119] (building on [84]) showed
that an O(1)-approximate solution to the fractional version of the problem can be found
in O(mk? + nk?) time.! Combining this algorithm with the randomized rounding yields an
O(log n)-approximate solution to Set Cover with the same complexity.

In Chapter 4, we initiate a systematic study of the complexity of sub-linear time algo-
rithms for set cover with multiplicative approximation guarantees. Our upper bounds com-
plement the aforementioned result of [119] by presenting algorithms which are fast when k is
large, as well as algorithms that provide more accurate solutions (even with a constant-factor
approximation guarantee) that use a sub-linear number of queries.? Equally importantly, we
establish nearly matching lower bounds, some of which even hold for estimating the optimal

cover size.

1.1.4. Streaming Algorithms for Maximum Coverage

In Max k-Cover, given a ground set U of n elements, a family of m sets F (each subset of U),
and a parameter k, the goal is to select k sets in F whose union has the largest cardinality.
Moreover, Max k-Cover is an important problem in submodular maximization.

The initial algorithms were developed in the set arrival model, where the input sets are

listed contiguously. This restriction is natural from the perspective of submodular optimiza-

IThe method can be further improved to O(m + nk) (N. Young, personal communication).
2Note that polynomial time algorithms with sub-logarithmic approximation are unlikely to exist.

26



tion, but limits the applicability of the algorithms®. Avoiding this limitation can be difficult,
as streaming algorithms can no longer operate on sets as “unit objects”. As a result, the
first maximum coverage algorithm for the general edge arrival model, where pairs of (set,
element) can arrive in arbitrary order, have been developed recently. In particular [29] was
first to (explicitly) present a one-pass algorithm with space linear in m and constant approx-
imation factor. We remark that many of the prior bounds (both upper and lower bounds) on
set cover and max k-cover problems in set-arrival streams also work in edge arrival streams
(e.g. [61, 97, 20, 131, 17, 105]).

A particularly interesting line of research in set arrival streaming set cover and max
k-cover is to design efficient algorithms that only use 5(71) space [155, 22, 67, 42, 131]. Pre-
vious work have shown that we can adopt the existing greedy algorithm of Max k-Cover to
achieve constant factor approximation in O(n) space [155, 22| (which later improved to O(k)
by [131]). However, the complexity of the problem in the “low space” regime is very different
in edge-arrival streams: [29] showed that as long as the approximation factor is a constant,
any algorithm must use (m) space. Still, our understanding of approximation /space trade-
offs in the general case is far from complete. In Chapter 5, we provide tight bounds for the

approximation /space tradeoffs of Max k-Cover in the general edge-arrival streams.

1.2. Learning-Based Streaming Algorithms

Classical algorithms are best known for providing formal guarantees over their performance,
but often fail to leverage useful patterns in their input data to improve their output. However,
in most applications, the underlying data has certain properties that can lead to much better
performance if exploited by algorithms. On the other hand, machine learning approaches (in
particular, deep learning models) are highly successful at capturing and utilizing complex
data patterns, but often lack formal error bounds. The last few years have witnessed a
growing effort to bridge this gap and introduce algorithms that can adapt to data properties
while delivering worst case guarantees. For example, “learning-based” models have been

integrated into the design of data structures [120, 137, 91], online algorithms [128, 151, 81|,

3For example, consider a situation where the sets correspond to neighborhoods of vertices in a directed
graph. Depending on the input representation, for each vertex, either the ingoing edges or the outgoing
edges might be placed non-contiguously.
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graph optimization [59], similarity search [156, 169] and compressive sensing [33]. This
learning-based approach to algorithm design has attracted a considerable attention due to its
potential to significantly improve the efficiency of some of the most widely used algorithmic
tasks.

Indeed, many applications involve processing streams of data (e.g., videos, data logs,
customer activities and social media) by executing the same algorithm on an hourly, daily or
weekly basis. These data sets are typically not “random” or “worst-case”; instead, they come
from some distribution with useful properties which does not change rapidly from execution
to execution. This makes it possible to design better streaming algorithms tailored to the
specific data distribution, trained on past instances of the problem. In the second part of
this thesis, we developed first learning-based algorithms in the streaming model and design
such algorithms for two basic problems in this area frequency estimation (in Chapter 6) and
low-rank approzimation (in Chapter 7). For both of these problems, we design learning-
based algorithms that empirically (and provably) achieve better performance (e.g., space
complexity or approximation quality) compared to the existing algorithms if the input stream
has certain patterns while achieving the worst-case guarantees of the existing algorithms for

these problems even on adversarial inputs.

1.2.1. Learning-Based Algorithms for Frequency Estimation

Estimating the frequencies of elements in a data stream is one of the most fundamental sub-
routines in data analysis. It has applications in many areas of machine learning, including
feature selection [4], ranking [66], semi-supervised learning [164] and natural language pro-
cessing [82]. It has been also used for network measurements [70, 175, 127] and security [158].
Frequency estimation algorithms have been implemented in popular data processing libraries,
such as Algebird at Twitter [36]. They can answer practical questions like: what are the
most searched words on the Internet? or how much traffic is sent between any two machines
in a network?

The frequency estimation problem is formalized as follows: given a sequence S of elements
from some universe U, for any element ¢ € U, estimate f;, the number of times ¢ occurs in S.

If one could store all arrivals from the stream S, one could sort the elements and compute
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their frequencies. However, in big data applications, the stream is too large (and may be
infinite) and cannot be stored. This challenge has motivated the development of streaming
algorithms, which read the elements of S in a single pass and compute a good estimate of
the frequencies using a limited amount of space. Over the last two decades, many such
streaming algorithms have been developed, including Count-Sketch [43], Count-Min [57] and
multi-stage filters [70]. The performance guarantees of these algorithms are well-understood,
with upper and lower bounds matching up to O(-) factors [110].

However, such streaming algorithms typically assume generic data and do not leverage
useful patterns or properties of their input. For example, in text data, the word frequency
is known to be inversely correlated with the length of the word. Analogously, in network
data, certain applications tend to generate more traffic than others. If such properties
can be harnessed, one could design frequency estimation algorithms that are much more
efficient than the existing ones. Yet, it is important to do so in a general framework that
can harness various useful properties, instead of using handcrafted methods specific to a
particular pattern or structure (e.g., word length, application type). In Chapter 6, we

introduce “learning-based” frequency estimation streaming algorithms.

1.2.2. Learning-Based Algorithms for Low-Rank Approximation

Low-rank approximation is one of the most widely used tools in massive data analysis, ma-
chine learning and statistics, and has been a subject of many algorithmic studies. Formally,
in low-rank approximation, given an n x d matrix A, and a parameter k, the goal is to

compute a rank-k matrix

[Alr = argmin ;. papkan<illA = A'llF.

In particular, multiple algorithms developed over the last decade use the “sketching”
approach, see e.g., [157, 171, 92, 52, 53, 144, 132, 34, 54]. Tts idea is to use efficiently com-
putable random projections (a.k.a., “sketches”) to reduce the problem size before performing

low-rank decomposition, which makes the computation more space and time efficient. For

example, [157, 52] show that if S is a random matrix of size m xn chosen from an appropriate
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distribution?, for m depending on ¢, then one can recover a rank-k matrix A’ such that

A= A'llr < (1+ )l A = [Alillr

by performing an SVD on SA € R™*4 followed by some post-processing. Typically the
sketch length m is small, so the matrix SA can be stored using little space (in the context of
streaming algorithms) or efficiently communicated (in the context of distributed algorithms).
Furthermore, the SVD of SA can be computed efficiently, especially after another round of
sketching, reducing the overall computation time.

In light of the success of learning-based approaches, it is natural to ask whether similar
improvements in performance could be obtained for other sketch-based algorithms, notably
for low-rank decompositions. In particular, reducing the sketch length m while preserving
its accuracy would make sketch-based algorithms more efficient. Alternatively, one could
make sketches more accurate for the same values of m. In Chapter 7, we design the first

“learning-based” (streaming) algorithm for the low-rank approximation problem.

Initial algorithms used matrices with independent sub-gaussian entries or randomized Fourier/Hadamard
matrices [157, 171, 92]. Starting from the seminal work of [53], researchers began to explore sparse binary
matrices, see e.g., [144, 132].
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Chapter 2

Streaming Set Cover

2.1. Introduction

In the streaming Set Cover problem as defined in [155], the set of elements U = {e1, -+ ,e,}
is stored in the memory in advance; the sets Si,--- , S, are stored consecutively in a read-
only repository and an algorithm can access the sets only by performing sequential scans
of the repository. However, the amount of read-write memory available to the algorithm is
limited, and is smaller than the input size (which could be as large as mn). The objective is
to design an efficient approximation algorithm for the Set Cover problem that performs few
passes over the data, and uses as little memory as possible.

The last few years have witnessed a rapid development of new streaming algorithms for
the Set Cover problem, in both theory and applied communities, see [155, 56, 122, 67, 61, 42].
Table 2.1.1 presents the approximation and space bounds achieved by those algorithms, as

well as the lower bounds.!

2.1.1. Related Work

The semi-streaming Set Cover problem was first studied by Saha and Getoor [155]. Their
result for Max k-Cover problem implies a O(logn)-pass O(logn)-approximation algorithm
for the Set Cover problem that uses 5(n2) space. Adopting the standard greedy algorithm of
Set Cover with a thresholding technique leads to O(log n)-pass O(log n)-approximation using

!Note that the simple greedy algorithm can be implemented by either storing the whole input (in one
pass), or by iteratively updating the set of yet-uncovered elements (in at most n passes).
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Result Approximation Passes Space Note

1 @)
Greedy Algorithm Inn (mn) Deterministic
n O(n)
[155] O(logn) O(logn) O(n?Inn) Deterministic

~ Randomized (tight bounds
1671 O(y/n) 1 6(n) Heomped (st bomay

& deterministic algorithm

~ Randomized (tight bounds
142) o) L1 &) e (teht o)
& deterministic algorithm
[146] 1logn O(logn) Q(m) Randomized
[61] O(43 p) O(4%) O(mn?) Randomized
[61] O(1) O(logn)  Q(mn) Deterministic
Theorem 2.2.8 O(%) 2 O(mn?) Randomized
Theorem 2.3.8 3 1 Q(mn) Randomized
Theorem 2.5.4 1 2= — 1 Q(mn?) Randomized
Geometric Set Cover ~ )
O(py) O(1) O(n) Randomized
(Theorem 2.4.6)
s-Sparse Set Cover . ~ _
1 % — 1 Q(ms) Randomized

(Theorem 2.6.6)

Table 2.1.1: Summary of past work and our results. Parameters p and pg respectively
denote the approximation factor of off-line algorithms for Set Cover and its geometric variant.

O(n) space. In O(n) space regime, Emek and Rosen studied designing one-pass streaming
algorithms for the Set Cover problem [67] and gave a deterministic greedy based O(y/n)-
approximation for the problem. Moreover they proved that their algorithm is tight, even for
randomized algorithms. The lower/upper bound results of [67] applied also to a generaliza-
tion of the Set Cover problem, the e-Partial Set Cover(i/, F) problem in which the goal is to
cover (1 —¢) fraction of elements U and the size of the solution is compared to the size of an
optimal cover of Set Cover(U, F). Very recently, Chakrabarti and Wirth extended the result
of [67] and gave a trade-off streaming algorithm for the Set Cover problem in multiple passes
[42]. They gave a deterministic algorithm with p passes over the data stream that returns a

(p+ 1)nY/ ) approximate solution of the Set Cover problem in O(n) space. Moreover they
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proved that achieving 0.99n®* /(p+ 1)2 in p passes using O(n) space is not possible even
for randomized protocols which shows that their algorithm is tight up to a factor of (p+ 1)3.
Their result also works for the e-Partial Set Cover problem.

In a different regime which was first studied by Demaine et al., the goal is to design a
“low” approximation algorithms (depending on the computational model, it could be O(logn)
or O(1)) in the smallest possible space [61]. They proved that any constant pass determin-
istic (logn/2)-approximation algorithm for the Set Cover problem requires Q(mn) space. It
shows that unlike the results in 5(n)—spaee regime, to obtain a sublinear “low” approxima-
tion streaming algorithm for the Set Cover problem in a constant number of passes, using
randomness is necessary. Moreover, [61] presented a O(4'/%)-approximation algorithm that
makes O(41/9) passes and uses O(mn®) memory space.

The Set Cover problem is not polynomially solvable even in the restricted instances with
points in R? as elements, and geometric objects (either all disks or axis parallel rectangles
or fat triangles) in plane as sets [71, 75, 99]. As a result, there has been a large body of
work on designing approximation algorithms for the geometric Set Cover problems. See for

example [142, 3, 15, 51] and references therein.

2.1.2. Our Results

Despite the progress outlined above, however, some basic questions still remained open. In

particular:

(A) Is it possible to design a single pass streaming algorithm with a “low” approximation

factor® that uses sublinear (i.e., o(mn)) space?

(B) If such single pass algorithms are not possible, what are the achievable trade-offs

between the number of passes and space usage?

(C) Are there special instances of the problem for which more efficient algorithms can be

designed?

2Note that the lower bound in [61] excluded this possibility only for deterministic algorithms, while the
upper bound in [67, 42] suffered from a polynomial approximation factor.
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In this chapter, we make a significant progress on each of these questions. Our upper and
lower bounds are depicted in Table 2.1.1.

On the algorithmic side, we give a O(1/d)-pass algorithm with a strongly sub-linear
5(mn5) space and logarithmic approximation factor. This yields a significant improvement
over the earlier algorithm of Demaine et al. [61] which used exponentially larger number of
passes. The trade-off offered by our algorithm matches the lower bound of Nisan [146] that
holds at the endpoint of the trade-off curve, i.e., for 6 = ©(1/logn), up to poly-logarithmic
factors in space®. Furthermore, our algorithm is very simple and succinct, and therefore easy
to implement and deploy.

Our algorithm exhibits a natural tradeoff between the number of passes and space, which
resembles tradeoffs achieved for other problems [87, 83, 90|. Tt is thus natural to conjecture
that this tradeoff might be tight, at least for “low enough” approximation factors. We present
the first step in this direction by showing a lower bound for the case when the approximation
factor is equal to 1, i.e., the goal is to compute the optimal set cover. In particular, by an
information theoretic lower bound, we show that any streaming algorithm that computes set
cover using (55 —1) passes must use Q(mn) space (even assuming exponential computational
power) in the regime of m = O(n). Furthermore, we show that a stronger lower bound holds
if all the input sets are sparse, that is if their cardinality is at most s. We prove a lower
bound of Q(ms) for s = O(n’) and m = O(n).

We also consider the problem in the geometric setting in which the elements are points in
R? and sets are either discs, axis-parallel rectangles, or fat triangles in the plane. We show
that a slightly modified version of our algorithm achieves the optimal 5(n) space to find an
O(p)-approximation in O(1) passes.

Finally, we show that any randomized one-pass algorithm that distinguishes between
covers of size 2 and 3 must use a linear (i.e., (mn)) amount of space. This is the first
result showing that a randomized, approximate algorithm cannot achieve a sub-linear space

bound.

Recently Assadi et al. [20] generalized this lower bound to any approximation ratio oo =

3Note that to achieve a logarithmic approximation ratio we can use an off-line algorithm with the ap-
proximation ratio p = 1, i.e., one that runs in exponential time (see Theorem 2.2.8).
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O(y/n). More precisely they showed that approximating Set Cover within any factor a =
O(y/n) in a single pass requires (™) space.

Our techniques: basic idea. Our algorithm is based on the idea that whenever a large
enough set is encountered, we can immediately add it to the cover. Specifically, we guess
(up to factor two) the size of the optimal cover k. Thus, a set is “large” if it covers at
least 1/k fraction of the remaining elements. A small set, on the other hand, can cover
only a “few” elements, and we can store (approximately) what elements it covers by storing
(in memory) an appropriate random sample. At the end of the pass, we have (in memory)
the projections of “small” sets onto the random sample, and we compute the optimal set
cover for this projected instance using an offline solver. By carefully choosing the size of
the random sample, this guarantees that only a small fraction of the set system remains
uncovered. The algorithm then makes an additional pass to find the residual set system
(i.e., the yet uncovered elements), making two passes in each iteration, and continuing to
the next iteration.

Thus, one can think about the algorithm as being based on a simple iterative “dimension-
ality reduction” approach. Specifically, in two passes over the data, the algorithm selects a
“small” number of sets that cover all but n~° fraction of the uncovered elements, while using
only 5(mn5) space. By performing the reduction step 1/§ times we obtain a complete cover.
The dimensionality reduction step is implemented by computing a small cover for a random
subset of the elements, which also covers the vast majority of the elements in the ground set.
This ensures that the remaining sets, when restricted to the random subset of the elements,
occupy only 6(mn5) space. As a result the procedure avoids a complex set of recursive calls

as presented in Demaine et al. [61], which leads to a simpler and more efficient algorithm.

Geometric results. Further using techniques and results from computational geometry
we show how to modify our algorithm so that it achieves almost optimal bounds for the
Set Cover problem on geometric instances. In particular, we show that it gives a O(1)-pass
O(p)-approximation algorithm using O(n) space when the elements are points in R? and the

sets are either discs, axis parallel rectangles, or fat triangles in the plane. In particular, we
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Figure 2.1.1: A collection of n?/4 distinct rectangles (i.e., sets), each containing two points.
use the following surprising property of the set systems that arise out of points and disks:
the the number of sets is nearly linear as long as one considers only sets that contain “a few”
points.

More surprisingly, this property extends, with a twist, to certain geometric range spaces
that might have quadratic number of shallow ranges. Indeed, it is easy to show an example of
n points in the plane, where there are 2(n?) distinct rectangles, each one containing exactly
two points, see Figure 2.1.1. However, one can “split” such ranges into a small number of
canonical sets, such that the number of shallow sets in the canonical set system is near linear.
This enables us to store the small canonical sets encountered during the scan explicitly in
memory, and still use only near linear space.

We note that the idea of splitting ranges into small canonical ranges is an old idea in
orthogonal range searching. It was used by Aronov et al. [15] for computing small e-nets for

these range spaces. The idea in the form we use, was further formalized by Ene et al. [68].

Lower bounds. The lower bounds for multi-pass algorithms for the Set Cover problem
are obtained via a careful reduction from Intersection Set Chasing. The latter problem is a
communication complexity problem where n players need to solve a certain “set-disjointness-
like” problem in p rounds. A recent paper [90] showed that this problem requires %&/p)
bits of communication complexity for p rounds. This yields our desired trade-off of Q(mn‘;)
space in 1/20 passes for exact protocols for Set Cover in the communication model and hence
in the streaming model for m = O(n). Furthermore, we show a stronger lower bound on

memory space of sparse instances of SetCover in which all input sets have cardinality at

most s. By a reduction from a variant of Equal Pointer Chasing which maps the problem to
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Algorithm 1 A tight streaming algorithm for the (unweighted) Set Cover problem. Here,
OFFLINESC is an offline solver for Set Cover that provides p-approximation, and c is some
appropriate constant.

1: procedure ITERSETCOVER((U, F),9)

2: > try (in parallel) all possible (2-approx) sizes of optimal cover
3 for k€ {2°]0<i<logn} in parallel do > n = ||

4: SOL < )

5: fori=1to1/6 do

6: let S be a sample of U of size cpkn’® logmlogn

T L+S, Fs« 1)

8: for S € F do > by doing one pass

9: if [LN S| > |S|/k then i size test

10: SOL <— sOL U {S}

11: L+ L\S

12: else

13: Fs + FsU{SNL} > store the set SN L explicitly in memory
14: D < OFFLINESC(L, Fs, k)

15: SOL < soL|JD

16: U — U\ Ugeso, S > by doing additional pass over data
17: return best SOL computed in all parallel executions.

a sparse instance of Set Cover, we show that in order to have an exact streaming algorithm
for s-Sparse Set Cover with o(ms) space, 2(logn) passes is necessary. More precisely, any
(35 — 1)-pass ezact randomized algorithm for s-Sparse Set Cover requires Q(ms) memory
space, if s <n° and m = O(n).

Our single pass lower bound proceeds by showing a lower bound for a one-way commu-
nication complexity problem in which one party (Alice) has a collection of sets, and the
other party (Bob) needs to determine whether the complement of his set is covered by one
of the Alice’s sets. We show that if Alice’s sets are chosen at random, then Bob can decode
Alice’s input by employing a small collection of “query” sets. This implies that the amount
of communication needed to solve the problem is linear in the description size of Alice’s sets,

which is Q(mn).

2.2. Streaming Algorithm for Set Cover

In this section, we design an efficient streaming algorithm for the Set Cover problem that
matches the lower bound results we already know about the problem. In the SetCover

problem, for a given set system (U, F), the goal is to find a subset Z C F, such that Z covers
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U and its cardinality is minimum. In Algorithm 1, we sketch the ITERSETCOVER algorithm.

In the ITERSETCOVER algorithm, we have access to the OFFLINESC subroutine that
solves the given Set Cover instance offline (using linear space) and returns a p-approximate
solution where p could be anywhere between 1 and ©(logn) depending on the computational
model one assumes. Under exponential computational power, we can achieve the optimal
cover of the given instance of the Set Cover (p = 1); however, under P # NP assumption, p
cannot be better than ¢ - Inn where ¢ is a constant |72, 152, 14, 138, 63| given polynomial
computational power.

Let n = |U| be the initial number of elements in the given ground set. The ITERSET-
COVER algorithm, needs to guess (up to a factor of two) the size of the optimal cover of
(U, F). To this end, the algorithm tries, in parallel, all values k in {2 | 0 < i < logn}. This
step will only increase the memory space requirement by a factor of logn.

Consider the run of the ITERSETCOVER algorithm, in which the guess k is correct (i.e.,
|OPT| < k < 2|OPT|, where OPT is an optimal solution). The idea is to go through O(1/9)
iterations such that each iteration only makes two passes and at the end of each iteration the
number of uncovered elements reduces by a factor of n’. Moreover, the algorithm is allowed
to use O(mn?) space.

In each iteration, the algorithm starts with the current ground set of uncovered elements
U, and copies it to a leftover set L. Let S be a large enough uniform sample of elements
U. In a single pass, using S, we estimate the size of all large sets in F and add S € F to
the solution SOL immediately (thus avoiding the need to store it in memory). Formally, if S
covers at least Q(|U|/k) yet-uncovered elements of L then it is a heavy set, and the algorithm
immediately adds it to the output cover. Otherwise, if a set is small, i.e., its covers less than
|U|/k uncovered elements of L, the algorithm stores the set S in memory. Fortunately, it is
enough to store its projection over the sampled elements explicitly (i.e., SNL) — this requires
remembering only the O(|S|/k) indices of the elements of S N L.

In order to show that a solution of the Set Cover problem over the sampled elements
is a good cover of the initial Set Cover instance, we apply the relative (p,e)-approzimation
sampling result of [100] (see Definition 2.2.4) and it is enough for S to be of size O(pkn?).

Using relative (p, ¢)-approximation sampling, we show that after two passes the number of
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uncovered elements is reduced by a factor of n’. Note that the relative (p, ¢)-approximation
sampling improves over the FElement Sampling technique used in [61] with respect to the
number of passes.

Since in each iteration we pick O(pk) sets and the number of uncovered elements decreases
by a factor of n%, after 1/4 iterations the algorithm picks O(pk/d) sets and covers all elements.

Moreover, the memory space of the whole algorithm is O(pmn?) (see Lemma 2.2.2).

2.2.1. Analysis of ITERSETCOVER

In the rest of this section we prove that the ITERSETCOVER algorithm with high probabil-
ity returns a O(p/d)-approximate solution of Set Cover(d, F) in 2/8 passes using O(mn®)

memory space.
Lemma 2.2.1. The number of passes the ITERSETCOVER algorithm makes is 2/0.

Proof: In each of the 1/¢ iterations of the ITERSETCOVER algorithm, the algorithm makes
two passes. In the first pass, based on the set of sampled elements S, it decides whether to
pick a set or keep its projection over S (i.e., SNL) in the memory. Then the algorithm calls
OFFLINESC which does not require any passes over F. The second pass is for computing
the set of uncovered elements at the end of the iteration. We need this pass because we
only know the projection of the sets we picked in the current iteration over S and not over
the original set of uncovered elements. Thus, in total we make 2/§ passes. Also note that
for different guesses for the value of k, we run the algorithm in parallel and hence the total

number of passes remains 2/0. U
Lemma 2.2.2. The memory space used by the ITERSETCOVER. algorithm is 6(mn5).

Proof: In each iteration of the algorithm, it picks during the first pass at most m sets (more
precisely at most k sets) which requires O(mlogm) memory. Moreover, in the first pass we
keep the projection of the sets whose projection over the uncovered sampled elements has
size at most |S|/k. Since there are at most m such sets, the total required space for storing
the projections is bounded by O(pmn(S log m log n)

Since in the second pass the algorithm only updates the set of uncovered elements, the

amount of space required in the second pass is O(n). Thus, the total required space to
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perform each iteration of the ITERSETCOVER algorithm is O(mn?). Moreover, note that

the algorithm does not need to keep the memory space used by the earlier iterations; thus,

the total space consumed by the algorithm is O(mn?). O
Next we show the sets we picked before calling OFFLINESC has large size on U.

Lemma 2.2.3. With probability at least 1 — m™° all sets that pass the “size test” in the

ITERSETCOVER algorithm have size at least |U|/ck.

Proof: Let S be a set of size less than |U/|/ck. In expectation, |S N'S| is less than (|U|/ck) -

(IS|/|U]) = pn®logmlogn. By Chernoff bound for large enough c,
Pr(|SNS| > cpn’logmlogn) < m~ D,

Applying the union bound, with probability at least 1 —m™¢, all sets passing “size test” have
size at least |U|/(ck). O

In what follows we define the relative (p,€)-approzimation sample of a set system and men-
tion the result of Har-Peled and Sharir [100] on the minimum required number of sampled

elements to get a relative (p, ¢)-approximation of the given set system.

Definition 2.2.4. Let (V,H) be a set system, i.e., V is a set of elements and H C 2V is a
family of subsets of the ground set V. For given parameters 0 < e,p < 1, a subset Z C V is

a relative (p, e)-approzimation for (V,H), if for each S € H, we have that if |S| > p|V| then

sl _Isnz S
l—eg) < — < (1+¢)—.
=g =z =09y

If the range is light (i.e., |S| < p|V|) then it is required that

@—€p< 5N 2] <@—|—5p.
V] -2l TV

Namely, Z is (1 £ ¢)-multiplicative good estimator for the size of ranges that are at least
p-fraction of the ground set.
The following lemma is a simplified variant of a result in Har-Peled and Sharir [100] —

indeed, a set system with M sets, can have VC dimension at most log M. This simplified form
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also follows by a somewhat careful but straightforward application of Chernoft’s inequality.

Lemma 2.2.5. Let (U, F) be a finite set system, and p,e,q be parameters. Then, a random
sample of U such that |U| = % <log | F| log]lJ + log %) , for an absolute constant ¢ is a relative
(p, €)-approximation, for all ranges in F, with probability at least (1 — q).

Lemma 2.2.6. Assuming |OPT| < k < 2|OPT|, after any iteration, with probability at

1—c/4

least 1 — m the number of uncovered elements decreases by a factor of n’, and this

iteration adds O(p|OPT|) sets to the output cover.

Proof: Let V. C U be the set of uncovered elements at the beginning of the iteration and
note that the total number of sets that is picked during the iteration is at most (14 p)k (see
Lemma 2.2.3). Consider all possible such covers, that is G = {F' C F| |F'| < (1 + p)k},
and observe that |G| < m{(FPk  Tet H be the collection that contains all possible sets
of uncovered elements at the end of the iteration, defined as H = {V\ Uge S } Ceg}.
Moreover, set p = 2/n, ¢ = 1/2 and ¢ = m~¢ and note that |H| < |G| < m+Pk Since
;Tlp(log |H| log % + log é) < cpkn®logmlogn = |S| for large enough ¢, by Lemma 2.2.5, S is a
relative (p, e)-approximation of (V,H) with (1 — ¢) probability. Let D C F be the collection
of sets picked during the iteration which covers all elements in S. Since S is a relative (p, )-
approximation sample of (V,H) with probability at least 1 —m™¢, the number of uncovered
elements of V (or U) by D is at most ep|V| = |[U|/n°.

Hence, in each iteration we pick O(pk) sets and at the end of iteration the number of
uncovered elements reduces by n°. U

Lemma 2.2.7. The ITERSETCOVER algorithm computes a set cover of (U, F), whose size

is within a O(p/6) factor of the size of an optimal cover with probability at least 1 —m'~¢/4.

Proof: Consider the run of ITERSETCOVER for which the value of k is between |OPT| and
2|OPT|. In each of the (1/0) iterations made by the algorithm, by Lemma 2.2.6, the number
of uncovered elements decreases by a factor of n® where n is the number of initial elements
to be covered by the sets. Moreover, the number of sets picked in each iteration is O(pk).
Thus after (1/6) iterations, all elements would be covered and the total number of sets in
the solution is O(p|OPT|/d). Moreover by Lemma 2.2.6, the success probability of all the

iterations, is at least 1 — 5m+/4 >1—(1/m)i 0
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Theorem 2.2.8. The ITERSETCOVER(U, F,0) algorithm makes 2/8 passes, uses O(mn®)
memory space, and finds a O(p/d)-approxzimate solution of the Set Cover problem with high
probability.

Furthermore, given enough number of passes the ITERSETCOVER algorithm matches
the known lower bound on the memory space of the streaming Set Cover problem up to a

polylog(m) factor where m is the number of sets in the input.

Proof: The first part of the proof implied by Lemma 2.2.1, Lemma 2.2.2, and Lemma 2.2.7.
As for the lower bound, note that by a result of Nisan [146], any randomized (‘%2)-
approximation protocol for Set Cover(l/, F) in the one-way communication model requires

2(m) bits of communication, no matter how many number of rounds it makes. This implies

logn

&™)-approximation algorithm for Set Cover(l, F) re-

that any randomized O(logn)-pass, (

quires 2(m) space, even under the exponential computational power assumption.

By the above, the ITERSETCOVER algorithm makes O(1/§) passes and uses O(mn?)

space to return a O(%)—approximate solution under the exponential computational power

logn

assumption (p = 1). Thus by letting 6 = ¢/logn, we will have a (=5*)-approximation

streaming algorithm using 5(m) space which is optimal up to a factor of polylog(m). O

Theorem 2.2.8 provides a strong indication that our trade-off algorithm is optimal.

2.3. Lower Bound for Single Pass Algorithms

In this section, we study the Set Cover problem in the two-party communication model and
give a tight lower bound on the communication complexity of the randomized protocols
solving the problem in a single round. In the two-party SetCover, we are given a set of
elements U and there are two players Alice and Bob where each of them has a collection of
subsets of U, F4 and Fp. The goal for them is to find a minimum size cover C C F4 U Fpg
covering U while communicating the fewest number of bits from Alice to Bob (In this model
Alice communicates to Bob and then Bob should report a solution).

Our main lower bound result for the single pass protocols for Set Cover is the following
theorem which implies that the naive approach in which one party sends all of its sets to the

the other one is optimal.
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Theorem 2.3.1. Any single round randomized protocol that approzimates Set Cover(U, F)
within a factor better than 3/2 and error probability O(m~°) requires Q(mn) bits of commu-

nication where n = |U| and m = |F| and c is a sufficiently large constant.

We consider the case in which the parties want to decide whether there exists a cover of
size 2 for U in F4 U Fp or not. If any of the parties has a cover of size at most 2 for I, then
it becomes trivial. Thus the question is whether there exist S, € F4 and .S, € Fg such that
U S,US,.

A key observation is that to decide whether there exist S, € F4 and S, € Fp such that
U C S,US,, one can instead check whether there exists S, € F4 and S, € Fp such that
Sa NSy = 0. In other words we need to solve OR of a series of two-party Set Disjointness
problems. In two-party Set Disjointness problem, Alice and Bob are given subsets of U, S,
and S, and the goal is to decide whether S, N.S, is empty or not with the fewest possible
bits of communication. Set Disjointness is a well-studied problem in the communication
complexity and it has been shown that any randomized protocol for Set Disjointness with
O(1) error probability requires £2(n) bits of communication where n = [U| [27, 111, 153].

We can think of the following extensions of the Set Disjointness problem.

I. Many vs One: in this variant, Alice has m subsets of U, F4 and Bob is given a single set

Sp. The goal is to determine whether there exists a set S, € F4 such that S, NS, = 0.

II. Many vs Many: in this variant, each of Alice and Bob are given a collection of subsets
of U and the goal for them is to determine whether there exist S, € F4 and S, € Fp
such that S, NS, = 0.

Note that deciding whether two-party SetCover has a cover of size 2 is equivalent to
solving the (Many vs Many)-Set Disjointness problem. Moreover, any lower bound for
(Many vs One)-Set Disjointness clearly implies the same lower bound for the (Many vs
Many)-Set Disjointness problem. In the following theorem we show that any single-round
randomized protocol that solves (Many vs One)-Set Disjointness(m, n) with O(m™¢) error

probability requires Q(mn) bits of communication.

Theorem 2.3.2. Any randomized protocol for (Many vs One)-Set Disjointness(m, n) with
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error probability that is O(m™°) requires Q(mn) bits of communication if n > ¢; logm where

c and cy are large enough constants.

The idea is to show that if there exists a single-round randomized protocol for the problem
with o(mn) bits of communication and error probability O(m~°), then with constant proba-
bility one can distinguish ©(2™") distinct inputs using o(mn) bits which is a contradiction.

Suppose that Alice has a collection of m uniformly and independently random subsets of
U (in each of her subsets the probability that e € U is in the subset is 1/2). Lets assume that
there exists a single round protocol I for (Many vs One)-Set Disjointness(n, m) with error
probability O(m~°) using o(mn) bits of communication. Let EXISTSDISJ be Bob’s algorithm
in protocol I. Then we show that one can recover mn random bits with constant probability
using EXI1STSDISJ subroutine and the message s sent by the first party in protocol I. The
RECOVERBIT which is shown in Algorithm 2, is the algorithm to recover random bits using
protocol I and EXISTSDISJ.

To this end, Bob gets the message s communicated by protocol I from Alice and considers
all subsets of size c; logm and c¢; logm + 1 of U. Note that s is communicated only once and
thus the same s is used for all queries that Bob makes. Then at each step Bob picks a random
subset Sy of size ¢, logm of U and solve the (Many vs One)-Set Disjointness problem with
input (Fa,S,) by running EX1STSDISI(s, Sp). Next we show that if .S, is disjoint from a set
in F4, then with high probability there is ezactly one set in F4 which is disjoint from .5,
(see Lemma 2.3.3). Thus once Bob finds out that his query, S, is disjoint from a set in Fju,
he can query all sets S;” € {S, Uele € U \ Sy} and recover the set (or union of sets) in Fu
that is disjoint from S,. By a simple pruning step we can detect the ones that are union of
more than one set in F4 and only keep the sets in Fj4.

In Lemma 2.3.6, we show that the number of queries that Bob is required to make to

recover F, is O(m°) where c is a constant.

Lemma 2.3.3. Let S, be a random subset of U of size clogm and let Fa be a collection
of m random subsets of U. The probability that there exists exactly one set in Fa that is

disjoint from Sy is at least ﬁ
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Algorithm 2 RECOVERBIT uses a protocol for (Many vs One)-Set Disjointness(m,n) to
recover Alice’s sets, F4 in Bob’s side.

1: procedure RECOVERBIT(U, s)
2: Fo 0

3 for i =1 to m“logm do

4 let Sy be a random subset of U of size c; logm
5 if ExisTsDiIsi(s, S,) = true then

6: > discovering the set (or union of sets)

7 > in F4 disjoint from .S,

8 S <0

9: forec U\ S, do

10: if ExisTsDIsI(S, Ue,s) = false then
11: S+ SUe

12: if 35" € F, s.t. S C S’ then > pruning step
13: Fo— Fo\ {9}

14: Fo+— F,U{S}

15: else if A5’ € F, s.t. S’ C S then

16: Fo — F,U{S}

17: return f,

Proof: The probability that 5 is disjoint from exactly one set in F, is

Pr(S, is disjoint from > 1 set in F4) — Pr(S, is disjoint from > 2 sets in F,)

1. ctog M\ 1 oeog 1
“\clogm Z)2clogm ~, )
G- (5) gz

v

First we prove the first term in the above inequality. For an arbitrary set S € F4, since any
element is contained in S with probability %, the probability that S is disjoint from Sj is
(1/2)clogm‘

Pr(S, is disjoint from at least one set in F,) > 27¢1°8™,

Moreover since there exist (”21) pairs of sets in F4, and for each Sy, Sy € Fj4, the probability

that S; and S, are disjoint from S, is m=2¢,

Pr(S, is disjoint from at least two sets in Fj) < m~ (22, O

A family of sets M is called intersecting if and only if for any sets A, B € M either both
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A\ B and B\ A are non-empty or both A\ B and B\ A are empty; in other words, there
exists no A, B € M such that A C B. Let F4 be a collection of subsets of . We show
that with high probability after testing O(m¢) queries for sufficiently large constant ¢, the
RECOVERBIT algorithm recovers F4 completely if F, is intersecting. First we show that

with high probability the collection F, is intersecting.

Observation 2.3.4. Let F4 be a collection of m uniformly random subsets of U where

U| > clogm. With probability at least 1 —m~=/**2, Fy is an intersecting family.

Proof: The probability that S; C Sy is (%)" and there are at most m(m — 1) pairs of sets in
Fa. Thus with probability at least 1 — m?(3)" > 1 —1/mi~%, F, is intersecting. O

Observation 2.3.5. The number of distinct inputs of Alice (collections of random subsets

of U), that is distinguishable by RECOVERBIT is Q(2™").

Proof: There are 2™ collections of m random subsets of &{. By Observation 2.3.4, Q(2"")
of them are intersecting. Since we can only recover the sets in the input collection and not
their order, the distinct number of input collection that are distinguished by RECOVERBIT

is Q(£5) which is Q(2™") for n > clogm. O

m!
By Observation 2.3.4 and only considering the case such that F, is intersecting, we have the

following lemma.

Lemma 2.3.6. Let Fa be a collection of m uniformly random subsets of U and suppose
that |[U| > clogm. After testing at most m¢ queries, with probability at least (1 — %)pmc,
Fa is fully recovered, where p is the success rate of protocol I for the (Many vs One)-Set

Disjointness problem.

Proof: By Lemma 2.3.3, for each S, C U of size ¢;logm the probability that S, is disjoint

from exactly one set in a random collection of sets F, is at least 1/mc+1. Given Sy is disjoint

from exactly one set in F4, due to symmetry of the problem, the chance that S, is disjoint
1

from a specific set S € Fy4 is at least — . After am®t2log m queries where « is a large

enough constant, for any S € F4, the probability that there is not a query S, that is only

e . c1+2 _
disjoint from S is at most (1 — —Lpy )™ logm L gmalogm — L
mecl m

Thus after trying am®*2logm queries, with probability at least (1 — Qm%) > (11— %),
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for each S € F4 we have at least one query that is only disjoint from S (and not any other
sets in Fu \ S5).

Once we have a query subset S, which is only disjoint from a single set S € F4, we can
ask n —clogm queries of size c; logm+1 and recover S. Note that if S is disjoint from more
than one sets in F,4 simultaneously, the process (asking n—clogm queries of size ¢; logm+1)
will end up in recovering the union of those sets. Since F4 is an intersecting family with
high probability (Observation 2.3.4), by pruning step in the RECOVERBIT algorithm we are
guaranteed that at the end of the algorithm, what we returned is exactly F4. Moreover the

total number of queries the algorithm makes is at most

c1+2 c1+3

n X (am logm) < am logm < m*

for ¢ > ¢y + 4.

mec

Thus after testing m® queries, F4 will be recovered with probability at least (1 — %)p
where p is the success probability of the protocol I for (Many vs One)-Set Disjointness(m, n).]

Corollary 2.3.7. Let I be a protocol for (Many vs One)-Set Disjointness(m, n) with error
probability O(m=°) and s bits of communication such that n > clogm for large enough c.
Then RECOVERBIT recovers Fa with constant success probability using s bits of communi-

cation.

By Observation 2.3.5, since RECOVERBIT distinguishes Q(2™") distinct inputs with con-

stant probability of success (by Corollary 2.3.7), the size of message sent by Alice, should be
Q(mn). This proves Theorem 2.3.2.

Proof of Theorem 2.3.1: As we showed earlier, the communication complexity of (Many vs
One)-Set Disjointness is a lower bound for the communication complexity of Set Cover.
Theorem 2.3.2 showed that any protocol for (Many vs One)-Set Disjointness(n, | F4)| with
error probability less than O(m~°) requires (mn) bits of communication. Thus any single-
round randomized protocol for Set Cover with error probability O(m~¢) requires Q(mn) bits

of communication. O

Since any p-pass streaming «-approximation algorithm for problem P that uses O(s)
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memory space, is a p-round two-party a-approximation protocol for problem P using O(sp)
bits of communication |88], and by Theorem 2.3.1, we have the following lower bound for

Set Cover problem in the streaming model.

Theorem 2.3.8. Any single-pass randomized streaming algorithm for Set Cover(U, F) that
computes a (3/2)-approzimate solution with probability Q(1 —m™°) requires Q(mn) memory

space (assuming n > c1logm).

2.4. Geometric Set Cover

In this section, we consider the streaming Set Cover problem in the geometric settings. We
present an algorithm for the case where the elements are a set of n points in the plane R?
and the m sets are either all disks, all axis-parallel rectangles, or all a-fat triangles (which for
simplicity we call shapes) given in a data stream. As before, the goal is to find the minimum
size cover of points from the given sets. We call this problem the Points-Shapes Set Cover
problem.

Note that, the description of each shape requires O(1) space and thus the Points-Shapes
Set Cover problem is trivial to be solved in O(m + n) space. In this setting the goal is to
design an algorithm whose space is sub-linear in O(m + n). Here we show that almost the
same algorithm as ITERSETCOVER (with slight modifications) uses O(n) space to find an

O(p)-approximate solution of the Points-Shapes Set Cover problem in constant passes.

2.4.1. Preliminaries

A triangle A is called a-fat (or simply fat) if the ratio between its longest edge and its height
on this edge is bounded by a constant o > 1 (there are several equivalent definitions of a-fat
triangles).

Definition 2.4.1. Let (U, F) be a set system such that ¢ is a set of points and F is a
collection of shapes, in the plane R%. The canonical representation of (U, F) is a collection F’
of regions such that the following conditions hold. First, each S’ € " has O(1) description.
Second, for each S’ € F', there exists S € F such that S’NU C S NU. Finally, for each
S € F, there exists ¢ sets S,---, 5, € F' such that SNU = (SU---US, ) NU for some

constant c;.
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The following two results are from [68] which are the formalization of the ideas in [15].

Lemma 2.4.2. (Lemma 4.18 in [68]) Given a set of points U in the plane R? and a parameter
w, one can compute a set F.., of O(|U|w*log [U|) azis-parallel rectangles with the following
property. For an arbitrary axis-parallel rectangle S that contains at most w points of U, there

exist two axis-parallel rectangles Sy, Sy € F

tota
U as S, ie., SNU = (S]USH) NU.

| whose union has the same intersection with

Lemma 2.4.3. (Theorem 5.6 in [68]) Given a set of points U in R?, a parameter w and
a constant o, one can compute a set Fi., of O(|U|w*log® |U|) regions each having O(1)
description with the following property. For an arbitrary a-fat triangle S that contains at

most w points of U, there exist nine regions from F{ ., whose union has the same intersection

with U as S.
Using the above lemmas we get the following lemma.

Lemma 2.4.4. LetU be a set of points in R? and let F be a set of shapes (discs, azis-parallel
rectangles or fat triangles), such that each set in F contains at most w points of U. Then, in
a single pass over the stream of sets F, one can compute the canonical representation F' of
(U, F). Moreover, the size of the canonical representation is at most O(|U|w>log? |U|) and

the space requirement of the algorithm is O(|F'|) = O([U|w?).

Proof: For the case of axis-parallel rectangles and fat triangles, first we use Lemma 2.4.2 and
Lemma 2.4.3 to get the set F_._ offline which require O(F.,,,) = O(|U|w?log? [U|) memory
space. Then by making one pass over the stream of sets F, we can find the canonical
representation F' by picking all the sets S' € F/ ., such that S'NU C S NU for some
S € F. For discs however, we just make one pass over the sets F and keep a maximal subset
F' C F such that for each pair of sets S}, S, € F' their projection on U are different, i.e.,
SiNU # S,NU. By a standard technique of Clarkson and Shor [50], it can be proved that
the size of the canonical representation, i.e., |S’|, is bounded by O(|U|w?). Note that this is
just counting the number of discs that contain at most w points, namely the at most w-level

discs. 0
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2.4.2. Description of GEOMSC Algorithm

The outline of the GEOMSC algorithm (shown in Algorithm 3) is very similar to the ITER-
SETCOVER algorithm presented earlier in Section 2.2.

In the first pass, the algorithm picks all the sets that cover a large number of yet-uncovered
elements. Next, we sample S. Since we have removed all the ranges that have large size, in
the first pass, the size of the remaining ranges restricted to the sample S is small. Therefore
by Lemma 2.4.4, the canonical representation of (S, Fs) has small size and we can afford to
store it in the memory. We use Lemma 2.4.4 to compute the canonical representation Fs in
one pass. The algorithm then uses the sets in Fs to find a cover solg for the points of S.
Next, in one additional pass, the algorithm replaces each set in solg by one of its supersets
in F.

Finally, note that in ITERSETCOVER, we are assuming that the size of the optimal
solution is O(k). Thus it is enough to stop the iterations once the number of uncovered
elements is less than k. Then we can pick an arbitrary set for each of the uncovered elements.
This would add only k£ more sets to the solution. Using this idea, we can reduce the size of
the sampled elements down to cpk(%)(S log m log n which would help us in getting near-linear
space in the geometric setting. Note that the final pass of the algorithm can be embedded

into the previous passes but for the sake of clarity we write it separately.

2.4.3. Analysis

By a similar approach to what we used in Section 2.2 to analyze the pass count and approx-
imation guarantee of ITERSETCOVER algorithm, we can show that the number of passes of
the GEOMSC algorithm is 3/0 + 1 (which can be reduced to 3/0 with minor changes), and
the algorithm returns an O(p/d)-approximate solution. Next, we analyze the space usage
and the correctness of the algorithm. Note that our analysis in this section only works for

5§ < 1/4.
Lemma 2.4.5. The algorithm uses O(n) space.

Proof: Consider an iteration of the algorithm. The memory space used in the first pass of

each iteration is 5(71) The size of S is cpk(n/k)°logmlogn and after the first pass the size
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Algorithm 3 A streaming algorithm for the Points-Shapes Set Cover problem.

1: procedure GEOMSC((U, F),0d)

2 for k € {2/ 0 < i <logn} in parallel do > n = ||
3 let L < U and soL + 0

4: for i=1to1/0 do

5: for all S € F do > one pass
6

7

8

9

if |SNL|> [U|/k then
SOL <— SOL U {S}

L+~ L\S
: S < sample of L of size cpk(n/k)°logmlogn
10: Fs < COMPCANONICALREP(S, F, ‘%') > one pass
11: solg <— OFFLINESC(S, Fs)
12: for S € F do > one pass
13: if 35" € solgs.t. NS C SNS then
14: SOL <— sOL U {S}
15: solg < solc \ {9}
16: L+ L\S
17: for S € F do v final pass
18: if SNL=#0 then
19: SOL + SOL U {S}
20: L+ L\S
21: return smallest SOL computed in parallel

of each set is at most |U|/k. Thus using Chernoff bound for each set S € F \ soL,

U S 4|S 1
Prisns|> (1 +2)% X % < eXp(-%) < (E)CH-

Thus, with probability at least 1 —m~° (by the union bound), all the sets that are not picked
in the first pass, cover at most 3|S|/k = cp(n/k)° logmlogn elements of S. Therefore, we can
use Lemma 2.4.4 to show that the number of sets in the canonical representation of (S, Fs)
1s at most
3
3S| 2 _ 4 4 6
O(ISI| = ) log™[S]) = O(p"nlog” mlog"n),

as long as 6 < 1/4. To store each set in a canonical representation of (S, F) only constant

space is required. Moreover, by Lemma 2.4.4, the space requirement of the second pass is

O(|Fs|) = O(n). Therefore, the total required space is O(n) and the lemma follows. O

Theorem 2.4.6. Given a set system defined over a set U of n points in the plane, and a
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set of m ranges F (which are either all disks, azis-parallel rectangles, or fat triangles). Let
p be the quality of approrimation to the offline set-cover solver we have, and let 0 < § < 1/4
be an arbitrary parameter.

Setting 0 = 1/4, the algorithm GEOMSC with high probability returns an O(p)-approzimate
solution of the optimal set cover solution for the instance (U, F). This algorithm uses 5(71)

space, and performs constant passes over the data.

Proof: As before consider the run of the algorithm in which |OPT| < k < 2|OPT|. Let
V be the set of uncovered elements L at the beginning of the iteration and note that the
total number of sets that is picked during the iteration is at most (1 + c;p)k where ¢
is the constant defined in Definition 2.4.4. Let G denote all possible such covers, that is
G={F CF||F|<(1+cp)k}. Let H be the collection that contains all possible set of
uncovered elements at the end of the iteration, defined as H = {V\ Uge S | C € G}. Set
p = (k/n)’, ¢ = 1/2 and ¢ = m~°. Since for large enough c, %(10g|7—[|10g% + log%) <
cpk(n/k)°logmlogn = |S| with probability at least 1 — m~¢, by Lemma 2.2.5, the set of
sampled elements S is a relative (p,¢)-approximation sample of (V,H).

Let C C F be the collection of sets picked in the third pass of the algorithm that covers all
elements in S. By Lemma 2.4.4, |C| < ¢;pk for some constant ¢;. Since with high probability
S is a relative (p,)-approximation sample of (V,#), the number of uncovered elements of
V (or L) after adding C to SOL is at most ep|V| < |U|(k/n)’. Thus with probability at least
(1 — m=°), in each iteration and by adding O(pk) sets, the number of uncovered elements
reduces by a factor of (n/k)°.

Therefore, after 4 iterations (for 0 = 1/4) the algorithm picks O(pk) sets and with high
probability the number of uncovered elements is at most n(k/n)*? = k. Thus, in the final
pass the algorithm only adds k sets to the solution SOL, and hence the approximation factor

of the algorithm is O(p). O

Remark 2.4.7. The result of Theorem 2.4.6 is similar to the result of Agarwal and Pan [3]
— except that their algorithm performs O(log n) iterations over the data, while the algorithm
of Theorem 2.4.6 performs only a constant number of iterations. In particular, one can use

the algorithm of Agarwal and Pan [3] as the offline solver.
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Figure 2.5.1: (a) shows an example of the communication Set Chasing(4, 3) and (b) is an
instance of the communication Intersection Set Chasing(4, 3).

2.5. Lower bound for Multipass Algorithms

In this section we give lower bound on the memory space of multipass streaming algorithms
for the Set Cover problem. Our main result is Q(mn°) space for streaming algorithms that
return an optimal solution of the Set Cover problem in O(1/§) passes for m = O(n). Our
approach is to reduce the communication Intersection Set Chasing(n, p) problem introduced
by Guruswami and Onak [90] to the communication Set Cover problem.

Consider a communication problem P with n players P, --- , P,. The problem P is a
(n,7)-communication problem if players communicate in r rounds and in each round they
speak in order P;,---,P,. At the end of the rth round P, should return the solution.
Moreover we assume private randomness and public messages. In what follows we define the

communication Set Chasing and Intersection Set Chasing problems.

Definition 2.5.1. The Set Chasing(n, p) problem is a (p, p — 1) communication problem in
which the player i has a function f; : [n] — 2" and the goal is to compute flfa(-- ﬁ,({l}) )

where fi(S) = Useg fi(s). Figure 2.5.1(a) is an instance of the communication Set Chasing(4, 3).

Definition 2.5.2. The Intersection Set Chasing(n, p) is a (2p, p — 1) communication prob-
lem in which the first p players have an instance of the Set Chasing(n, p) problem and the
other p players have another instance of the Set Chasing(n, p) problem. The output of the In-
tersection Set Chasing(n, p) is 1 if the solutions of the two instances of the Set Chasing(n, p)
intersect and 0 otherwise. Figure 2.5.1(b) shows an instance of the Intersection Set Chasing
(4,3). The function f; of each player P; is specified by a set of directed edges form a copy of
vertices labeled {1,--- ,n} to another copy of vertices labeled {1,--- ,n}.

The communication Set Chasing problem is a generalization of the well-known commu-
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Figure 2.5.2: The gadgets used in the reduction of the communication Intersection Set
Chasing problem to the communication Set Cover problem. (a) and (c) shows the construc-
tion of the gadget for players 1 to p and (¢) and (d) shows the construction of the gadget for
players p + 1 to 2p.

nication Pointer Chasing problem in which player ¢ has a function f; : [n] — [n] and the

goal is to compute fi(fa(--- fp(1)--+)).

[90] showed that any randomized protocol that solves Intersection Set Chasing(n, p)

nl+1/(2p)

p61log®/2 n

with error probability less than 1/10, requires €( ) bits of communication where

logn

Toglogn” In Theorem 2.5.4, we reduce the communication

n is sufficiently large and p <
Intersection Set Chasing problem to the communication Set Cover problem and then give

the first superlinear memory lower bound for the streaming Set Cover problem.

Definition 2.5.3 (Communication Set Cover(U, F, p) Problem). The communication
Set Cover(n,p) is a (p,p — 1) communication problem in which a collection of elements U
is given to all players and each player ¢ has a collection of subsets of U, F;,. The goal is to
solve Set Cover(U, F; U --- U F,) using the minimum number of communication bits.

Theorem 2.5.4. Any (1/25—1) passes streaming algorithm that solves the Set Cover(U, F)

loglogn

optimally with constant probability of error requires ﬁ(mn‘s) memory space where § > g

and m = O(n).
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Consider an instance ISC of the communication Intersection Set Chasing(n,p). We con-
struct an instance of the communication Set Cover(U, F,2p) problem such that solving Set
Cover(U, F) optimally determines whether the output of ISC is 1 or not.

The instance ISC consists of 2p players. Each player 1,--- , p has a function f; : [n] — 2"
and each player p + 1,---,2p has a function f! : [n] — 2" (see Figure 2.5.1). In ISC, each
function f; is shown by a set of vertices v},--- ,v/" and v}, , v}, such that there is a
directed edge from vf L to vf if and only if ¢ € fi(j). Similarly, each function f/ is denoted
by a set of vertices u},--- ,uf and u},, - ,uf,, such that there is a directed edge from u?,,
to uf if and only if £ € f/(j) (see Figure 2.5.4(a) and Figure 2.5.4(b)).

In the corresponding communication SetCover instance of ISC, we add two elements
J

in(v]

7) and out(v!) per each vertex v) where i < p+ 1,5 < n. We also add two elements

in(u!) and out(u!) per each vertex u! where i < p+1,j < n. In addition to these elements,
for each player i, we add an element e; (see Figure 2.5.4(c) and Figure 2.5.4(d)).
Next, we define a collection of sets in the corresponding Set Cover instance of ISC. For

each player P;, where 1 < i < p, we add a single set S? containing out(v/, ) and in(v{) for

J 14

all out-going edges (v ,,v;). Moreover, all Sz-j sets contain the element e;. Next, for each

vertex v/ we add a set R that contains the two corresponding elements of v/, in(v}) and
out(v}). In Figure 2.5.4(c), the red rectangles denote R-type sets and the curves denote
S-type sets for the first half of the players.

Similarly to the sets corresponding to players 1 to p, for each player P,y; where 1 <7 <p,

we add a set S,

containing in(u}) and out(uf,,) for all in-coming edges (uf, ,u}) of u]
(denoting f/7'(4)). The set Sjﬂ- contains the element e,,; too. Next, for each vertex u! we

p
add a set T”

».i that contains the two corresponding elements of u!, in(u!) and out(u)). In

Figure 2.5.4(d), the red rectangles denote T-type sets and the curves denote S-type sets for
the second half of the players.

At the end, we merge vis and uls as shown in Figure 2.5.3. After merging the corre-
sponding sets of vJs (R}, .- R?) and the corresponding sets of u/s (T}},---, T1), we call
the merged sets T}, --- , T

The main claim is that if the solution of ISC is 1 then the size of an optimal solution of

its corresponding Set Cover instance SC is (2p + 1)n + 1; otherwise, it is (2p + 1)n + 2.
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Figure 2.5.3: In (b) two Set Chasing instances merge in their first set of vertices and (c)
shows the corresponding gadgets of these merged vertices in the communication Set Cover.

R R A L % ﬁ]x,ﬂ@

(a) (b)
Figure 2.5.4: In (a), path @ is shown with black dashed arcs and (b) shows the correspond-
ing cover of path Q.

Lemma 2.5.5. The size of any feasible solution of SC is at least (2p + 1)n + 1.

Proof: For each playeri (1 < i < p), since out(vgﬂ)s are only covered by R;H and S/, at least

n sets are required to cover out(v},,),--- ,out(vf" ). Moreover for player P,, since in(viﬂ)s
are only covered by Rgﬂ and e, is only covered by S}, all n41sets R}, \,--- , R} ;, S} must

be selected in any feasible solution of SC.

Similarly for each player p+i (1 < i < p), since in(u!)s are only covered by TV and 7 ,, at

p+i?
. . 1 . n : : 1 n
least n sets are required to cover in(u;),--- ,in(u}). Moreover, considering wu,, 1, -, uy 4,
: 3 J 3 J 1 n :
since in(uy,,) is only covered by T3, ,, all n sets T,,,,---, T, must be selected in any

feasible solution of SC.

All together, at least (2p+ 1)n+1 sets should be selected in any feasible solution of SC.[J

Lemma 2.5.6. Suppose that the solution of ISC is 1. Then the size of an optimal solution
of its corresponding Set Cover instance is exactly (2p + 1)n + 1.

Proof: By Lemma 2.5.5, the size of an optimal solution of S is at least (2p + 1)n + 1.
Here we prove that (2p + 1)n + 1 sets suffice when the solution of ISC is 1. Let @ =
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Upy1s Y T L T T R U u,,,, be a path in ISC such that j; = £, (since the solu-
tion of ISC is 1 such a path exists). The corresponding solution to @) can be constructed as

follows (See Figure 2.5.4):

e Pick S and all RI{HS (n + 1 sets).

e For each vf in () where 1 <1 < p, pick the set Sfil in the solution. Moreover, for each
such i pick all sets R/ where j # j; (n(p — 1) sets).

e For v' (or u''), pick the set Sgﬂrl. Moreover, pick all sets T where j # j; (n sets).

e For each uf in () where 1 <1 < p, pick the set Sﬁiri in the solution. Moreover, for each
such i pick all sets T where ¢ # {; (n(p — 1) sets).

e Pick all Tgﬂs (n sets).

It is straightforward to see that the solution constructed above is a feasible solution. 0

Lemma 2.5.7. Suppose that the size of an optimal solution of the corresponding Set Cover

instance of ISC, SC, is (2p + 1)n+ 1. Then the solution of ISC is 1.

Proof: Aswe proved earlier in Lemma 2.5.5, any feasible solution of SC picks R; s Ry, S;
and Tp1+1, -+, T7'.;. Moreover, we proved that for each 1 < ¢ < p, at least n sets should
be selected from R}, ,---, R, S}, ---, S Similarly, for each 1 < i < p, at least n sets
should be selected from T},--- T, S},,,---, Sy, . Thus if a feasible solution of SC, OPT,
is of size (2p + 1)n + 1, it has exactly n sets from each specified group.

Next we consider the first half of the players and second half of the players separately.
Consider 7 such that 1 < i < p. Let S‘Zl, e ,Sg’“ be the sets picked in the optimal solution
(because of e; there should be at least one set of form S? in OPT). Since each out(vy,,)
is only covered by S} and Rl ,, for all j ¢ {ji,...,jx}, R, should be selected in OPT.
Moreover, for all j € {j1, - ,Jx}, R{H should not be contained in OPT (otherwise the size
of OPT would be larger than (2p + 1)n + 1). Consider j € {ji,...,jx}. Since Rl , is not
in OPT, there should be a set SZ,; selected in OP'T such that in(vgﬂ) is contained in Sf, ;.
Thus by considering S;s in a decreasing order and using induction, if Sf is in OPT then vfﬂ

: 1
is reachable form v, ;.

Next consider a set S . that is selected in OPT (1 < i < p). By similar argument,

i
T/ is not in OPT and there exists a set S.,, , (or S{ if i = 1) in OPT such that out(u)

? p
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. . . 0 2 ly . .
is contained in S, ;. Let w;ly,---, w5, be the set of vertices whose corresponding out

elements are in S; +i- Then by induction, there exists an index r such that vy is reachable

from v; 41 and uj is also reachable from all uf}rl, e ,ufil. Moreover, the way we constructed
the instance SC guarantees that all sets S, --- , S5, contains out(u, ). Hence if the size of
an optimal solution of SCis (2p + 1)n + 1 then the solution of ISC is 1. O

Corollary 2.5.8. Intersection Set Chasing(n, p) returns 1 if and only if the size of optimal

solution of its corresponding Set Cover instance (as described here) is (2p + 1)n + 1.

Observation 2.5.9. Any streaming algorithm for Set Cover, Z, that in ¢ passes solves the
problem optimally with a probability of error err and consumes s memory space, solves the
corresponding communication Set Cover problem in ¢ rounds using O(sl?) bits of communi-

cation with probability error err.

Proof: Starting from player P;, each player runs Z over its input sets and once P; is done
with its input, she sends the working memory of Z publicly to other players. Then next
player starts the same routine using the state of the working memory received from the
previous player. Since Z solves the Set Cover instance optimally after ¢ passes using O(s)
space with probability error err, applying Z as a black box we can solve P in ¢ rounds using

O(sf?) bits of communication with probability error err. d

Proof of Theorem 2.5.4: By Observation 2.5.9, any ¢-round O(s)-space algorithm that solves
streaming Set Cover (U, F) optimally can be used to solve the communication Set Cover(U, F, p)
problem in ¢ rounds using O(sf?) bits of communication. Moreover, by Corollary 2.5.8, we
can decide the solution of the communication Intersection Set Chasing(n, p) by solving its
corresponding communication Set Cover problem. Note that while working with the corre-
sponding Set Cover instance of Intersection Set Chasing(n, p), all players know the collection
of elements U and each player can construct its collection of sets F; using f; (or f/).

However, by a result of [90], we know that any protocol that solves the communication

Intersection Set Chasing(n,p) problem with probability of error less than 1/10, requires

o nl+1/(2p)

W) bits of communication. Since in the corresponding Set Cover instance of the

communication Intersection Set Chasing(n,p), |[U| = (2p + 1) x 2n 4+ 2p = O(np) and
|IF| < (2p+ 1)n + 2pn = O(np), any (p — 1)-pass streaming algorithm that solves the
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Set Cover problem optimally with a probability of error at most 1/10, requires £2(

bits of communication. Then using Observation 2.5.9, since 0 > ﬁilﬂ, any (% — 1)-pass
gn
streaming algorithm of Set Cover that finds an optimal solution with error probability less

than 1/10, requires Q(|F| - [U|°) space. O

2.6. Lower Bound for Sparse Set Cover in Multiple Passes

In this part we give a stronger lower bound for the instances of the streaming Set Cover
problem with sparse input sets. An instance of the Set Cover problem is s-Sparse Set Cover,
if for each set S € F we have |S| < s. We can us the same reduction approach described
earlier in Section 2.5 to show that any (1/2§ — 1)-pass streaming algorithm for s-Sparse Set
Cover requires Q(|F|s) memory space if s < [U|® and F = O(U). To prove this, we need
to explain more details of the approach of [90] on the lower bound of the communication
Intersection Set Chasing problem. They first obtained a lower bound for Equal Pointer
Chasing(n, p) problem in which two instances of the communication Pointer Chasing(n, p)
are given and the goal is to decide whether these two instances point to a same value or not;
folo- @) ) = f (- 1))

Definition 2.6.1 (r-non-injective functions). A function f : [n] — [n] is called r-non-
injective if there exists A C [n] of size at least r and b € [n] such that for all a € A,
f(a) =b.

Definition 2.6.2 (Pointer Chasing Problem). Pointer Chasing(n,p) is a (p, p — 1) com-

munication problem in which the player i has a function f; : [n] — [n] and the goal is to
compute fi(fa(--- fp(1)---))-
Definition 2.6.3 (Equal Limited Pointer Chasing Problem). Equal Pointer Chasing(n, p)

is a (2p,p — 1) communication problem in which the first p players have an instance of the
Pointer Chasing(n, p) problem and the other p players have another instance of the Pointer
Chasing(n, p) problem. The output of the Equal Pointer Chasing(n, p) is 1 if the solutions
of the two instances of Pointer Chasing(n, p) have the same value and 0 otherwise. Further-
more in another variant of pointer chasing problem, Equal Limited Pointer Chasing(n, p,r),

if there exists r-non-injective function f;, then the output is 1. Otherwise, the output is the
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same as the value in Equal Pointer Chasing(n, p).

For a boolean communication problem P, OR;(P) is defined to be OR of ¢ instances of P
and the output of OR;(P) is true if and only if the output of any of the ¢ instances is true.
Using a direct sum argument, [90] showed that the communication complexity of OR,(Equal
Limited Pointer Chasing(n, p, 7)) is ¢ times the communication complexity of Equal Limited

Pointer Chasing(n, p, 7).

Lemma 2.6.4 ([90]). Let n, p, t and r be positive integers such that n > 5p, t < % and
r = O(logn). Then the amount of bits of communication to solve OR,(Equal Limited
Pointer Chasing(n, p,r)) with error probability less than 1/3 is Q( 161ogn) O(pt?).

Lemma 2.6.5 ([90]). Let n, p, t and r be positive integers such that t*rP~! < n/10. Then
if there is a protocol that solves Intersection Set Chasing(n, p) with probability of error less
than 1/10 using C' bits of communication, there is a protocol that solves OR;(Equal Lim-
ited Pointer Chasing(n, p,r)) with probability of error at most 2/10 using C' + 2p bits of

communication.

Consider an instance of OR,(Equal Limited Pointer Chasing (n,p,r)) in which ¢t < n’,r =
log(n),p = 55 — 1 where 3 = o(logn). By Lemma 2.6.4, the required amount of bits of com-
munication to solve the instance with constant success probability is ﬁ(tn) Then,applying
Lemma 2.6.5, to solve the corresponding Intersection Set Chasing, ﬁ(tn) bits of communi-
cation is required.

In the reduction from OR;(Equal Limited Pointer Chasing(n, p,r)) to Intersection Set
Chasing(n, p) (proof of Lemma 2.6.5), the r-non-injective property is preserved. In other
words, in the corresponding Intersection Set Chasing instance each player’s functions f; :
[n] — 2I" is union of ¢ r-non-injective functions fi(a) := fi1(a) U--- U fi;(a)*. Given that
none of the f;; functions is r-non-injective, the corresponding Set Cover instance will have
sets of size at most rt (S-type sets are of size at most ¢ for 1 < i < p and of size at most rt for
p+1<i<2p). Since r = O(logn), the corresponding Set Cover instance is O(t)-sparse. As

we showed earlier in the reduction from Intersection Set Chasing to Set Cover, the number

“The Intersection Set Chasing instance is obtained by overlaying the ¢ instances of Equal Pointer
Chasing(n,p,r). To be more precise, the function of player i in instance j is m;; o fi; o w4 4 (m are
randomly chosen permutation functions) and then stack the functions on top of each other.
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of elements (and sets) in the corresponding Set Cover instance is O(np). Thus we have the

following result for s-Sparse Set Cover problem.

Theorem 2.6.6. Fors < [U[°, any streaming algorithm that solves s-Sparse Set Cover(U, F)

1

optimally with probability of error less than 1/10 in (55 — 1) passes requires ﬁ(]}"\s) memory

space for F = OU).
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Chapter 3

Streaming Fractional Set Cover

3.1. Introduction

The LP relaxation of Set Cover (called SetCover-LP) is a continuous relaxation of the prob-
lem where each set S € F can be selected “fractionally”; i.e., assigned a number xg from
[0, 1], such that for each element e its “fractional coverage” > g .o 2s is at least 1, and the
sum ) ¢ xg is minimized.

Despite the significant developments in streaming Set Cover [67, 42, 61, 97, 20, 29, 17],
the results for the fractional variant of the problem are still unsatisfactory. To the best of
our knowledge, it is not known whether there exists an efficient and accurate algorithm for
this problem that uses only a logarithmic (or even a poly logarithmic) number of passes.
This state of affairs is perhaps surprising, given the many recent developments on fast LP
solvers [119, 174, 124, 12, 11, 167|. To the best of our knowledge, the only prior results on
streaming Packing/Covering LPs were presented in [6], which studied the LP relaxation of

Maximum Matching.

3.1.1. Our Results

In this chapter, we present the first (1 + ¢)-approximation algorithm for the fractional
Set Cover in the streaming model with constant number of passes. Our algorithm performs
p passes over the data stream and uses 5(mno(56) + n) memory space to return a (1 + ¢)

approximate solution of the LP relaxation of Set Cover for positive parameter ¢ < 1/2.
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We emphasize that similarly to the previous work on variants of Set Cover in streaming
setting, our result also holds for the edge arrival stream in which the pair of (5;, e;) (edges)
are stored in the read-only repository and all elements of a set are not necessarily stored

consecutively.

3.1.2. Other Related Work

Set Cover. The SetCover problem was first studied in the streaming model in [155],
which presented an O(logn)-approximation algorithm in O(logn) passes and using O(n)
space. This approximation factor and the number of passes can be improved to O(logn)
by adapting the greedy algorithm thresholding idea presented in [56] . In the low space
regime (O(n) space), Emek and Rosen [67] designed a deterministic single pass algorithm
that achieves an O(y/n)-approximation. This is provably the best guarantee that one can
hope for in a single pass even considering randomized algorithms. Later Chakrabarti and
Wirth [12] generalized this result and provided a tight trade-off bounds for SetCover in
multiple passes. More precisely, they gave an O(pn!/P+Y)-approximate algorithm in p-
passes using 5(n) space and proved that this is the best possible approximation ratio up to
a factor of poly(p) in p passes and 5(71) space.

A different line of work started by Demaine et al. [61] focused on designing a “low” ap-
proximation algorithm (between ©(1) and ©(logn)) in the smallest possible amount of space.
In contrast to the results in the O(n) space regime, [61] showed that randomness is neces-
sary: any constant pass deterministic algorithm requires Q(mn) space to achieve constant
approximation guarantee. Further, they provided a O(4?logn)-approximation algorithm
that makes O(47) passes and uses O(mn/? + n). Later Har-Peled et al. [97] improved the
algorithm to a 2p-pass O(plogn)-approximation with memory space O(mn/? + n)'. The
result was further improved by Bateni et al. where they designed a p-pass algorithm that
returns a (1 + ¢) log n-approximate solution using mn®/?) memory [29)].

As for the lower bounds, Assadi et al. [20] presented a lower bound of 2(mn/«) memory
for any single pass streaming algorithm that computes a a-approxime solution. For the prob-

lem of estimating the size of an optimal solution they prove Q(mn/a?) memory lower bound.

!In streaming model, space complexity is of interest and one can assume exponentital computation power.
In this case the algorithms of [61, 97] save a factor of logn in the approximation ratio.
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For both settings, they complement the results with matching tight upper bounds. Further-
more, Assadi [17] proved a lower bound on the space complexity of streaming algorithms for
Set Cover with multiple passes which is tight up to polylog factors: any a-approximation
algorithm for SetCover requires Q(mn'/®) space, even if it is allowed polylog(n) passes
over the stream, and even if the sets are arriving in a random order in the stream. Fur-

ther, [17] provided the matching upper bound: a (2« + 1)-pass algorithm that computes a

mnl/n
82

«a + ¢)-approximate solution in 0 + 2) memory (assuming exponential computationa
imate solution in O 2 y g tial tational

resource).

Maximum Coverage. The first result on streaming Max k-Cover showed how to com-
pute a (1/4)-approximate solution in one pass using O(kn) space [155]. It was improved
by Badanidiyuru et al. [22] to a (1/2 — )-approximation algorithm that requires O(n/e)
space. Moreover, their algorithm works for a more general problem of Submodular Max-
imization with cardinality constraints. This result was later generalized for the problem
of non-monotone submodular maximization under constraints beyond cardinality [16]. Re-
cently, McGregor and Vu [131| and Bateni et al. |29] independently obtained single pass
(1 — 1/e — ¢)-approximation with O(m/e2) space. On the lower bound side, [131] showed
a lower bound of fNZ(m) for constant pass algorithm whose approximation is better than
(1 —1/e). Moreover, [17] proved that any streaming (1 — €)-approximation algorithm of
Max k-Cover in polylog(n) passes requires Q(m/sz) space even on random order streams
and the case k = O(1). This bound is also complemented by the O(mk/e2) and O(m/<®)
algorithms of [29, 131]|. For more detailed survey of the results on streaming Max k-Cover

refer to [29, 131, 17, 107].

Covering/Packing LPs. The study of LPs in streaming model was first discussed in the
work of Ahn and Guha [6] where they used multiplicative weights update (MWU) based tech-
niques to solve the LP relaxation of Maximum (Weighted) Matching problem. They used
the fact that MWU returns a near optimal fractional solution with small size support: first
they solve the fractional matching problem, then solve the actual matching only considering

the edges in the support of the returned fractional solution.
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Our algorithm is also based on the MWU method, which is one of the main key techniques
in designing fast approximation algorithms for Covering and Packing LPs [150, 173, 76, 16].
We note that the MWU method has been previously studied in the context of streaming and
distributed algorithms, leading to efficient algorithms for a wide range of graph optimization
problems [6, 23, 7].

For a related problem, covering integer LP (covering ILP), Assadi et al. [20] designed
a one pass streaming algorithm that estimates the optimal solution of {minc'x | ATx >
b,x € {0,1}"} within a factor of « using 6(% “bmax + M + 1 - byax) Where by, denotes the
largest entry of b. In this problem, they assume that columns of A, constriants, are given
one by one in the stream.

In a different regime, [65] studied approximating the feasibility LP in streaming model
with additive approximation. Their algorithm performs two passes and is most efficient when

the input is dense.

3.1.3. Our Techniques

Preprocessing. Let k£ denote the value of the optimal solution. The algorithm starts by
picking a uniform fractional vector (each entry of value O(£)) which covers all frequently
occurring elements (those appearing in (%) sets), and updates the uncovered elements in
one pass. This step considerably reduces the memory usage as the uncovered elements have
now lower occurrence (roughly 7). Note that we do not need to assume the knowledge of

the correct value k: in parallel we try all powers of (1 + ), denoting our guess by ¢.

Multiplicative Weight Update (MWU). To cover the remaining elements, we employ
the MWU framework and show how to implement it in the streaming setting. In each
iteration of MWU, we have a probability distribution p corresponding to the constraints
(elements) and we need to satisfy the average covering constraint. More precisely, we need
an oracle that assigns values to zg for each set S so that > psxs > 1 subject to ||x[|; <,
where pg is the sum of probabilities of the elements in the set S. Then, the algorithm
needs to update p according to the amount each element has been covered by the oracle’s

solution. The simple greedy realization of the oracle can be implemented in the streaming
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setting efficiently by computing all ps while reading the stream in one pass, then choosing
the heaviest set (i.e., the set with largest pg) and setting its xg to ¢. This approach works,
except that the number of rounds T required by the MWU framework is large. In fact,

T = Q(d’l;g”), where ¢ is the width parameter (the maximum amount an oracle solution

may over-cover an element), which is ©(¢) in this naive realization. Next, we show how to

decrease T' in two steps.

Step 1. A first hope would be that there is a more efficient implementation of the oracle
which gives a better width parameter. Nonetheless, no matter how the oracle is implemented,
if all sets in F contain a fixed element e, then the width is inevitably €2(¢). This observation
implies that we need to work with a different set system that has small width, but at the
same time, it has the same objective value as of the optimal solution. Consequently, we
consider the eztended set system where we replace F with all subsets of the sets in F. This
extended system preserves the optimality, and under this system we may avoid over-covering
elements and obtain 7' = O(logn) (for constant ¢).

In order to turn a solution in our set system into a solution in the extended set system
with small width, we need to remove the repeated elements from the sets in the solution
so that every covered element appears exactly once, and thereby getting constant width.
However, as a side effect, this reduces the total weight of the solution (3 ¢..., Pss), and
thus the average covering constraint might not be satisfied anymore. In fact, we need to
come up with a guarantee that, on one hand, is preserved under the pruning step, and on
the other hand, implies that the solution has large enough total weight

Therefore, to fulfill the average constraint under the pruning step, the oracle must instead
solve the mazimum coverage problem: given a budget, choose sets to cover the largest (frac-
tional) amount of elements. We first show that this problem can be solved approximately
via the MWU framework using the simple oracle that picks the heaviest set, but this MWU
algorithm still requires T" passes over the data. To improve the number of passes, we perform
element sampling and apply the MWU algorithm to find an approximate maximum cover-
age of a small number of sampled elements, whose subproblem can be stored in memory.

Fortunately, while the number of fractional solutions to maximum coverage is unbounded,
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by exploiting the structure of the solutions returned by the MWU method, we can limit the

number of plausible solutions of this oracle and approximately solve the average constraint,

bfgn )-pass algorithm.

thereby reducing the space usage to O(m) for a O(

Step 2. To further reduce the number of required passes, we observe that the weights of
the constraints change slowly. Thus, in a single pass, we can sample the elements for multiple
rounds in advance, and then perform rejection (sub-)sampling to obtain an unbiased set of
samples for each subsequent round. This will lead to a streaming algorithm with p passes

and mn®U/P) gpace.

Extension. We also extend our result to handle general covering LPs. More specifically,
in the LP relaxation of SetCover, maximize c'x subject to Ax >b and x > 0, A has
entries from {0,1} whereas entries of b and c are all ones. If the non-zero entries instead
belong to a range [1, M|, we increase the number of sampled elements by poly(M) to handle
discrepancies between coefficients, leading to a poly (M )-multiplicative overhead in the space

usage.

3.2. MWU Framework of the Streaming Algorithm for

Fractional Set Cover

In this section, we present a basic streaming algorithm that computes a (1 + ¢)-approximate
solution of the LP-relaxation of Set Cover for any € > 0 via the MWU framework. We will,
in the next section, improve it into an efficient algorithm that achieves the claimed O(p)

passes and 5(mn1/ P) space complexity.
SetCover-LP > Input: U, F

minimize Z Tg
SeF

subject to Z zg>1 Yeeld
S:eeS
zg >0 VS e F

Figure 3.2.1: LP relaxation of Set Cover.

70



Algorithm 4 FRACSETCOVER returns a (1 + ¢)-approximate solution of SetCover-LP.

1: procedure FRACSETCOVER(¢)

2 > finds a feasible (1 + ¢)-approximate solution in O(logT”) iterations

3 for £ € {(1+¢/3)"| 0 <i<log,, /3n} in parallel do

4: Xy <— FEASIBILITYTEST(/,¢/3)

5 > returns a solution of objective value at most (1 + ¢/3)¢ when ¢ > k.
6

return z,+ where ¢* <— min{¢ : z, is not INFEASIBLE}

Let U and F be the ground set of elements and the collection of sets, respectively, and
recall that |U| = n and |F| = m. Let x € R™ be a vector indexed by the sets in F, where
xg denotes the value assigned to the set S. Our goal is to compute an approximate solution
to the LP in Figure 3.2.1. Throughout the analysis we assume ¢ < 1/2, and ignore the case
where some element never appears in any set, as it is easy to detect in a single pass that no

cover is valid. For ease of reading, we write O and © to hide polylog(m,n, %) factors.

Outline of the algorithm. Let k& denote the optimal objective value, and 0 < ¢ < 1/2 be
a parameter. The outline of the algorithm is shown in FRACSETCOVER (Algorithm 4). This
algorithm makes calls to the subroutine FEASIBILITYTEST, that given a parameter ¢, with
high probability, either returns a solution of objective value at most (14¢/3)¢, or detects that
the optimal objective value exceeds ¢. Consequently, we may search for the right value of ¢ by
considering all values in {(1+¢/3)" | 0 <4 <logy,./3n}. As for some value of £ it holds that
k <{¢<k(l+¢/3), we obtain a solution of size (14+¢/3){ < (1+¢/3)(1+¢/3)k < (1 +¢)k

which gives an approximation factor (1+ ¢). This whole process of searching for k increases

: : e 31
the space complexity of the algorithm by at most a multiplicative factor of log .5 n ~ ==5=.

The FEASIBILITYTEST subroutine employs the multiplicative weights update method

(MWU) which is described next.

3.2.1. Preliminaries of the MWU method for solving covering LPs

In the following, we describe the MWU framework. The claims presented here are standard
results of the MWU method. For more details, see e.g. Section 3 of [16]. Note that we
introduce the general LP notation as it simplifies the presentation later on.

Let Ax > b be a set of linear constraints, and let P = {x € R™ : x > 0} be the polytope

of the non-negative orthant. For a given error parameter 0 < 5 < 1, we would like to solve
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an approximate version of the feasibility problem by doing one of the following:
e Compute x € P such that A;x — b; > —f for every constraint 1.
e Correctly report that the system Ax > b has no solution in P.

The MWU method solves this problem assuming the existence of the following oracle that
takes a distribution p over the constraints and finds a solution X that satisfies the constraints

on average over p.

Definition 3.2.1. Let ¢ > 1 be a width parameter and 0 < 5 < 1 be an error parameter.
A (1, ¢)-bounded (3/3)-approzimate oracle is an algorithm that takes as input a distribution

p and does one of the following:

e Returns a solution X € P satisfying

— p'AX>p'b - 3/3, and

— A;x —b; € [-1, ¢] for every constraint i.
e Correctly reports that the inequality p" Ax > p'b has no solution in P.

The MWU algorithm for solving covering LPs involves T' rounds. It maintains the (non-
negative) weight of each constraint in Ax > b, which measures how much it has been
satisfied by the solutions chosen so far. Let w' denote the weight vector at the beginning
of round ¢, and initialize the weights to w' = 1. Then, for rounds t = 1,...,T, define

t

the probability vector p' proportional to those weights w', and use the oracle above to

find a solution x!. If the oracle reports that the system p' Ax > p'b is infeasible, the
MWU algorithm also reports that the original system Ax > b is infeasible, and terminates.

Otherwise, define the cost vector incurred by x* as m* £ %(Ax—b), then update the weights

t+1 A
i =

so that w wt(1— Bmt/6) and proceed to the next round. Finally, the algorithm returns

. = _ 1 T t
the average solution X = 7, x".

The MWU theorem (e.g., Theorem 3.5 of [16]) shows that T = O(‘f’ngg") is sufficient to
correctly solve the problem, yielding A;x — b; > —f for every constraint, where n is the

number of constraints. In particular, the algorithm requires 7" calls to the oracle.
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Theorem 3.2.2 (MWU Theorem [16]). For every 0 < < 1,¢ > 1 the MWU algorithm
either solves the Feasibility-Covering-LP problem up to an additive error of B (i.e., solves
A;x—b; > —f for every i) or correctly reports that the LP is infeasible, making only O(q”g#)
calls to a (1, ¢)-bounded (/3-approximate oracle of the LP.

3.2.2. Semi-streaming MWU-based algorithm for factional Set Cover

Setting up our MWU algorithm. As described in the overview, we wish to solve, as
a subroutine, the decision variant of SetCover-LP known as Feasibility-SC-LP given in

Figure 3.2.2a, where the parameter ¢ serves as the guess for the optimal objective value.

Feasibility-SC-LP > Input: U, F, /¢
Feasibility-Covering-LP > Input: A b, c,/
Z s S 14
SeF c'x </ (objective value)
Z xg>1 Vecl Ax>b (covering)
Sie€s x>0 (non-negativity)
zg >0 VS eF

(b) LP relaxation of Feasibility Covering.
(a) LP relaxation of Feasibility Set Cover.

Figure 3.2.2: LP relaxations of the feasibility variant of set cover and general covering
problems.

To follow the conventional notation for solving LPs in the MWU framework, consider
the more standard form of covering LPs denoted as Feasibility-Covering-LP given in Fig-
ure 3.2.2b. For our purpose, A, «,, is the element-set incidence matrix indexed by U x F;
that is, Ac g = 1if e € S, and A. s = 0 otherwise. The vectors b and c are both all-ones
vectors indexed by U and F, respectively. We emphasize that, unconventionally for our
system Ax > b, there are n constraints (i.e. elements) and m variables (i.e. sets).

Employing the MWU approach for solving covering LPs, we define the polytope
P2 {xecR™:c'x </and x > 0}.

Observe that by applying the MWU algorithm to this polytope P and constraints Ax > b,

we obtain a solution X € P, such that A, (%) > bf__g =1 =b,, where A, denotes the row
of A corresponding to e. This yields a (1 4+ O(¢))-approximate solution for 8 = O(¢).

Unfortunately, we cannot implement the MWU algorithm on the full input under our
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streaming context. Therefore, the main challenge is to implement the following two subtasks
of the MWU algorithm in the streaming settings. First, we need to design an oracle that
solves the average constraint in the streaming setting. Moreover, we need to be able to

efficiently update the weights for the subsequent rounds.

Covering the common elements. Before we proceed to applying the MWU framework,
we add a simple first step to our implementation of FEASIBILITYTEST (Algorithm 5) that
will greatly reduce the amount of sapce required in implementing the MWU algorithm.
This can be interpreted as the fractional version of Set Sampling described in [61]. In our
subroutine, we partition the elements into the common elements that occur more frequently,
which will be covered if we simply choose a uniform vector solution, and the rare elements
that occur less frequently, for which we perform the MWU algorithm to compute a good
solution. In one pass we can find all frequently occurring elements by counting the number
of sets containing each element. The amount of required space to perform this task is
O(nlogm).

we call an element that appears in at least 7% sets common, and we call it rare otherwise,
where a = ©(g). Since we are aiming for a (1 + ¢)-approximation, we can define x°™ as a

al

vector whose all entries are o The total cost of x*™" is af and all common elements are

covered by x“™. Thus, throughout the algorithm we may restrict our attention to the rare
elements.

Our goal now is to construct an efficient MWU-based algorithm, which finds a solution

covering the rare elements, with objective value at most ﬁ < (14e—a)f. We

note that our implementation does not explicitly maintain the weight vector w! described in

rare
X

Section 3.2.1, but instead updates (and normalizes) its probability vector p’ in every round.

3.2.3. First Attempt: Simple Oracle and Large Width

A greedy solution for the oracle. We implement the oracle for MWU algorithm such
that ¢ = ¢, and thus requiring ©(¢logn/3?) iterations (Theorem 3.2.2). In each iteration,
we need an oracle that finds some solution x € P, satisfying p’ Ax > p'b — 3/3, or decides

that no solution in P, satisfies p' Ax > p'b.
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Algorithm 5 A generic implementation of FEASIBILITYTEST. Its performance depends on
the implementations of ORACLE, UPDATEPROB. We will investigate different implementa-
tions of ORACLE.

1: procedure FEASIBILITYTEST(/, )

2: a,B < 5, P < 11> the initial prob. vector for the MWU algorithm on U
3: > compute a cover of common elements in one pass

4: XM % “1yx1, freq < 0,41

5: for all set S in the stream do

6: for all element e € S do

7: freq, < freq, +1

8: if e appears in more than 7} sets (i.e. freq, > %) then > common element
9: P 0

10: P % > pU™ represents the current prob. vector

11: xttal o 0,1

12: > multiplicative weight update algorithm for covering rare elements

13: for:=1to T do

14: > solve the corresp. oracle of MWU and decide if the solution is feasible

15: try x < ORACLE(p™", ¢, F)

16: xtotal « xt*tl + x > in one pass, update p according to x

17: z <+ 0,41

18: for all set S in the stream do

19: for all element e € S do
20: Ze & Ze + Xg
21: if (p©™)Tz < 1— (/3 then > detect infeasible solutions returned by ORACLE
22: report INFEASIBLE
23: p" <~ UPDATEPROB(p™", z)
24: X"re % > scaled up the solution to cover rare elements
25: return x“M" 4 x™"°

Observe that p' Ax is maximized when we place value ¢ on xg- where S* achieves the
maximum value pg £ Y ccg Pe- Further, for our application, b = 1 so p'b = 1. Our im-
plementation HEAVYSETORACLE of ORACLE given in Algorithm 6 below is a deterministic
greedy algorithm that finds a solution based on this observation. As A.x < |x|; < ¢,
HEAVYSETORACLE implements a (1, ¢)-bounded (3/3)-approximate oracle. Therefore, the
implementation of FEASIBILITYTEST with HEAVYSETORACLE computes a solution of ob-
jective value at most (o + ﬁ)ﬁ < (14 £)¢ when £ > k as promised.

Finally, we track the space usage which concludes the complexities of the current version
of our algorithm: it only stores vectors of length m or n, whose entries each requires a

logarithmic number of bits, yielding the following theorem.
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Algorithm 6 HEAVYSETORACLE computes pg of every set given the set system in a stream
or stored memory, then returns the solution x that optimally places value ¢ on the corre-
sponding entry. It reports INFEASIBLE if there is no sufficiently good solution

1: procedure HEAVYSETORACLE(p, ¢, F)
2: compute pg for all S € F while reading the set system
S* < argmaxg, zps
if ps < (1 —/3)/¢ then
report INFEASIBLE
X ¢ 0,41, 09 </
return x

Theorem 3.2.3. There ezists a streaming algorithm that w.h.p. returns a (1+¢)-approzimate

fractional solution of SetCover-LP(U, F) in O(klgzg”) passes and using O(m + n) memory

for any positive € < 1/2. The algorithm works in both set arrival and edge arrival streams.

The presented algorithm suffers from large number of passes over the input. In particular,
we are interested in solving the fractional Set Cover in constant number of passes using
sublinear space. To this end, we first reduce the required number of rounds in MWU by a

more complicated implementation of ORACLE.

3.3. Max Cover Problem and its Application to Width

Reduction

In this section, we improve the described algorithm in the previous section and prove the

following result.

Theorem 3.3.1. There ezists a streaming algorithm that w.h.p. returns a (1+¢)-approzimate
fractional solution of SetCover-LP(U, F) in p passes and uses 5(mn0(1/p5) +n) memory for
any 2 < p < polylog(n) and 0 < ¢ < 1/2. The algorithm works in both set arrival and edge

arrival streams.

Recall that in implementing ORACLE, we must find a solution x of total size ||x||; < ¢
with a sufficiently large weight p" Ax. Our previous implementation chooses only one good
entry xg and places its entire budget ¢ on this entry. As the width of the solution is roughly
the maximum amount an element is over-covered by x, this implementation induces a width
of ¢. In this section, we design an oracle that returns a solution in which the budget is

distributed more evenly among the entries of x to reduce the width. To this end, we design
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an implementation of ORACLE of the MWU approach based on the Max /-Cover problem
(whose precise definition will be given shortly). The solution to our Max ¢-Cover aids in
reducing the width of our ORACLE solution to a constant, so the required number of rounds

of the MWU algorithm decreases to O(*%8%), independent of £. Note that, if the objective

£

value of an optimal solution of SetCover(U, F) is ¢, then a solution of width o(¢) may
not exist, as shown in Lemma 3.3.2. This observation implies that we need to work with
a different set system. Besides having small width, an optimal solution of the SetCover
instance on the new set system should have the same objective value of the optimal solution

of Set Cover (U, F).

Lemma 3.3.2. There exists a set system in which, under the direct application of the MWU
framework in computing a (1 + €)-approrimate solution, induces width ¢ = Q(k), where k
15 the optimal objective value. Moreover, the exists a set system in which the approach from
the previous section (which handles the frequent and rare elements differently) has width
¢ =0(n) = 6(y/m/e).
Proof: For the first claim, we consider an arbitrary set system, then modify it by adding a
common element e to all sets. Recall that the MWU framework returns an average of the
solutions from all rounds. Thus there must exist a round where the oracle returns a solution
x of size ||x|[; = ©(k). For the added element e, this solution has > ¢  c¥g = > ocrrs =
©(k), inducing width ¢ = Q(k).

For the second claim, consider the following set system with k = \/m_/e and n = 2k + 1.

Fori =1,...,k, let S; = {e;, exsi, €or+1}, whereas the remaining m — k sets are arbitrary
subsets of {ey,...,ex}. Observe that ey, is contained only in S;, so xg, = 1 in any valid set
cover. Consequently the solution x where x5, =--- =125 =1land x5, ,, = - =xg,,, =0

forms the unique (fractional) minimum set cover of size k = /m/s. Next, recall that an
element is considered rarely occurring if it appears in at most = > I sets. As egpiq, ..., 9
each only occurs once, and ey 1 only appears in k = \/m_/g = 27 sets, these k + 1 elements
are deemed rare and thus handled by the MWU framework.

The solution computed by the MWU framework satisfies ) ¢...q 25 > 1 — 3 for every e,

and in particular, for each e € {ex41,...,eq}. Therefore, the average solution places a total
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weight of at least (1 — ) - O(k) on xg,,...,zs,, so there must exist a round that places at

least the same total weight on these sets. However, these k sets all contain egy 1, yielding

DS nes s 2 (1= B) - ©(k) = Q(k), implying a width of Q(k) = Q(y/m/e). O

Extended set system. First, we consider the extended set system (U, f), where F is the

collection containing all subsets of sets in F; that is,
F2{R:RCS for some S € F}.

It is straightforward to see that the optimal objective value of SetCover over (U,F) is
equal to that of (U, F): we only add subsets of the original sets to create f, and we may
replace any subset from F in our solution with its original set in F. Moreover, we may
prune any collection of sets from F into a collection from F of the same cardinality so that,
this pruned collection not only covers the same elements, but also each of these elements is
covered exactly once. This extended set system is defined for the sake of analysis only: we
will never explicitly handle an exponential number of sets throughout our algorithm.

We define ¢-cover as a collection of sets of total weight /. Although the pruning of an
(-cover reduces the width, the total weight p" Ax of the solution will decrease. Thus, we

consider the weighted constraint of the form

Z (pe : min{lv Z *IS}) > 1;

ecU S:e€eS

that is, we can only gain the value p. without any multiplicity larger than 1. The problem of
maximizing the left hand side is known as the weighted maz coverage problem: for a param-

eter ¢, find an f-cover such that the total value p.’s of the covered elements is maximized.

3.3.1. The Maximum Coverage Problem

In the design of our algorithm, we consider the weighted Max k-Cover problem, which is
closely related to SetCover. Extending upon the brief description given earlier, we fully
specify the LP relaxation of this problem. In the weighted Max k-Cover(U, F,{, p), given

a ground set of elements U, a collection of sets F over the ground set, a budget parameter
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MaxCover-LP > Input: U, F,{,p

maximize g DPeZe

eclU
subject to Z Ty >z, Veel
S:eeS
S =t
Ser

0<z2.<1 Veeld
rg >0 VSeF

Figure 3.3.1: LP relaxation of weighted Max k-Cover.

¢, and a weight vector p, the goal is to return ¢ sets in F whose weighted coverage, the
total weight of all covered elements, is maximized. Moreover, since we are aiming for a
fractional solution of SetCover, we consider the LP relaxation of weighted Max k-Cover,
MaxCover-LP (see Figure 3.3.1); in this LP relaxation, z. denotes the fractional amount
that an element is covered, and hence is capped at 1.

As an intermediate goal, we aim to compute an approximate solution of MaxCover-LP,
given that the optimal solution covers all elements in the ground set, or to correctly detect
that no solution has weighted coverage of more than (1 — ). In our application, the vector
p is always a probability vector: p >0 and ) ., p. = 1. We make the following useful

observation.

Observation 3.3.3. Let k be the value of an optimal solution of SetCover-LP(U, F) and
let p be an arbitrary probability vector over the ground set. Then there exists a fractional

solution of MaxCover-LP(U, F,{,p) whose weighted coverage is one if £ > k.

0-integral near optimal solution of MaxCover-LP. Our plan is to solve MaxCover-
LP over a randomly projected set system, and argue that with high probability this will
result in a valid ORACLE. Such an argument requires an application of the union bound
over the set of solutions, which is generally of unbounded size. To this end, we consider a
more restrictive domain of d-integral solutions: this domain has bounded size, but is still

guaranteed to contain a sufficiently good solution.

Definition 3.3.4 (d-integral solution). A fractional solution x,; of an LP is d-integral
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Algorithm 7 MAXCOVERORACLE returns a fractional ¢-cover with weighted coverage at
least 1 — /3 w.h.p. if £ > k. It provides no guarantee on its behavior if ¢ < k.

1: procedure MAXCOVERORACLE((U, F), ()
2: x < solution returned by MWU using HEAVYSETORACLE on MaxCover-LP
3: return x

if % - x is an integral vector. That is, for each ¢ € [n], x; = v;0 where each v; is an integer.

Next we claim that MAXCOVERORACLE given in Algorithm 7 below, which is the MWU
algorithm with HEAVYSETORACLE for solving MaxCover-LP, results in a d-integral solu-

tion.

Lemma 3.3.5. Consider a MaxCover-LP with the optimal objective value OPT (where
the weights of elements form a probability vector). There exists a @(%)—mtegml solution
of MaxCover-LP whose objective value is at least (1 — eyc)OPT.  In particular, if an
optimal solution covers all elements U (¢ > k), MAXCOVERORACLE returns a solution

whose weighted coverage is at least 1 — ey in polynomial time.

Proof: Let (x*,z*) denote the optimal solution of value OPT to MaxCover-LP, which implies
that ||x*||; < ¢ and Ax* > z*. Consider the following covering LP: minimize ||x||; subject
to Ax > z* and x > 0. Clearly there exists an optimal solution of objective value ¢, namely
x*. This covering LP may be solved via the MWU framework. In particular, we may use the
oracle that picks one set S with maximum weight (as maintained in the MWU framework)

and places its entire budget on zg. For an accurate guess ¢ = ©(¢) of the optimal value, this

algorithm returns an average of T' = @(‘Qfg”) = @(Qgg”) oracle solutions. Observe that the
MC MC

vl
T

outputted solution x is of the form zg = = vgd where vg is the number of rounds in which

. ’ Vi 2 2 ) . 2 ) .
S is chosen by the oracle, and § = & = 77 M2 = ©(:M2). In other words, x is (< )-integral.
’ T llogn logn ) logn

By Theorem 3.2.2, x satisfies Ax > (1 — eyc)z”. Then in MaxCover-LP, the solution

(x, (1—epc)z*) yields coverage at least p' ((1—ene)z*) = (1—epe)p ' 2" = (1—enc)OPT.O

Pruning a fractional /-cover. In our analysis, we aim to solve the Set Cover problem
under the extended set system. We claim that any solution x with coverage z in the actual
set system may be turned into a pruned solution X in the extended set system that provides
the same coverage z, but satisfies the strict equality Y ¢ 7. gTg = 2. Since z. < 1, the

pruned solution satisfies the condition for an oracle with width one.
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Algorithm 8 The PRUNE subroutine lifts a solution in F to a solution in F with the same
MaxCover-LP objective value and width 1. The subroutine returns z, the amount by which
members of F cover each element. The actual pruned solution X may be computed but has
no further use in our algorithm and thus not returned.

1: procedure PRUNE(x)

2: X 0|]:'\><17 z < 0,1 > maintain the pruned solution and its coverage amount
3: for all S € F do

4: S’ )

5: while z5 > 0 do

6: r  min{zg, min _g(1 — 2.)} > weight to be moved from g to 4

7 Tg 4 xg — 71, Ty < Ty +r > move weight to the pruned solution

8: for all ¢ € S do

9: Ze < 2. + r > update coverage accordingly

10: S+ S\{eeS:z =1} remove e with z, = 1 from S

11: return z

Lemma 3.3.6. A fractional (-cover x of (U, F) can be converted, in polynomial time, to a

fractional (-cover X of (U, .7:") such that for each element e, ils coverage ze = Y g #..cs Ty =
min(ZS:eES xS, 1)

Proof: Consider the algorithm PRUNE in Algorithm 8. As we pick a valid amount r» < zg to
move from zg to Ty at each step, X must be an (-cover (in the extended set system) when
PRUNE finishes. Observe that if > ¢ _cxg < 1 then e will never be removed from any S,
S0 2. is increased by xg for every S, and thus z, = 25:665 rg. Otherwise, the condition
r < 1— z. ensures that z. stops increasing precisely when it reaches 1. Each S takes up to
n + 1 rounds in the while loop as one element e € S is removed at the end of each round.
There are at most m sets, so the algorithm must terminate (in polynomial time).

We note that in Section 3.3.4, we need to adjust PRUNE to instead achieves the condition

ze = min(A,x, 1) where entries of A are arbitrary non-negative values. We simply make the

following modifications: choose r < min(zg, min, _g 14_2;) and update z, < z. + - Acg, and
the same proof follows. O

Remark that to update the weights in the MWU framework, it is sufficient to have the
coverage » s #.c¢ Lg, which are the z.’s returned by PRUNE; the actual solution X is not

necessary. Observe further that our MWU algorithm can still use x instead of X as its

solution because x has no worse coverage than X in every iteration, and so does the final,
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average solution. Lastly, notice that the coverage z returned by PRUNE has the simple
formula z, = min(} ¢ .q7s,1). That is, we introduce PRUNE to show an existence of X,

but will never run PRUNE in our algorithm.

3.3.2. Sampling-Based Oracle for Fractional Max Coverage

In the previous section, we simply needed to compute the values pg’s in order to construct a
solution for the ORACLE. Here as we aim to bound the width of ORACLE, our new task is to
find a fractional ¢-cover x whose weighted coverage is at least 1 —/3/3. The element sampling
technique, which is also known from prior work in streaming Set Cover and Max k-Cover,
is to sample a few elements and solve the problem over the sampled elements only. Then,
by applying the union bound over all possible candidate solutions, it is shown that w.h.p.
a nearly optimal cover of the sampled elements also covers a large fraction of the whole
ground set. This argument applies to the aforementioned problems precisely because there
are standard ways of bounding the number of all integral candidate solutions (e.g. ¢-covers).

However, in the fractional setting, there are infinitely many solutions. Consequently, we
employ the notion of J-integral solutions where the number of such solutions is bounded.
In Lemma 3.3.6, we showed that there always exists a d-integral solution to MaxCover-LP
whose coverage is at least a (1 — ey ¢ )-fraction of an optimal solution. Moreover, the number
of all possible solutions is bounded by the number of ways to divide the budget ¢ into ¢/

equal parts of value § and distribute them (possibly with repetition) among m entries:

Observation 3.3.7. The number of feasible §-integral solutions to MaxCover-LP(U, F, ¢, p)
is O(m*%) for any multiple £ of 6.

Next, we design our algorithm using the element sampling technique: we show that a
(1 — 8/3)-approximate solution of MaxCover-LP can be computed using the projection of
all sets in F over a set of elements of size @(WBM) picked according to p. For every
fractional solution (x,z) and subset of elements V C U, let Cy(x) £ 3, ), peze denote the
coverage of elements in V where 2, = min(1,) ¢...¢ Zs). We may omit the subscript V in
Cyif V =U.

The following lemma, which is essentially an extension of the Element Sampling lemma

of [61] for our application, MaxCover-LP, shows that a (1 — epc)-approximate ¢-cover over

82



a set of sampled elements of size O(¢lognlogmn/~*) w.h.p. has a weighted coverage of
at least (1 — 2v)(1 — eyc) if there exists a fractional ¢-cover whose coverage is 1. Thus,
choosing ey = v = /9 yields the desired guarantee for MAXCOVERORACLE, leading to

the performance given in Theorem 3.3.9.

Lemma 3.3.8. Let eyc and 7y be parameters. Consider the MaxCover-LP(U, F, {, p) with
optimal solution of value OPT, and let L be a multi-set of s = ©(Llognlog(mn)/v*) ele-

SOL

ments sampled independently at random according to the probability vector p. Let x*°" be a

(1 — emc)-approzimate @(g;n)-integml (-cover over the sampled elements. Then with high

probability, C(x*°%) > (1 — 29)(1 — enc)OPT.

Proof: Consider the MaxCover-LP(U, F, ¢, p) with optimal solution (x°FT z°FT) of value
OPT, and let x°°* be a (1 — ey¢)-approximate @(%)—integral (-cover over the sampled
elements and z*°" be its corresponding coverage vector. Denote the sampled elements with
L ={éy, - ,és}. Observe that by defining each X; as a random variable that takes the value

LOPT

€

with probability pe, and 0 otherwise, the expected value of X = >"° | X; is
E[X] = ZE[Xi] = SZPe 2O = 5. C(x°TT) = 5. OPT.

i=1 eceU

Let 7 = s(1 — v)OPT. Since X; € [0, 1], by applying Chernoff bound on X, we obtain

PrC (x°"") <7 =PrX < (1 —7)E[X]

7’72E[X] < Qe log('mn3) logn/'yz)

<e 3 <e Qelogn/v?)

= (mn)~ .
Therefore, since x°°" is a (1 — ey )-approximate solution of MaxCover-LP(L, F, ¢, p), with
probability 1 — (mn)~21087/7*) e have Cp(x%°%) > (1 — eyic)T.

Next, by a similar approach, we show that for any fractional solution x, if Cz(x) >
C(xOFT), then with probability 1 — (mn)~2¢len/7*) C(x) > (L—r_?y)(l — emc)OPT. Con-
sider a fractional (-cover (x,z) whose coverage is less than (i—:’{)(l —emc)OPT. Let Y,
denote a random variable that takes value z;, with probability p,, and define Y =37 | Y,.
Then, E[Y;] = C(x) < (;—1)(1 — enc)OPT. For ease of analysis, let each Y; € [0,1] be

an auxiliary random variable that stochastically dominates Y; with expectation E[Y;] =
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(%) (1 — emc)OPT, and Y = 377 Y; which stochastically dominates Y with expectation

EY|=s- (L_F—Y/)(l —emc)OPT = % We then have

PrCe(x) > (1 —emc)T =PrY > (1 —epmc)T =PrY > (14 v)E[Y]

Y2E[]

< PI"V > (1 + ’Y)E[V] <e 3 < (mn>—ﬂ(llogn/72)7

using the fact that (ﬁ)(l —emc) = O(1) for our interested range of parameters. Thus,

1 — 2
PrC(x) < (ﬁ)(l —emc)OPT and Cp(x) > (1 — epyo)7 < (mn)—ﬂ(“og”/v ).

In other words, except with probability (mmn)=(¢losn/ 7 a chosen solution x that offers at

OPT

least as good empirical coverage over L as x (namely x%°%) does have actual coverage of

at least (;—3)(1 —emc)OPT.
Since the total number of @(%)—integral (-covers is O(m!°8™/7”) (Observation 3.3.7),

applying union bound, with probability at least 1 — O(m!8™/7") . (mn)~len/7*) = 1 _

1
poly(mn)? a

weighted coverage of at least (ﬁ)(l —emc)OPT > (1 —29)(1 — epe)OPT over U. O

(1 — enc)-approximate @(%)—in‘cegral solution of MaxCover-LP(L, F, /¢, p) has

Theorem 3.3.9. There ezists a streaming algorithm that w.h.p. returns a (1+¢)-approzimate
fractional solution of SetCover-LP(U, F) in O(logn/c2) passes and uses O(m/e8 +n) mem-
ory for any positive € < 1/2. The algorithm works in both set arrival and edge arrival

streams.

Proof: The algorithm clearly requires ©(T') passes to simulate the MWU algorithm. The
required amount of memory, besides 5(71) for counting elements, is dominated by the pro-
jected set system. In each pass over the stream, we sample ©(¢logmnlogn/e?) elements,
and since they are rarely occurring, each is contained in at most ©(%) sets. Finally, we
run log; g7 = O(logn/e) instances of the MWU algorithm in parallel to compute a
(1 + ¢)-approximate solution. In total, our space complexity is ©(£logmnlogn/e?) - o(%) -
O(logn/e) = O(m/e%). O
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3.3.3. Final Step: Running Several MWU Rounds Together

We complete our result by further reducing the number of passes at the expense of increas-
ing the required amount of memory, yielding our full algorithm FASTFEASIBILITYTEST
in Algorithm 9. More precisely, aiming for a p-pass algorithm, we show how to execute
R= % = @(1;%) rounds of the MWU algorithm in a single pass. We show that this task

may be accomplished with a multiplicative factor of f-©(logmn) increase in memory usage,

where f £ n®01/®8),

Advance sampling. Consider a sequence of R consecutive rounds: = 1,..., R. In order to
implement the MWU algorithm for these rounds, we need (multi-)sets of sampled elements
Ly,...,Lx according to probabilities p?, ..., p’, respectively (where p’ is the probability
corresponding to round ). Since the probabilities of subsequent rounds are not known in
advance, we circumvent this problem by choosing these sets £;’s with probabilities according
to p', but the number of samples in each set will be |£;| = s- f - ©(logmn) instead of s.

Then, once p’ is revealed, we sub-sample elements from £; to obtain £} as follow: for a (copy

p[iéf; otherwise, simply discard it.

Note that it is still left to be shown that the probability above is indeed at most 1.

of) sampled element é € £;, add é to L with probability

Since each e was originally sampled with probability p!, then in £}, the probability that a
sampled element é = e is exactly p!/f. By having f-©(log mn) times the originally required

pe
ecU f

number of samples s in the first place, in expectation we still have E[|L}|] = |£;| >
(s-f-O(log mn))% = 5-O(logmn). Due to the ©(logmn) factor, by the Chernoff bound, we
conclude that with w.h.p. |£}| > s. Thus, we have a sufficient number of elements sampled

with probability according to p® to apply Lemma 3.3.8, as needed.

Change in probabilities. As noted above, we must show that the probability that we
sub-sample each element is at most 1; that is, p’ /p! < f = n®W/®B) for every element e and
every round ¢ = 1,..., R. We bound the multiplicative difference between the probabilities

of two consecutive rounds as follows.

Lemma 3.3.10. Let p and p’ be the probability of elements before and after an update.
Then for every element e, p., < (14 O(8))pe.
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Proof: Recall the weight update formula w!™ = w!(1 — %’;‘:b)) for the MWU framework,
where AWI # represents the membership matrix corresponding to the extended set system
(Z/l,]-u'). In our case, the desired coverage amount is b = 1. By construction, we have
Aei = 2, < 1; therefore, our width is ¢ =1, and —1 < Aei — b, < 0. That is, the weight of
each element cannot decrease, but may increase by at most a multiplicative factor of 1+ /6,

before normalization. Thus even after normalization no weight may increase by more than

a factor of 1 + 5/6 =1+ O(p). O

Therefore, after R = ©(*22) rounds, the probability of any element may increase by at

p
lo; ogn
o5 < OUTE) — 00/ 8) — f, as desired. This concludes the

most a factor of (1 +O(f))

proof of Theorem 7.8.9.

Implementation details. We make a few remarks about the implementation given in
Algorithm 9. First, even though we perform all sampling in advance, the decisions of MAX-
COVERORACLE do not depend on any L; of later rounds, and UPDATEPROB is entirely
deterministic: there is no dependency issue between rounds. Next, we only need to perform
UPDATEPROB on the sampled elements £ = £ U--- U Lk during the current R rounds.
We therefore denote the probabilities with a different vector q' over the sampled elements
L only. Probabilities of elements outside £ are not required by MAXCOVERORACLE dur-
ing these rounds, but we simply need to spend one more pass after executing R rounds of
MWU to aggregate the new probability vector p over all (rare) elements. Similarly, since
MAXCOVERORACLE does not have the ability to verify, during the MWU algorithm, that
each solution x’ returned by the oracle indeed provides a sufficient coverage, we check all
of them during this additional pass. Lastly, we again remark that this algorithm operates
on the extended set system: the solution x returned by MAXCOVERORACLE has at least
the same coverage as X. While X is not explicitly computed, its coverage vector z can be

computed exactly.

3.3.4. Extension to general covering LPs

We remark that our MWU-based algorithm can be extended to solve a more general class

of covering LPs. Consider the problem of finding a vector x that minimizes c'x subject to
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Algorithm 9 An efficient implementation of FEASIBILITYTEST which performs in p passes

and consumes 5(mno(?le) + n) space.

1:
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:

14:
15:
16:

17:
18:
19:

20:
21:
22:
23:
24:

25:

26:
27:
28:
29:
30:

31:
32:
33:
34:
35:
36:

procedure FASTFEASIBILITYTEST(/, )
a,B < 5, Pp™M" < 1,1 > the initial prob. vector for the MWU algorithm on U
> see Algorithm 5 for implementation of the below line
compute a cover of common elements in one pass
Xtotal — 0m><1
> MWU algorithm for covering rare elements
for i =1to pdo

R+ (%) » number of MWU iterations performed together

pB?
> in one pass, projects all sets in F over the collections of samples Ly, -+ Lr
sample Ly, ..., Lr according to p«™ each of size £n®1/ %) poly (log mn)
L+ LiU---ULg, Fr<+ 0 Lis aset whereas L1, ..., Lr are multi-sets

for all set S in the stream do
}ké—u;hLJ{Sr7£}
> each pass simulates R rounds of MWU
for all e € £ do
ql « p™" > project p

curr 1
to qyp), Over sampled elements

nx1
1 qt
a <_i|q1|| _
for all round i =1,...,R do

L, < sample each elt e € £; with probab. WM > rejection sampling
x" « MAXCOVERORACLE(L,, Ff,¢) > w.h.p. C(x") > 1 — /3 when ¢ > k
> in no additional pass, updates probab. q over sampled elts accord. to x°
z < Ojzx1 > compute coverage over sampled elements
for all element-set pair e € S where S € F, do

% < min(z, + 2, 1)
q'™ + UPDATEPROB(q’,z) > only update weights of elements in £

> in one pass, updates probab. p«™ over all (rare) elts according to x!,..., x%
z', ...,z < 0,,; > compute coverage over all (rare) elements
for all element-set pair e € S in the stream do
for all round i =1,...,R do
2t min(z! + 2%, 1)
for all round i =1,...,R do
if (p©™) "z’ < 1 — (3/3 then > detect infeasible solutions

report INFEASIBLE
xtotal ¢ xtotal 4 i peur « UPDATEPROB(p™™, z’) > perform actual updates

curr

total

x""¢ +— X —— p scaled up the solution to cover rare elements

(1-8)T

return xm" + xnre

constraints Ax > b and x > 0. In terms of the Set Cover problem, A, ¢ > 0 indicates the

multiplicity of an element e in the set S, b, > 0 denotes the number of times we wish e to
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be covered, and cg > 0 denotes the cost per unit for the set S. Now define

A A
L% min 5 and U £ max e
(e,5): 4,570 boCg (e,5) becs

Then, we may modify our algorithm to obtain the following result.

Theorem 3.3.11. There ezists a streaming algorithm that w.h.p. returns a (1+¢)-approzimate
fractional solution to general covering LPs in p passes and using O( - 0Ge) +n) memory
for any 3 < p < polylog(n), where parameters L and U are defined above. The algorithm

works in both set arrival and edge arrival streams.

Proof: We modify our algorithm and provide an argument of its correctness as follows. First,
observe that we can convert the input LP into an equivalent LP with all entries b, = cg =1
by simply replacing each A, ¢ with i—cz Namely, let the new parameters be A’, b’ and ¢/, and
we consider the variable x’ where 2’y = cgxg. It is straightforward to verify that ¢/"x' = ¢'x

and A’ .x" = A}f", reducing the LP into the desired case. Thus, we may afford to record b

Ae,S
becs

and c, so that each value may be computed on-the-fly. Henceforth we assume that all

entries b, = cg = 1 and A, g € {0} U[L, U]. Observe as well that the optimal objective value
k may be in the expanded range [1/U,n/L], so the number of guesses must be increased

from log n to log(nU/L)
- —.

£

Next consider the process for covering the rare elements. We instead use a uniform

solution x ™" = % -1. Observe that if an element occurs in at least —77 sets, then A x™" =

251665 Acs - ‘;‘f > - L- O‘e = 1. That is, we must adjust our definition so that an element
is considered common if it appears in at least -7 sets. Consequently, whenever we perform

element sampling, the required amount of memory to store information of each element
increases by a factor of 1/L.

Next consider Lemma 3.3.5, where we show an existence of integral solutions via the
MWU algorithm with a greedy oracle. As the greedy implementation chooses a set S and
places the entire budget £ on x5, the amount of coverage A, sxg may be as large as (U as A s

is no longer bounded by 1. Thus this application of the MWU algorithm has width ¢ = ©(¢U)
1494 logn)

2
rounds. Consequently, its solution becomes O(%) = O( A1 )-

and requires T' = O( Ulogn

integral. As noted in Observation 3.3.7, the number of potential solutions from the greedy
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oracle increases by a power of U. Then, in Lemma 3.3.8, we must reduce the error probability
of each solution by the same power. We increase the number of samples s by a factor of U
to account for this change, increasing the required amount of memory by the same factor.
As in the previous case, any solution x may always be pruned so that the width is
reduced to 1: our algorithm PRUNE still works as long as the entries of A are non-negative.
Therefore, the fact that entries of A may take on values other than 0 or 1 does not affect the
number of rounds (or passes) of our overall application of the MWU framework. Thus, we
may handle general covering LPs using a factor of 5(U /L) larger memory within the same
number of passes. In particular, if the non-zero entries of the input are bounded in the range

[1, M], this introduces a factor of O(U/L) < O(M?) overhead in memory usage. O
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Chapter 4

Sublinear Set Cover

4.1. Introduction

It is well-known that although the problem of finding an optimal solution is NP-complete, a
natural greedy algorithm which iteratively picks the “best” remaining set is provably optimal.
The algorithm finds a solution of size at most kInn where k is the optimum cover size, and
can be implemented to run in time linear in the input size. However, the input size itself
could be as large as ©(mn), so for large data sets even reading the input might be infeasible.

This raises a natural question: s it possible to solve minimum set cover in sub-linear
time? This question was previously addressed in [145, 172], who showed that one can design
constant running-time algorithms by simulating the greedy algorithm, under the assumption
that the sets are of constant size and each element occurs in a constant number of sets.
However, those constant-time algorithms have a few drawbacks: they only provide a mixed
multiplicative/additive guarantee (the output cover size is guaranteed to be at most k -
Inn + en), the dependence of their running times on the maximum set size is exponential,
and they only output the (approximate) minimum set cover size, not the cover itself. From
a different perspective, [119] (building on [84]) showed that an O(1)-approximate solution
to the fractional version of the problem can be found in O(mk? + nk?) time'. Combining
this algorithm with the randomized rounding yields an O(logn)-approximate solution to

Set Cover with the same complexity.

IThe method can be further improved to O(m + nk) (N. Young, personal communication).
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In this chapter we study the complexity of sub-linear time algorithms for set cover with
multiplicative approximation guarantees. Our upper bounds complement the aforementioned
result of [119] by presenting algorithms which are fast when k is large, as well as algorithms
that provide more accurate solutions that use a sub-linear number of queries.? Equally im-
portantly, we establish nearly matching lower bounds, some of which even hold for estimating

the optimal cover size. Our upper and lower bounds are presented in Table 4.1.1.

Data access model. As in the prior work [145, 172] on Set Cover, our algorithms and
lower bounds assume that the input can be accessed via the adjacency-list oracle.®> More

precisely, the algorithm has access to the following two oracles:

1. ELTOF: Given a set S; and an index j, the oracle returns the j** element of S;. If

J > 15|, L is returned.

2. SETOF: Given an element e; and an index j, the oracle returns the ;' set containing

e;. If e; appears in less than j sets, L is returned.

This is a natural model, providing a “two-way” connection between the sets and the
elements. Furthermore, for some graph problems modeled by Set Cover (such as Dominating
Set or Vertex Cover), such oracles are essentially equivalent to the aforementioned incident-
list model studied in sub-linear graph algorithms. We also note that the other popular
access model employing the membership oracle, where we can query whether an element e is
contained in a set S, is not suitable for Set Cover, as it can be easily seen that even checking

whether a feasible cover exists requires {2(mn) time.

4.1.1. Our Results

In this chapter, we present algorithms and lower bounds for the Set Cover problem. The
results are summarized in Table 4.1.1. The NP-hardness of this problem (or even its o(logn)-
approximate version |72, 152, 14, 138, 63|) precludes the existence of highly accurate algo-

rithms with fast running times, while (as we show) it is still possible to design algorithms

2Note that polynomial time algorithm with sub-logarithmic approximation algorithms are unlikely to
exist.

3In the context of graph problems, this model is also known as the incidence-list model, and has been
studied extensively, see e.g., [45, 80, 31].
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Problem Approximation Constraints Query Complexity Section

ap+e a>2 O(X(m(})=7 +nk)) 441
+e ; Oz 4.4.2
Set Cover P ) _ (i)
e k< (o) ™= Q(m(2)/ @) 4.6
a <1.01 and ~
« Q") 4.3.2
k= O(logm)
Cover
- k<mn/2 Q(nk) 4.5
Verification

Table 4.1.1: A summary of our algorithms and lower bounds. We use the following notation:
k > 1 denotes the size of the optimum cover; a > 1 denotes a parameter that determines
the trade-off between the approximation quality and query/time complexities; p > 1 denotes
the approximation factor of a “black box” algorithm for set cover used as a subroutine.

with sub-linear query complexities and low approximation factors. The lower bound proofs
hold for the running time of any algorithm approximation set cover assuming the defined
data access model.

We present two algorithms with sub-linear number of queries. First, we show that the
streaming algorithm presented in [97] can be adapted so that it returns an O(«)-approximate
cover using O(m(n/k)Y @Y + nk) queries, which could be quadratically smaller than mn.
Second, we present a simple algorithm which is tailored to the case when the value of k is
large. This algorithm computes an O(logn)-approximate cover in O(mn/k) time (not just
query complexity). Hence, by combining it with the algorithm of [119], we get an O(logn)-
approximation algorithm that runs in time O(m + ny/m).

We complement the first result by proving that for low values of k, the required number
of queries is Q(m(n/k)Y/2™) even for estimating the size of the optimal cover. This shows
that the first algorithm is essentially optimal for the values of k where the first term in the
runtime bound dominates. Moreover, we prove that even the Cover Verification problem,
which is checking whether a given collection of k sets covers all the elements, would require
Q(nk) queries. This provides strong evidence that the term nk in the first algorithm is
unavoidable. Lastly, we complement the second algorithm, by showing a lower bound of

Q(mn/k) if the approximation ratio is a small constant.
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4.1.2. Related work

Sub-linear algorithms for Set Cover under the oracle model have been previously studied as
an estimation problem; the goal is only to approximate the size of the minimum set cover
rather than constructing one. Nguyen and Onak [145] consider Set Cover under the oracle
model we employ in this chapter, in a specific setting where both the maximum cardinal-
ity of sets in F, and the maximum number of occurrences of an element over all sets, are
bounded by some constants s and ¢; this allows algorithms whose time and query complex-

O(°) " containing no dependency on n or m. They provide an

ities are constant, (200" /¢)
algorithm for estimating the size of the minimum set cover when, unlike our work, allowing
both In s multiplicative and en additive errors. Their result has been subsequently improved
to (st)°®) /% by Yoshida et al. [172]. Additionally, the results of Kuhn et al. [121] on general
packing/covering LPs in the distributed LOCAL model, together with the reduction method
of Parnas and Ron [149], implies estimating set cover size to within a O(In s)-multiplicative
factor (with en additive error), can be performed in (st)©0ogslet) /=4 time /query complexi-
ties.

Set Cover can also be considered as a generalization of the Vertex Cover problem. The
estimation variant of Vertex Cover under the adjacency-list oracle model has been studied
in [149, 130, 148, 172]. SetCover has been also studied in the sub-linear space context, most
notably for the streaming model of computation [155, 67, 42, 20, 17, 29, 105, 61, 97]. In this
model, there are algorithms that compute approximate set covers with only multiplicative

errors. Our algorithms use some of the ideas introduced in the last two papers |61, 97].

4.1.3. Our Techniques

Overview of the algorithms. The algorithmic results presented in Section 4.4, use the
techniques introduced for the streaming Set Cover problem by [61, 97| to get new results
in the context of sub-linear time algorithms for this problem. Two components previously
used for the set cover problem in the context of streaming are Set Sampling and Element
Sampling. Assuming the size of the minimum set cover is &, Set Sampling randomly samples
5(1{:) sets and adds them to the maintained solution. This ensures that all the elements that

are well represented in the input (i.e., appearing in at least m/k sets) are covered by the
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sampled sets. On the other hand, the Element Sampling technique samples roughly 5(k: /9)
elements, and finds a set cover for the sampled elements. It can be shown that the cover for
the sampled elements covers a (1 — 0) fraction of the original elements.

Specifically, the first algorithm performs a constant number of iterations. Each iteration
uses element sampling to compute a “partial” cover, removes the elements covered by the
sets selected so far and recurses on the remaining elements. However, making this process
work in sub-linear time (as opposed to sub-linear space) requires new technical development.
For example, the algorithm of [97] relies on the ability to test membership for a set-element
pair, which generally cannot be efficiently performed in our model.

The second algorithm performs only one round of set sampling, and then identifies the
elements that are not covered by the sampled sets, without performing a full scan of those
sets. This is possible because with high probability only those elements that belong to few
input sets are not covered by the sample sets. Therefore, we can efficiently enumerate all
pairs (e;, S;), e; € Sj, for those elements e; that were not covered by the sampled sets. We
then run a black box algorithm only on the set system induced by those pairs. This approach
lets us avoid the nk term present in the query and runtime bounds for the first algorithm,

which makes the second algorithm highly efficient for large values of k.

The SetCover lower bound for smaller optimal value k. We establish our lower
bound for the problem of estimating the size of the minimum set cover, by constructing two
distributions of set systems. All systems in the same distribution share the same optimal
set cover size, but these sizes differ by a factor a between the two distributions; thus, the
algorithm is required to determine from which distribution its input set system is drawn,
in order to correctly estimate the optimal cover size. Our distributions are constructed by
a novel use of the probabilistic method. Specifically, we first probabilistically construct a
set system called median instance (see Lemma 4.3.6): this set system has the property that
(a) its minimum set cover size is ak and (b) a small number of changes to the instance
reduces the minimum set cover size to k. We set the first distribution to be always this
median instance. Then, we construct the second distribution by a random process that

performs the changes (depicted in Algorithm 10) resulting in a modified instance. This
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process distributes the changes almost uniformly throughout the instance, which implies
that the changes are unlikely to be detected unless the algorithm performs a large number of
queries. We believe that this construction might find applications to lower bounds for other

combinatorial optimization problems.

The SetCover lower bound for larger optimal value k. Our lower bound for the
problem of computing an approximate set cover leverages the construction above. We create
a combined set system consisting of multiple modified instances all chosen independently at
random, allowing instances with much larger k. By the properties of the random process
generating modified instances, we observe that most of these modified instances have different
optimal set cover solution, and that distinguishing these instances from one another requires
many queries. Thus, it is unlikely for the algorithm to be able to compute an optimal solution
to a large fraction of these modified instances, and therefore it fails to achieve the desired

approximation factor for the overall combined instance.

The Cover Verification lower bound for a cover of size k. For Cover Verification,
however, we instead give an explicit construction of the distributions. We first create an
underlying set structure such that initially, the candidate sets contain all but k£ elements.
Then we may swap in each uncovered element from a non-candidate set. Our set structure is
systematically designed so that each swap only modifies a small fraction of the answers from
all possible queries; hence, each swap is hard to detect without {2(n) queries. The distribution
of valid set covers is composed of instances obtained by swapping in every uncovered element,

and that of non-covers is similarly obtained but leaving one element uncovered.

4.2. Preliminaries

First, we formally specify the representation of the set structures of input instances, which
applies to both Set Cover and Cover Verification.

Our lower bound proofs rely mainly on the construction of instances that are hard to
distinguish by the algorithm. To this end, we define the swap operation that exchanges a

pair of elements between two sets, and how this is implemented in the actual representation.
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Definition 4.2.1 (swap operation). Consider two sets S and S’. A swap on S and 5’ is
defined over two elements e, €’ such that e € S\ 5" and €’ € S"\ S, where S and 5" exchange e
and e’. Formally, after performing swap(e, ¢’), S = (SU{e'})\{e} and S’ = (S"U{e})\{€'}. As
for the representation via ELTOF and SETOF, each application of swap only modifies 2 entries
for each oracle. That is, if previously e = ELTOF(S, i), S = SETOF(e, j), ¢ = ELTOF(S’,7'),
and S" = SETOF(¢/, j'), then their new values change as follows: ¢/ = ELTOF(S,7), ' =

SETOF(e, j), e = ELTOF(S’,7'), and S = SETOF(¢/, j').

In particular, we extensively use the property that the amount of changes to the oracle’s
answers incurred by each swap is minimal. We remark that when we perform multiple
swaps on multiple disjoint set-element pairs, every swap modifies distinct entries and do not
interfere with one another.

Lastly, we define the notion of query-answer history, which is a common tool for estab-

lishing lower bounds for sub-linear algorithms under query models.

Definition 4.2.2. By query-answer history, we denote the sequence of query-answer pairs
((q1,a1), (q2,0a2), ..., (g, a,)) recording the communication between the algorithm and the
oracles, where each new query ¢;;; may only depend on the query-answer pairs (¢1,a1), ...,
(gi,a;). In our case, each ¢; represents either a SETOF query or an ELTOF query made by
the algorithm, and each a; is the oracle’s answer to that respective query according to the

set structure instance.

4.3. Lower Bounds for the Set Cover Problem

In this section, we present lower bounds for Set Cover both for small values of the optimal
cover size k (in Section 4.3.1), and for large values of k (in Section 4.3.2). For low values of

k, we prove the following theorem whose proof is postponed to Section 4.6.

Theorem 4.3.1. For2 < k < (m)ﬁ and 1 < a <logn, any randomized algorithm
that solves the Set Cover problem with approzimation factor o and success probability at least

2/3 requires Q(m(n/k)2s) queries.

Instead, in Section 4.3.1 we focus on the simple setting of this theorem which applies to

approximation protocols for distinguishing between instances with minimum set cover sizes
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2 and 3, and show a lower bound of Q(mn) (which is tight up to a polylogarithmic factor)
for approximation factor 3/2. This simplification is for the purpose of both clarity and also
for the fact that the result for this case is used in Section 4.3.2 to establish our lower bound

for large values of k.

High level idea. Our approach for establishing the lower bound is as follows. First,
we construct a median instance I* for Set Cover, whose minimum set cover size is 3. We
then apply a randomized procedure GENMODIFIEDINST, which slightly modifies the median
instance into a new instance containing a set cover of size 2. Applying Yao’s principle, the
distribution of the input to the deterministic algorithm is either I* with probability 1/2,
or a modified instance generated thru GENMODIFIEDINST(/*), which is denoted by D(I*),
again with probability 1/2. Next, we consider the execution of the deterministic algorithm.
We show that unless the algorithm asks at least @(mn) queries, the resulting query-answer
history generated over I* would be the same as those generated over instances constituting a
constant fraction of D(I*), reducing the algorithm’s success probability to below 2/3. More

specifically, we will establish the following theorem.

Theorem 4.3.2. Any algorithm that can distinguish whether the input instance is I* or

belongs to D(I*) with probability of success greater than 2/3, requires Q(mn/logm) queries.

Corollary 4.3.3. For 1 < a < 3/2, and k < 3, any randomized algorithm thal approxi-
mates by a factor of «, the size of the optimal cover for the Set Cover problem with success

probability at least 2/3 requires Q(mn) queries.

For simplicity, we assume that the algorithm has the knowledge of our construction
(which may only strengthens our lower bounds); this includes I* and D(I*), along with
their representation via ELTOF and SETOF. The objective of the algorithm is simply to
distinguish them. Since we are distinguishing a distribution of instances D(I*) against a
single instance I*, we may individually upper bound the probability that each query-answer
pair reveals the modified part of the instance, then apply the union bound directly. However,
establishing such a bound requires a certain set of properties that we obtain through a careful

design of I* and GENMODIFIEDINST. We remark that our approach shows the hardness of
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distinguishing instances with with different cover sizes. That is, our lower bound on the
query complexity also holds for the problem of approximating the size of the minimum set
cover (without explicitly finding one).

Lastly, in Section 4.3.2 we provide a construction utilizing Theorem 4.3.2 to extend
Corollary 4.3.3, establish the following theorem on lower bounds for larger minimum set

cover sizes.

Theorem 4.3.4. For any sufficiently small approzimation factor o < 1.01 and k = O(2),

logn

any randomized algorithm that computes an a-approzrimation to the Set Cover problem with

success probability at least 0.99 requires Q(mn/k) queries.

4.3.1. The Set Cover Lower Bound for Small Optimal Value k&

Construction of the Median Instance [*. Let F be a collection of m sets such that
(independently for each set-element pair (S,e)) S contains e with probability 1 — po, where
Po = \/910% (note that since we assume logm < n/c for large enough ¢, we can assume
that py < 1/2). Equivalently, we may consider the incidence matrix of this instance: each
entry is either 0 (indicating e ¢ S) with probability py, or 1 (indicating e € S) otherwise.

We write F ~ Z(U, py) denoting the collection of sets obtained from this construction.

Definition 4.3.5 (Median instance). An instance of Set Cover, I, is a median instance

if it satisfies all the following properties.

(a) No two sets cover all the elements. (The size of its minimum set cover is at least 3.)

(b) For any two sets the number of elements not covered by the union of these sets is at
most 18log m.

(¢) The intersection of any two sets has size at least n/8.

(d) For any pair of elements e, €', the number of sets S s.t. e € S but € ¢ S is at least

my/9logm
4/n

(e) For any triple of sets S,S; and Sy, [(S1 N S2) \ S| < 64/nlogm.
(f) For each element, the number of sets that do not contain that element is at most

logm
O6my /===,

Lemma 4.3.6. There exists a median instance I* satisfying all properties from Defini-

tion 4.3.5. In fact, with high probability, an instance drawn from the distribution in which
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Pre € S =1 — py independently at random, satisfies the median properties.

The proof of the lemma follows from standard applications of concentration bounds. Specif-

ically, it follows from the union bound and Lemmas 4.7.1-4.7.6, appearing in Section 4.7.

Distribution D(/*) of Modified Instances I’ Derived from [*. Fix a median instance
I*. We now show that we may perform O(logm) swap operations on I* so that the size of
the minimum set cover in the modified instance becomes 2. Moreover, its incidence matrix
differs from that of I* in O(logm) entries. Consequently, the number of queries to ELTOF
and SETOF that induce different answers from those of I* is also at most O(logm).

We define D(I*) as the distribution of instances I’ generated from a median instance I* by
GENMODIFIEDINST(I*) given below in Algorithm 10 as follows. Assume that [* = (U, F).
We select two different sets Sp, .95 from F uniformly at random; we aim to turn these two
sets into a set cover. To do so, we swap out some of the elements in S, and bring in the
uncovered elements. For each uncovered element e, we pick an element ¢ € Sy that is also

covered by Sj. Next, consider the candidate set that we may exchange its e with e’ € Sy:

Definition 4.3.7 (Candidate set). For any pair of elements e, ¢/, the candidate set of
(e,€') are all sets that contain e but not €. The collection of candidate sets of (e, €’) is
denoted by Candidate(e, ¢’). Note that Candidate(e, ¢’) # Candidate(e’, ) (in fact, these two

collections are disjoint).

Algorithm 10 The procedure of constructing a modified instance of I*.

1: procedure GENMODIFIEDINST(I* = (U, F))

2 M0

3 pick two different sets Si, .53 from F uniformly at random
4 for alle cU\ (S1US,) do

5: pick €' € (51N S2) \ M uniformly at random

6 M — MU {e'}

7 pick a random set S in Candidate(e, ¢’)

8 swap(e, e') between S, Sy

We choose a random set S from Candidate(e, ¢’), and swap e € S with € € Sy so that Sy
now contains e. We repeatedly apply this process for all initially uncovered e so that eventu-
ally S; and Ss form a set cover. We show that the proposed algorithm, GENMODIFIEDINST,

can indeed be executed without getting stuck.
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Lemma 4.3.8. The procedure GENMODIFIEDINST is well-defined under the precondition

that the input instance I* is a median instance.

Proof: To carry out the algorithm, we must ensure that the number of the initially uncovered
elements is at most that of the elements covered by both S; and S5. This follows from the
properties of median instances (see Definition 4.3.5): [ \ (S U S2)| < 18logm by property
(b), and that the size of the intersection of S; and Sy is greater than n/8 by property (c).
That is, in our construction there are sufficiently many possible choices for ¢’ to be matched
and swapped with each uncovered element e. Moreover, by property (d) there are plenty of

candidate sets S for performing swap(e, ¢’) with Ss. O

Bounding the Probability of Modification. Let D(I*) denote the distribution of in-
stances generated by GENMODIFIEDINST(/*). If an algorithm were to distinguish between
I*or I' ~ D(I*), it must find some cell in the ELTOF or SETOF tables that would have been
modified by GENMODIFIEDINST, to confirm that GENMODIFIEDINST is indeed executed;
otherwise it would make wrong decisions half of the time. We will show an additional prop-
erty of this distribution: none of the entries of ELTOF and SETOF are significantly more
likely to be modified during the execution of GENMODIFIEDINST. Consequently, no algo-
rithm may strategically detect the difference between I* or I’ with the desired probability,
unless the number of queries is asymptotically the reciprocal of the maximum probability of
modification among any cells.

Define Pgi_set : U X F — [0, 1] as the probability that an element is swapped by a set.
More precisely, for an element e € U and a set S € F, if e ¢ S in the median instance I*,
then Pgy_set(e, S) = 0; otherwise, it is equal to the probability that S swaps e. We note that
these probabilities are taken over I’ ~ D(I*) where I* is a fixed median instance. That is,
as per Algorithm 10, they correspond to the random choices of Sy, Sy, the random matching
M between U \ (S; U Sz) and Sy N Sy, and their random choices of choosing each candidate

set S. We bound the values of Pgi_set via the following lemma.

Lemma 4.3.9. Foranye € U and S € F, Per_se(e,5) < % where the probability is
taken over I' ~ D(I*).
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Proof: Let Sy, Sy denote the first two sets picked (uniformly at random) from F to construct
a modified instance of I*. For each element e and a set S such that e € S in the basic

instance [*,

Peii—set(6,S) =PrS =5, -Pree 51N S,
- Pre matches tod \ (S1 U Sy) | e € S1 NS,
+PrS ¢ {51, 5:}
-Pree S\ (S1US))|ee S

-Pr S swaps e with Sy | e € S\ (S1 U Ss).

where all probabilities are taken over I’ ~ D(I*). Next we bound each of the above six terms.
Since we choose the sets Sp, Sy randomly, Pr.S = Sy = 1/m. We bound the second term by
1. For the third term, since we pick a matching uniformly at random among all possible
(maximum) matchings between U \ (S; U S;) and S; N Sy, by symmetry, the probability that
a certain element e € S; N .Sy is in the matching is (by properties (b) and (¢) of median

instances),

U\ (S1USs)| < 18logm  144logm
|S1 NS - n/8 N n '

We bound the fourth term by 1. To compute the fifth term, let d, denote the number of sets
in F that do not contain e. By property (f) of median instances, the probability that e € S
isin S\ (51 USy) given that S ¢ {57, 52} is at most,

de(d. —1) _ 36m?- 98 72 logm
(m—1D(m-2)~ m22 n

Finally for the last term, note that by symmetry, each pair of matched elements ee’ is picked
by GENMODIFIEDINST equiprobably. Thus, for any e € S\ (S; U Sy), the probability that

each element e’ € S1NS; is matched to e is By properties (¢)—(e) of median instances,

1
|51QSQ| )
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the last term is at most

Z Pree € M- L

ey |Candidate(e, ¢')|

] 1
=1 SN T Candidate(e. )

1 1 64
< 64/nlogm - /8' = —.
n

m+/9logm m
4v/n

Therefore,

_ 144 logm e 72logm . 64 < 480010gm.

PEIt—Set(€> S) < -1

1
m n n m mn

Proof of Theorem 4.3.2. Now we consider a median instance I*, and its corresponding
family of modified sets D(I*). To prove the promised lower bound for randomized protocols
distinguishing I* and I’ ~ D(I*), we apply Yao’s principle and instead show that no de-

terministic algorithm A may determine whether the input is I* or I’ ~ D(I*) with success

mn
logm

probability at least 2/3 using r = o

) queries. Recall that if A’s query-answer history
((¢1,01),...,(qr, a.)) when executed on I’ is the same as that of I*, then 4 must unavoid-
ably return a wrong decision for the probability mass corresponding to I’. We bound the

probability of this event as follows.

Lemma 4.3.10. Let Q) be the set of queries made by A on I*. Let I' ~ D(I*) where I* is
a given median instance. Then the probability that A returns different outputs on I* and I’

- 4800 log m
is at most == &)

Proof: Let A(I) denote the algorithm’s output for input instance I (whether the given
instance is I* or drawn from D(I*)). For each query g, let ans;(¢q) denote the answer of
I to query q. Observe that since A is deterministic, if all of the oracle’s answers to its
previous queries are all the same, then it must make the same next query. Combining this

fact with the union bound, we may lower bound the probability that A returns the same
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outputs on I* and I’ ~ D(I*) as follows:

Q|
Pr A(I*) # A(I') < ZPransI*(qt) # ansp(q).

t=1

For each ¢ € @, let S(q) and e(q) denote respectively the set and element queried by g.
Applying Lemma 4.3.9, we obtain

QI QI
Pr A(I") # A(I') < ZPF ansy-(q) # ansp(q) < ZPEIt sec(e(qr), S(q)) <

t=1 t=1

4800 logm
mn

QU

Proof of Theorem 4.3.2. If A does not output correctly on I*, the probability of success
of A is less than 1/2; thus, we can assume that A returns the correct answer on [*. This
implies that A returns an incorrect solution on the fraction of I’ ~ I'(I*) for which A(I*) =
A(I"). Now recall that the distribution in which we apply Yao’s principle consists of I* with
probability 1/2, and drawn uniformly at random from D(7*) also with probability 1/2. Then
over this distribution, by Lemma 4.3.10,

1 1 48001
Pr A succeeds < 1 — §Prp~p( mAI) = A(I)]) <1- 3 (1 — ogm|Q|)

1 2400logm
-5+ g

2 mn

Thus, if the number of queries made by A is less than then the probability that

m’
A returns the correct answer over the input distribution is less than 2/3 and the proof is

complete. [l

4.3.2. The SetCover Lower Bound for Large Optimal Value k.

Our construction of the median instance I* and its associated distribution D(I*) of modified
instances also leads to the lower bound of Q( ") for the problem of computing an approx-
imate solution to SetCover. This lower bound matches the performance of our algorithm
for large optimal value k£ and shows that it is tight for some range of value k, albeit it only

applies to sufficiently small approximation factor a < 1.01.
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Proof overview. We construct a distribution over compounds: a compound is a Set Cover
instance that consists of t = O(k) smaller instances I, ..., I;, where each of these ¢ instances
is either the median instance I* or a random modified instance drawn from D(/*). By our
construction, a large majority of our distribution is composed of compounds that contains at
least 0.2t modified instances I; such that, any deterministic algorithm A must fail to distin-
guish I; from I* when it is only allowed to make a small number of queries. A deterministic
A can safely cover these modified instances with three sets, incurring a cost (sub-optimality)
of 0.2t. Still, A may choose to cover such an I; with two sets to reduce its cost, but it then
must err on a different compound where [; is replaced with I*. We track down the trade-off
between the amount of cost that A saves on these compounds by covering these I;’s with
two sets, and the amount of error on other compounds its scheme incurs. A is allowed a
small probability ¢ to make errors, which we then use to upper-bound the expected cost that
A may save, and conclude that A still incurs an expected cost of 0.1t overall. We apply
Yao’s principle (for algorithms with errors) to obtain that randomized algorithms also incur
an expected cost of 0.05¢, on compounds with optimal solution size k € [2t, 3], yielding the
impossibility result for computing solutions with approximation factor a = % > 1.01
when given insufficient queries. Next, we provide an high-level overview of the lower bound

argument.

Compounds. Consider the median instance I* and its associated distribution D(I*) of
modified instances for Set Cover with n elements and m sets, and let t = ©(k) be a positive
integer parameter. We define a compound 3 = J(I, Io,...,I;) as a set structure instance
consisting of t median or modified instances Iy, I, . .., I;, forming a set structure (U*, F*) of
n’ & nt elements and m’ £ mt sets, in such a way that each instance I; occupies separate
elements and sets. Since the optimal solution to each instance [; is 3 if I, = I*, and 2 if I;
is any modified instance, the optimal solution for the compound is 2¢ plus the number of

occurrences of the median instance; this optimal objective value is always O(k).

Random distribution over compounds. Employing Yao’s principle, we construct a

distribution © of compounds J(Iy, Is, ..., I;): it will be applied against any deterministic
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algorithm A for computing an approximate minimum set cover, which is allowed to err on at
most a d-fraction of the compounds from the distribution (for some small constant 6 > 0).
For each i € [t], we pick I; = I* with probability ¢/ (’;) where ¢ > 2 is a sufficiently large
constant. Otherwise, simply draw a random modified instance I; ~ D(I*). We aim to show
that, in expectation over ®, 4 must output a solution that of size ©(¢) more than the optimal

set cover size of the given instance J ~ 2.

A frequently leaves many modified instances undetected. Consider an instance J
containing at least 0.95¢ modified instances. These instances constitute at least a 0.99-
fraction of ©: the expected number of occurrences of the median instance in each compound
is only ¢/ (T;) -t = O(t/m?), so by Markov’s inequality, the probablity that there are more
than 0.05¢ median instances is at most O(1/m?) < 0.01 for large m. We make use of the
following useful lemma, whose proof is deferred to Section 4.3.2. In what follow, we say
that the algorithm “distinguishes” or “detects the difference” between I; and I* if it makes a
query that induces different answers, and thus may deduce that one of I; or I* cannot be the
input instance. In particular, if I; = I* then detecting the difference between them would

be impossible.

Lemma 4.3.11. Fiz M C [t| and consider the distribution over compounds I(I,...,I;)
with I; ~ D(I*) fori € M and I; = I* for i ¢ M. If A makes at most 0(%) queries to

J, then it may detect the differences between I* and at least 0.75t of the modified instances
{L}ienr, with probability at most 0.01.

We apply this lemma for any |M| > 0.95¢ (although the statement holds for any M, even
vacuously for |M| < 0.75¢t). Thus, for 0.99 - 0.99 > 0.98-fraction of ©, A fails to identify,
for at least 0.95¢ — 0.75¢ = 0.2t modified instances I; in J, whether it is a median instance
or a modified instance. Observe that the query-answer history of A on such J would not
change if we were to replace any combination of these 0.2¢ modified instances by copies of
I*. Consequently, if the algorithm were to correctly cover J by using two sets for some of
these I;, it must unavoidably err (return a non-cover) on the compound where these I;’s are

replaced by copies of the median instance.
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Charging argument. We call a compound J tough if A does not err on J, and A fails
to detect at least 0.2t modified instances; denote by ©™©“e" the conditional distribution of
D restricted to tough instances. For tough J, let cost(J) denote the number of modified
instances I; that the algorithm decides to cover with three sets. That is, for each tough
compound J, cost(J) measures how far the solution returned by A is, from the optimal set
cover size. Then, there are at least 0.2¢ — cost(J) modified instances I; that A chooses to
cover with only two sets despite not being able to verify whether I; = I* or not. Let Rj;
denote the set of the indices of these modified instances, so |R;| = 0.2t — cost(J). By doing
so, A then errs on the replaced compound r(J, R;), denoting the compound similar to J,
except that each modified instance I; for i € Ry is replaced by I*. In this event, we say
that the tough compound J charges the replaced compound r(J, Ry) via Ry. Recall that
the total error of A is §: this quantity upper-bounds the total probability masses of charged

instances, which we will then manipulate to obtain a lower bound on E;._g[cost(J)].

Instances must share optimal solutions for R to charge the same replaced in-
stance. Observe that many tough instances may charge to the same replaced instance: we
must handle these duplicities. First, consider two tough instances J' # J2 charing the same
J, =r(3', R) = r(3%, R) via the same R = Ry1 = Ry:. As J' # 32 but r(J', R) = r(3%, R),
these tough instances differ on some modified instances with indices in R. Nonetheless, the
query-answer histories of A operating on J' and J2 must be the same as their instances in
R are both indistinguishable from I* by the deterministic A. Since A does not err on tough
instances (by definition), both tough J' and 3% must share the same optimal set cover on
every instance in R. Consequently, for each fixed R, only tough instances that have the same

optimal solution for modified instances in R may charge the same replaced instance via R.

Charged instance is much heavier than charging instances combined. By our con-
struction of J(I1, ..., I;) drawn from D, Pr[l; = I*] = ¢/(') for the median instance. On the
other hand, Z§=1 Pr[l; = I') < (1—¢/(%))-(1/(%)) < 1/(%) for modified instances I', ..., I*
sharing the same optimal set cover, because they are all modified instances constructed to

have the two sets chosen by GENMODIFIEDINST as their optimal set cover: each pair of sets

107



is chosen uniformly with probability 1/ (”21) Thus, the probability that I* is chosen is more
than ¢ times the total probability that any I7 is chosen. Generalizing this observation, we

consider tough instances J', 3%, ..., 3¢ charging the same J, via R, and bound the difference
in probabilities that J, and any J’ are drawn. For each index in R, it is more than c times
more likely for ® to draw the median instance, rather than any modified instances of a fixed
optimal solution. Then, for the replaced compound J, that A errs, p(J,) > ¢/l . Zﬁzlp(Jj)
(where p denotes the probability mass in ®, not in D'*"8"). In other words, the probability
mass of the replaced instance charged via R is always at least ¢/ times the total probability

mass of the charging tough instances.

Bounding the expected cost using 6. In our charging argument by tough instances
above, we only bound the amount of charges on the replaced instances via a fixed R. As
there are up to 2' choices for R, we scale down the total amount charged to a replaced
instance by a factor of 2/, so that > . . 5 cflp(3) /2t lower bounds the total probability
mass of the replaced instances that A errs.

Let us first focus on the conditional distribution D“&" restricted to tough instances.
Recall that at least a (0.98 — d)-fraction of the compounds in ® are tough: A fails to detect
differences between 0.2t modified instances from the median instance with probability 0.98,
and among these compounds, A may err on at most a d-fraction. So in the conditional
distribution D™“8" over tough instances, the individual probability mass is scaled-up to

h
poueh () < 028 =. Thus,

Ztough jC|Rj|p(j) . Ztough 5 cM1(0.98 — §)pteueh(3) B (0.98 — §)E5_prough [C‘Rﬁ‘]
ot - ot n 2t '

As the probability mass above cannot exceed the total allowed error §, we have

d

‘2t > ECI tough [C\qu > Ej tough [CO.2t—cost(3)] > CO.2t—EjN©t°ugh [cost(T)]
0.98 — 9 - - ’
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where Jensen’s inequality is applied in the last step above. So,

t + log -oo— 1 log —2—
B, ptough [cOSt(T)] > 0.2 — “T B0 (go ) g 280 s g gy,
log c log c log c

for sufficiently large ¢ (and m) when choosing 6 = 0.02.

We now return to the expected cost over the entire distribution J. For simplicity, define
cost(J) = 0 for any non-tough J. This yields Ej.g[cost(T)] > (0.98 — §)E;_prousn[cost(T)] >
(0.98—6)-0.11¢ > 0.1, establishing the expected cost of any deterministic A with probability

of error at most 0.02 over ®.

Establishing the lower bound for randomized algorithms. Lastly, we apply Yao’s
principle’ to obtain that, for any randomized algorithm with error probability 6/2 = 0.01,
its expected cost under the worst input is at least % -0.1¢ = 0.05¢. Recall now that our cost
here lower-bounds the sub-optimality of the computed set cover (that is, the algorithm uses
at least cost more sets to cover the elements than the optimal solution does). Since our input
instances have optimal solution k € [2t, 3t] and the randomized algorithm returns a solution

with cost at least 0.05¢ in expectation, it achieves an approximation factor of no better than

o = 0058 > 101 with 0(1’;’;”;) queries. Theorem 4.3.4 then follows, noting the substitution

of our problem size: %> = (”f;é 27(:%;)1‘/ = (k,—rl'f)/g ).

Proof of Lemma 4.3.11. First, we recall the following result from Lemma 4.3.10 for

distinguishing between I* and a random I’ ~ D(I*).

Corollary 4.3.12. Let q be the number of queries made by A on I; ~ D(I*) over n elements

and m sets, where I* is a median instance. Then the probability that A detects a difference

between I; and I* in one of its queries is at most %.
Marbles and urns. Fix a compound J(I1,...,I;). Let s £ —™% _ and then consider the

4800logm?’

following, entirely different, scenario. Suppose that we have ¢ urns, where each urn contains

s marbles. In the i*" urn, in case I; is a modified instance, we put in this urn one red marble

“Here we use the Monte Carlo version where the algorithm may err, and use cost instead of the time
complexity as our measure of performance. See, e.g., Proposition 2.6 in [139] and the description therein.
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and s — 1 white marbles; otherwise if I; = I*, we put in s white marbles. Observe that
the probability of obtaining a red marble by drawing ¢ marbles from a single urn without
replacement is exactly q/s (for ¢ < s). Now, we will relate the probability of drawing red
marbles to the probability of successfully distinguishing instances. We emphasize that we
are only comparing the probabilities of events for the sake of analysis, and we do not imply
or suggest any direct analogy between the events themselves.

Corollary 4.3.12 above bounds the probability that the algorithm successfully distin-
guishes a modified instance I; from I* with % = q/s. Then, the probability of
distinguishing between I, and [* using ¢ queries, is bounded from above by the proba-
bility of obtaining a red marble after drawing ¢ marbles from an urn. Consequently, the
probability that the algorithm distinguishes 3¢/4 instances is bounded from above by the
probability of drawing the red marbles from at least 3t/4 urns. Hence, to prove that the
event of Lemma 4.3.11 occurs with probability at most 0.01, it is sufficient to upper-bound
the probability that an algorithm obtains 3t/4 red marbles by 0.01.

Consider an instance of ¢ urns; for each urn ¢ € [t] corresponding to a modified instance
I;, exactly one of its s marbles is red. An algorithm may draw marbles from each urn, one by
one without replacement, for potentially up to s times. By the principle of deferred decisions,
the red marble is equally likely to appear in any of these s draws, independent of the events
for other urns. Thus, we can create a tuple of ¢ random variables T = (77, ...,T;) such that
for each i € [t], T; is chosen uniformly at random from {1, ..., s}. The variable T} represents
the number of draws required to obtain the red marble in the i*® urn; that is, only the 7"
draw from the i*" urn finds the red marble from that urn. In case I; is a median instance,
we simply set T; = s+ 1 indicating that the algorithm never detects any difference as I; and
I are the same instance.

We now show the following two lemmas in order to bound the number of red marbles the

algorithm may encounter throughout its execution.

Lemma 4.3.13. Let b > 3 be a fized constant and define Tugn = {7 | T; > §}. If t > 140,
then |Toign| > (1 — 3)t with probability at least 0.99.

Proof: Let Trow = {1,...,t}\ Thign. Notice that for the " urn, Pri € Ty < % independently
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of other urns, and thus | Ty | is stochastically dominated by B(Z, 3 ), the binomial distribution
with ¢ trials and success probability % Applying Chernoff bound, we obtain

2t ¢
Pr | Tiow| > 0 <e 3 < 0.01.

Hence, |Thign| >t — % =(1- %)t with probability at least 0.99, as desired. O

Lemma 4.3.14. If the total number of draws made by the algorithm is less than (1 — %)%,
then with probability at least 0.99, the algorithm will not obtain red marbles from at least %
UTns.

Proof: TIf the total number of such draws is less than (1 — 2)t, then the number of draws

from at least % urns is less than ; each. Assume the condition of Lemma 4.3.13: for at least
(1 — 2)t urns, T; > £. That is, the algorithm will not encounter a red marble if it makes
less than 7 draws from such an urn. Then, there are at least z% urns with 7; > £ from which
the algorithm makes less than 7 draws, and thus does not obtain a red marble. Overall this
event holds with probability at least 0.99 due to Lemma 4.3.13. U

We substitute b = 4 and assume sufficiently large ¢. Suppose that the deterministic

algorithm makes less than (1 — 2)% = 2L queries, then for a fraction of 0.99 of all possible
tuples 7T, there are t/4 instances I; that the algorithm fails to detect their differences from
I*: the probability of this event is lower-bounded by that of the event where the red marbles
from those corresponding urns ¢ are not drawn. Therefore, the probability that the algorithm
makes queries that detect differences between I* and more than 3t/4 instances I;’s is bounded

by 0.01, concluding our proof of Lemma 4.3.11.

4.4. Sub-Linear Algorithms for the Set Cover Problem

In this chapter, we present two different approximation algorithms for Set Cover with sub-
linear query in the oracle model: SMALLSETCOVER and LARGESETCOVER. Both of our
algorithms rely on the techniques from the recent developments on Set Cover in the streaming
model. However, adopting those techniques in the oracle model requires novel insights and
technical development.

Throughout the description of our algorithms, we assume that we have access to a black
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box subroutine that given the full SetCover instance (where all members of all sets are
revealed), returns a p-approximate solution.’

The first algorithm (SMALLSETCOVER) returns a (ap + ) approximate solution of
the Set Cover instance using 6(%(m(%)ﬁ + nk)) queries, while the second algorithm
(LARGESETCOVER) achieves an approximation factor of (p+¢) using 6(%) queries, where
k is the size of the minimum set cover. These algorithms can be combined so that the number

of queries of the algorithm becomes asymptotically the minimum of the two:

Theorem 4.4.1. There exists a randomized algorithm for SetCover in the oracle model
that w.h.p.5 computes an O(plogn)-approzimate solution and uses O(min{m (%)Ulogn +

nk , Bt}) = O(m + ny/m) number of queries.

Our algorithms use the following two sampling techniques developed for Set Cover in the
streaming model [61]: Element Sampling and Set Sampling. The first technique, Element
Sampling, states that in order to find a (1—0)-cover of i w.h.p., it suffices to solve Set Cover
on a subset of elements of size 5(”“%) picked uniformly at random. It shows that we may
restrict our attention to a subproblem with a much smaller number of elements, and our
solution to the reduced instance will still cover a good fraction of the elements in the original
instance. The next technique, Set Sampling, shows that if we pick ¢ sets uniformly at random
from F in the solution, then each element that is not covered by any of picked sets w.h.p.

only occurs in 5(%) sets in F; that is, we are left with a much sparser subproblem to solve.

The formal statements of these sampling techniques are as follows. See [61] for the proofs.

Lemma 4.4.2 (Element Sampling). Consider an instance of Set Cover on (U, F) whose
optimal cover has size at most k. Let Usmp be a subset of U of size © (pkl%) chosen
uniformly at random, and let Comp C F be a p-approzimate cover for Usmp. Then, w.h.p. Comp

covers at least (1 — §)|U| elements.

Lemma 4.4.3 (Set Sampling). Consider an instance (U, F) of SetCover. Let Finq be a

collection of U sets picked uniformly at random. Then, w.h.p. Fug covers all elements that

®The approximation factor p may take on any value between 1 and ©(logn) depending on the computa-
tional model one assumes.

6 An algorithm succeeds with high probability (w.h.p.) if its failure probability can be decreased to n~¢ for
any constant ¢ > 0 without affecting its asymptotic performance, where n denotes the input size.
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appear in Q(%) sets of F.

4.4.1. First Algorithm: small values of %

The algorithm of this section is a modified variant of the streaming algorithm of Set Cover
in [97] that works in the sub-linear query model. Similarly to the algorithm of [97], our
algorithm SMALLSETCOVER considers different guesses of the value of an optimal solution
(e7'logn guesses) and performs the core iterative algorithm ITERSETCOVER for all of them
in parallel. For each guess ¢ of the size of an optimal solution, the ITERSETCOVER goes
through 1/« iterations and by applying Element Sampling, guarantees that w.h.p. at the

end of each iteration, the number of uncovered elements reduces by a factor of n=/

. Hence,
after 1/« iterations all elements will be covered. Furthermore, since the number of sets
picked in each iteration is at most ¢, the final solution has at most pf sets where p is the
performance of the offline block OFFLINESC that ITERSETCOVER uses to solve the reduced
instances constructed by Element Sampling.

Although our general approach in ITERSETCOVER is similar to the iterative core of the
streaming algorithm of Set Cover, there are challenges that we need to overcome so that it
works efficiently in the query model. Firstly, the approach of [97] relies on the ability to
test membership for a set-element pair when executing its set filtering subroutine: given a
subset S, the algorithm of [97] requires to compute |S N S| which cannot be implemented
efficiently in the query model (in the worst case, requires m|S| queries). Instead, here we
employ the set sampling which w.h.p. guarantees that the number of sets that contain an
(yet uncovered) element is small.

Next challenge is achieving m/(n/k)" (@Y 4nk query bound for computing an a-approximate
solution. As mentioned earlier, both our approach and the algorithm of [97] need to run the
algorithm in parallel for different guesses ¢ of the size of an optimal solution. However,
since ITERSETCOVER performs m(n/f)Y @Y 4+ nf queries, if SMALLSETCOVER invokes
ITERSETCOVER with guesses in an increasing order then the query complexity becomes
mn (=D 4+ nk; on the other hand, if it invokes ITERSETCOVER with guesses in a de-
creasing order then the query complexity becomes m(n/k)"/(@=1 + mn. To solve this issue,

SMALLSETCOVER performs in two stages: in the first stage, it finds a (logn)-estimate of
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k by invoking ITERSETCOVER using m + nk queries (assuming guesses are evaluated in an
increasing order) and then in the second rounds it only invokes ITERSETCOVER with ap-
proximation factor « in the smaller O(logn)-approximate region around the (logn)-estimate
of k computed in the first stage. Thus, in our implementation, besides the desired approx-
imation factor, ITERSETCOVER receives an upper bound and a lower bound on the size of
an optimal solution.

Now, we provide a detailed description of ITERSETCOVER. It receives «,€,l and u as
its arguments, and it is guaranteed that the size of an optimal cover of the input instance,
k, is in [l,u]. Note that the algorithm does not know the value of k and the sampling
techniques described in Section 4.2 rely on k. Therefore, the algorithm needs to find a
(1+¢) estimate” of k denoted as £. This can be done by trying all powers of (1+¢) in [I, u].
The parameter o denotes the trade-off between the query complexity and the approximation
guarantee that the algorithm achieves. Moreover, we assume that the algorithm has access
to a p-approximate black box solver of Set Cover.

ITERSETCOVER first performs Set Sampling to cover all elements that occur in Q(m/0)
sets. Then it goes through o — 2 iterations and in each iteration, it performs Element
Sampling with parameter § = O((¢/n)"/®=D). By Lemma 4.4.2, after (v — 2) iterations,
w.h.p. only /¢ (%)1/(%1) elements remain uncovered, for which the algorithm finds a cover by
invoking the offline set cover solver. The parameters are set so that all (a«— 1) instances that
are required to be solved by the offline set cover solver (the (« — 2) instances constructed by
Element Sampling and the final instance) are of size O(m (%)1/ =1y

In the rest of this section, we show that SMALLSETCOVER w.h.p. returns an almost (pa)-
approximate solution of Set Cover(U, F) with query complexity 5(m (%)ﬁ + nk) where k

is the size of a minimum set cover.

Theorem 4.4.4. SMALLSETCOVER outputs a (ap+¢)-approzimate solution of Set Cover(U, F)
using 6(%(m(n/k‘)ﬁ + nk)) number of queries w.h.p., where k is the size of an optimal so-

lution of (U, F).

To analyze the performance of SMALLSETCOVER, first we need to analyze the proce-

g

"The exact estimate that the algorithm works with is a (1 + Sea

) estimate.
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Algorithm 11 ITERSETCOVER is the main procedure of the SMALLSETCOVER algorithm
for the Set Cover problem.

1: procedure ITERSETCOVER(a, g, 1, u)
2: > Try all (1+ ip)—approximate guesses of k

3: for /€ {(1+ ip)’ \ 10g1+2§—pl <i< log1+ﬁ u} do
4: SOL, «— collection of ¢ sets picked uniformly at random > Set Sampling
5: Urem < U\ Ugegor, S > 0l ELTOF

6: fori=1toa—2do )

7: S < sample of U, of size 6(p€ (%)ﬁ)

8: D «+ OFFLINESC(S, /)

9: if D = null then
10: break > Try the next value of ¢
11: SOL; < soL,|JD
12: Urem  Urem \ Ugep S> p/ ELTOR
13: if Upen| < 0 (%)1/(a—1) then > Feasibility Test
14: D < OFFLINESC (Usem, £)

15: if D # null then

16: SOL; < soL,|JD

17: return SOLy

dures invoked by SMALLSETCOVER: ITERSETCOVER and OFFLINESC. The OFFLINESC
procedure receives as an input a subset of elements S and an estimate on the size of an opti-
mal cover of S using sets in F. The OFFLINESC algorithm first determines all occurrences
of S in F. Then it invokes a black box subroutine that returns a cover of size at most p¢ (if
there exists a cover of size ¢ for S) for the reduced Set Cover instance over S.

Moreover, we assume that all subroutines have access to the ELTOF and SETOF oracles,
|U| and |F|.
Lemma 4.4.5. Suppose that each e € S appears in 5(%) sets of F and lets assume that
there exists a set of ¢ sets in F that covers S. Then OFFLINESC(S, V) returns a cover of size
at most pf of S using 5(#) queries.
Proof: Since each element of S is contained by 5(%) sets in F, the information required to
solve the reduced instance on S can be obtained by 5(#) queries (i.e. 5(%) SETOF query

per element in S). O

Lemma 4.4.6. The cover constructed by the outer loop of ITERSETCOVER(«,¢,l,u) with

the parameter { > k, SOLy, w.h.p. covers U.
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Algorithm 12 OFFLINESC(S, ¢) invokes a black box that returns a cover of size at most p¢
(if there exists a cover of size ¢ for S) for the Set Cover instance that is the projection of F
over S.
1: procedure OFFLINESC(S, /)
2: Fs <0
for all element e € S do
F. < the collection of sets containing e

3
4:
5: Fs +— Fs U F,
6
7
8

D <« solution of size at most pl for Set Cover on (S, Fs) constructed by a solver
> If there exists no such cover, then D = null
return D

Proof: After picking ¢ sets uniformly at random, by Set Sampling (Lemma 5.2.3), w.h.p. each
element that is not covered by the sampled sets appears in 5(%) sets of . Next, by Element
Sampling (Lemma 4.4.2 with § = (f)l/(afl)), at the end of each inner iteration, w.h.p. the
number of uncovered elements decreases by a factor of (%)Ma_l). Thus after at most («—2)

(5"

iterations, w.h.p. less than £ (7 ) elements remain uncovered. Finally, OFFLINESC is

invoked on the remaining elements; hence, SOL, w.h.p. covers U. O

Next we analyze the query complexity and the approximation guarantee of [ITERSET-
COVER. As we only apply Element Sampling and Set Sampling polynomially many times,
all invocations of the corresponding lemmas during an execution of the algorithm must suc-
ceed w.h.p., so we assume their high probability guarantees for the proofs in rest of this

section.

Lemma 4.4.7. Given thatl <k < T/ @agys W-h-p- ITERSETCOVER(q, €, 1, u) finds a (pa+

€)-approzimate solution of the input instance using O (L(m(%)M @Y + nk)) queries.

Proof: Let £, = (1+ %p)“og”fw “I'be the smallest power of 14 5= greater than or equal to
k. Note that it is guaranteed that ¢ € [I,u]. By Lemma 4.4.6, ITERSETCOVER terminates
with a guess value ¢ < /;. In the following we compute the query complexity of the run of
ITERSETCOVER with a parameter ¢ < /.

Set Sampling component picks ¢ sets and then update the set of elements that are not
covered by those sets, Usen, using O(nf) ELTOF queries. Next, in each iteration of the inner

loop, the algorithm samples a subset S of size 9] (E(n/ﬁ)l/(o‘_l)) from Uer,. Recall that, by

Set Sampling (Lemma 5.2.3), each e € S C Uem appears in at most O(m/l) sets. Since
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each element in Uem appears in O(m/f), OFFLINESC returns a cover D of size at most
pl using O (m (n/f)l/(o‘fl)) SETOF queries (Lemma 4.4.5). By the guarantee of Element
Sampling (Lemma 4.4.2), the number of elements in U, that are not covered by D is at
most (£/n)Y V|| Finally, at the end of each inner loop, the algorithm updates the
set of uncovered elements U, by using 9] (nf) ELTOF queries. The Feasibility Test which is
passed w.h.p. for £ < ¢, ensures that the final run of OFFLINESC performs O(m(n/¢)Y/(@=1)
SETOF queries. Hence, the total number of queries performed in each iteration of the outer
loop of ITERSETCOVER with parameter £ < ¢}, is O <m (n/0)" =1 4 né).

By Lemma 4.4.6, if ¢, < u, then the outer loop of ITERSETCOVER is executed for
[ < 0 <l before it terminates. Thus, the total number of queries made by ITERSETCOVER

18:

10g14 e b 1
P n ° £ ~ n\ a1 0y, nty,
> S — 1+—)| = - ] .k
v m<<1+L>l> et g | =0 (m (1) (b T) + i)

i:“0g1+2§7”
~ (1 1/(a—1)
_ (_(m(ﬁ) M))
€ {

Now, we show that the number of sets returned by ITERSETCOVER is not more than

(ap + €)ly. Set Sampling picks ¢ sets and each run of OFFLINESC returns at most pl sets.
Thus the size of the solution returned by ITERSETCOVER is at most (1 + (o — 1)p)ly <
(ap + ¢)k. O

Next, we prove the main theorem of the section.
Algorithm 13 The description of the SMALLSETCOVER algorithm.

1: procedure SMALLSETCOVER(«, €)

2: SOL < ITERSETCOVER(logn, 1,1, n)
3: k' < |soL| > Find a plogn estimate of k.
4:  return ITERSETCOVER(a, ¢, | =], [K'(1+ 55)1)

Proof of Theorem j.4.4. The algorithm SMALLSETCOVER first finds a (plogn)-approximate
solution of Set Cover(U, F), SOL, with 6(m+nk) queries by calling ITERSETCOVER(logn, 1,1,n).
Having that £ < &’ = |soL| < (plogn)k, the algorithm calls ITERSETCOVER with « as

the approximation factor and [[k'/(plogn)], [K'(1+ 55°)]] as the range containing k. By
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Lemma 4.4.7, the second call to ITERSETCOVER in SMALLSETCOVER returns a (ap + €)-

approximate solution of Set Cover(U, F) using the following number of queries:
~ (1 n = ~ (1 n\ a=t
ol - _ kl]l=0|- - k). O
(6 (m (/f/(plogn)> o )) (8 <m<k> o ))

4.4.2. Second Algorithm: large values of £

The second algorithm, LARGESETCOVER, works strictly better than SMALLSETCOVER for
large values of k (k > /m). The advantage of LARGESETCOVER is that it does not need to
update the set of uncovered elements at any point and simply avoids the additive nk term
in the query complexity bound; the result of Section 4.5 suggests that the nk term may be
unavoidable if one wishes to maintain the uncovered elements. Note that the guarantees of
LARGESETCOVER is that at the end of the algorithm, w.h.p. the ground set U is covered.

The algorithm LARGESETCOVER, given in Algorithm 14, first randomly picks ££/3 sets.
By Set Sampling (Lemma 5.2.3), w.h.p. every element that occurs in Q(m/(ef)) sets of F
will be covered by the picked sets. It then solves the Set Cover instance over the elements
that occur in O(m/(ef)) sets of F by an offline solver of Set Cover using O(m/(¢)) queries;
note that this set of elements may include some already covered elements. In order to get
the promised query complexity, LARGESETCOVER enumerates the guesses ¢ of the size of
an optimal set cover in the decreasing order. The algorithm returns feasible solutions for
¢ > k and once it cannot find a feasible solution for ¢, it returns the solution constructed for
the previous guess of k, i.e., £(1+¢/(3p)).

Since LARGESETCOVER performs Set Sampling for 5(5_1) iterations, w.h.p. the total

query complexity of LARGESETCOVER is O(mn/(ke?)).

Note that testing whether the number of occurrences of an element is O(m/(ef)) only

cmlogn

= ). We now prove the desired performance of

requires a single query, namely SETOF (e,

LARGESETCOVER.

Lemma 4.4.8. LARGESETCOVER returns a (p+¢)-approzimate solution of Set Cover(U, F)

w.h.p.

Proof: The algorithm LARGESETCOVER tries to construct set covers of decreasing sizes until
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Algorithm 14 A (p + ¢)-approximation algorithm for the Set Cover problem. We assume
that the algorithm has access to ELTOF and SETOF oracles for Set Cover(U, F), as well as
|U| and |F]|.

1: procedure LARGESETCOVER(¢)
2 > try all (14 i)—approximate guesses of k

3 for 0 € {(1+ 3%)1 |0<i< 10g1+§ n} in the decreasing order do

4: rnd, <— collection of 53—5 sets picked uniformly at random > set sampling
5: Frare < 0 > intersection with rare elements
6
7
8
9

for all e € U do

if e appears in S9M8™ gots then > size test: SETOF (e, “7oam)
el ) =r

Fe <« collection of sets containing e > 5(3) SETOF queries
: Frare < Frare U Fe
10: S+ SU{e}

11: D « solution of Set Cover(S, Fae) returned by a p-approximation algorithm
12: if |D| < pl then

13: SOL < rnd, UD

14: else

15: return SOL > solution for the previous value of ¢

it fails. Clearly, if & < ¢ then the black box algorithm finds a cover of size at most p¢ for
any subset of U, because k sets are sufficient to cover U. In other words, the algorithm
does not terminate with ¢ > k. Moreover, since the algorithm terminates when ¢ is smaller
than k, the size of the set cover found by LARGESETCOVER is at most (5 + p)(1 + 55){ <
(5+p A+ 5)k < (p+e)k O
Lemma 4.4.9. The number of queries made by LARGESETCOVER s 6(%@)

Proof: The value of ¢ in any successful iteration of the algorithm is greater than k/(p + ¢);
otherwise, the size of the solution constructed by the algorithm is at most (p+¢)¢ < k which
is a contradiction.

Set Sampling guarantees that w.h.p. each uncovered element appears in O(m/el) sets
and thus the algorithm needs to perform 6(%) SETOF queries to construct F,,.. Moreover,
the number of required queries in the size test step is O(n) because we only need one SETOF

query per each element in /. Thus, the query complexity of LARGESETCOVER(¢) is bounded
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4.5. Lower Bound for the Cover Verification Problem

In this section, we give a tight lower bound on a feasibility variant of the Set Cover problem
which we refer to as Cover Verification. In Cover Verification(U, F, F},), besides a collection
of m sets F and n elements U, we are given indices of k sets Fr C F, and the goal is to
determine whether they are covering the whole universe ¢ or not. We note that, throughout
this section, the parameter k is a candidate for, but not necessarily the value of, the size of
the minimum set cover.

A naive approach for this decision problem is to query all elements in the given k sets
and then check whether they cover U or not; this approach requires O(nk) queries. However,
in what follows we show that this approach is tight and no randomized protocol can decide
whether the given k sets cover the whole universe with probability of success at least 0.9
using o(nk) queries.

Theorem 4.5.1. Any (randomized) algorithm for deciding whether a given k = Q(logn)

sets covers all elements with probability of success at least 0.9, requires Q(nk) queries.

Proof: Observe that according to our instance construction, the algorithm may verify, with
a single query, whether a certain swap occurs in a certain slab. Namely, it is sufficient to
query an entry of ELTOF or SETOF that would have been modified by that swap, and check
whether it is actually modified or not. For simplicity, we assume that the algorithm has the
knowledge of our construction. Further, without loss of generality, the algorithm does not
make multiple queries about the same swap, or make a query that is not corresponding to
any swap.

We employ Yao’s principle as follows: to prove a lower bound for randomized algorithms,
we show a lower bound for any deterministic algorithm on a fixed distribution of input

instances. Let s = n —k be the number of possible swaps in each slab; assume s = O(n). We
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define our distribution of instances as follows: each of the s* possible Yes instances occurs
with probability 1/(2s"), and each of the ks*~! possible No instances occurs with probability
1/(2ks*1). Equivalently speaking, we create a random Yes instance by making one swap on
each basic slab. Then we make a coin flip: with probability 1/2 we pick a random slab and
undo the swap on that slab to obtain a No instance; otherwise we leave it as a Yes instance.
To prove by contradiction, assume there exists a deterministic algorithm that solves the
Cover Verification problem over this distribution of instances with r = o(sk) queries.

Consider the Yes instances portion of the distribution, and observe that we may alterna-
tively interpret the random process generating them as as follows. For each slab, one of its s
possible swaps is chosen uniformly at random. This condition again follows the scenario con-
sidered in Section 4.3.2: we are given k urns (slabs) of each consisting of s marbles (possible
swap locations), and aim to draw the red marble (swapped entry) from a large fraction of
these urns. Following the proof of Lemmas 4.3.13-4.3.14, we obtain that if the total number
of queries made by the algorithm is less than (1 — %)%, then with probability at least 0.99,
the algorithm will not see any swaps from at least % slabs.

Then, consider the corresponding No instances obtained by undoing the swap in one of
the slabs of the Yes instance. Suppose that the deterministic algorithm makes less than
(1— %)% queries, then for a fraction of 0.99 of all possible tuples 7, the output of the
Yes instance is the same as the output of % fraction of No instances, namely when the
slab containing no swap is one of the % slabs that the algorithm has not detected a swap
in the corresponding Yes instance; the algorithm must answer incorrectly on half of the

corresponding weight in our distribution of input instances. Thus the probability of success

for any algorithm with less than (1 — 2)5% queries is at most

2,11 0.495
1= Pr|Tosenl > (1 — k(5)(2) < 1— —2 <.
[Tl 2 (1= 2k()(G) < 1= =5 <09,

for a sufficiently small constant b > 3 (e.g. b =4). As s = ©(n) and by Yao’s principle, this

implies the lower bound of Q(nk) for the Cover Verification problem. O

While this lower bound does not directly lead to a lower bound on SetCover, it sug-

gests that verifying the feasibility of a solution may even be more costly than finding the
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approximate solution itself; any algorithm bypassing this Q(nk) lower bound may not solve
Cover Verification as a subroutine.

We prove our lower bound by designing the Yes and No instances that are hard to
distinguish, such that for a Yes instance, the union of the given £ sets is U/, while for a No
instance, their union only covers n — 1 elements. Fach Yes instance is indistinguishable from
a good fraction of No instances. Thus any algorithm must unavoidably answer incorrectly

on half of these fractions, and fail to reach the desired probability of success.

4.5.1. Underlying Set Structure

Our instance contains n sets and n elements (so m = n), where the first k sets forms
F, the candidate for the set cover we wish to verify. We first consider the incidence matrix
representation, such that the rows represent the sets and the columns represent the elements.
We focus on the first n/k elements, and consider a slab, composing of n/k columns of the
incidence matrix. We define a basic slab as the structure illustrated in Figure 4.5.1 (for
n =12 and k = 3), where the cell (7,7) is white if e; € 5;, and is gray otherwise. The rows
are divided into blocks of size k, where first block, the query block, contains the rows whose
sets we wish to check for coverage; notice that only the last element is not covered. More
specifically, in a basic slab, the query block contains sets Si, ..., S, , each of which is equal
to {e1,...,enk-1}. The subsequent rows form the swapper blocks each consisting of n/k
sets. The r* swapper block consists of sets Str41)n/k+1s - - - » S(r42)n/k» €ach of which is equal
to {e1,...,eni} \ {e-}. We perform one swap in this slab. Consider a parameter (x,y)
representing the index of a white cell within the query block. We exchange the color of this
white cell with the gray cell on the same row, and similarly exchange the same pair of cells on
swapper block y. An example is given in Figure 4.5.1; the dashed blue rectangle corresponds
to the indices parameterizing possible swaps, and the red squares mark the modified cells.
This modification corresponds to a single swap operation; in this example, choosing the index
(3,2) swaps (e, €4) between S3 and Sg. Observe that there are k x (n/k—1) = n—k possible
swaps on a single slab, and any single swap allows the query sets to cover all n/k elements.

Lastly, we may create the full instance by placing all k£ slabs together, as shown in

Figure 4.5.2, shifting the elements’ indices as necessary. The structure of our sets may be
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€1 €2 €3 €4 €1 €2 €3 €4

s S ‘s
query block { S S E E
S S3 E '
Sy S b
swapper block 1 Ss Ss
Se Se
S7 St
swapper block 2 < Sg S
Sy Sy
S1o Sio
swapper block 3 § Si; St
S12 S12
(a) a basic slab (b) after performing a (3,2)-swap

Figure 4.5.1: A basic slab and an example of a swapping operation.

slab 1 slab 2 slab 3

€1 €2 €3 €4 €5 € €7 €8 €9 €10 €11 €12

S1o
Sll
512

Figure 4.5.2: A example structure of a Yes instance; all elements are covered by the first
3 sets.
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specified solely by the swaps made on these slabs. We define the structure of our instances

as follows.

1. For a Yes instance, we make one random swap on each slab. This allows the first &

sets to cover all elements.

2. For a No instance, we make one random swap on each slab except for exactly one of

them. In that slab, the last element is not covered by any of the first k sets.

Now, to properly define an instance, we must describe our structure via ELTOF and
SETOF. We first create a temporary instance consisting of k£ basic slabs, where none of the
cells are swapped. Create ELTOF and SETOF lists by sorting each list in an increasing order
of indices. Each instance from the above construction can then be obtained by applying
up to k swaps on this temporary instance. Figure 4.6.1 provides a sample realization of a
basic slab with ELTOF and SETOF, as well as a sample result of applying a swap on this
basic slab; these correspond to the incidence matrices in Figure 4.5.1a and Figure 4.5.1b,
respectively. Such a construction can be extended to include all k£ slabs. Observe here that
no two distinct swaps modify the same entry; that is, the swaps do not interfere with one
another on these two functions. We also note that many entries do not participate in any

swap.

4.6. Generalized Lower Bounds for the Set Cover Problem

In this section we generalize the approach of Section 4.3 and prove our main lower bound
result (Theorem 4.3.1) for the number of queries required for approximating with factor «
the size of an optimal solution to the Set Cover problem, where the input instance contains
m sets, n elements, and a minimum set cover of size k. The structure of our proof is largely
the same as the simplified case, but the definitions and the details of our analysis will be
more complicated. The size of the minimum set cover of the median instance will instead be
at least ak 4+ 1, and GENMODIFIEDINST reduces this down to k. We now aim to prove the

following statement which implies the lower bound in Theorem 4.3.1.

Theorem 4.6.1. Let k be the size of an optimal solution of I such that 1 < o <logn and

1
2<k< <m> e Any algorithm that distinguishes whether the input instance is I*
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Before: ELTOF table for a basic slab After: ELTOF table after applying a swap

ErtOF |1 2 3 ELTOF |1 2 3
Sl €1 €2 €3 Sl €1 €2 €3
SQ €1 €y €3 SQ €1 €y €3
Sg €1 €2 €3 53 €1 . €3
Sy €y €3 €4 Sy ey €3 €4
S5 €y €3 €4 55 €y €3 €4
SG €y €3 €4 56 €y €3 €4
57 €1 €3 €4 S7 €1 €3 €4
Sg €1 €3 €4 Sg €1 €3 €4
Sy e ez €4 So er e3 .
S1o €1 €2 €4 S1o €1 €2 €4
Su €1 €2 €4 St €1 €2 €4
S12 €1 €2 €4 S12 €1 €2 €4

Before: SETOF table for a basic slab
SETOr | 1 2 3 4 5 6 7 8 9
el S Sy Sz S7 Sg Sy S St Sie
es Sy Sy S3 Sy S5 Sg S St Sie
es Sy Sy S3 Sy S; S¢ St Ss Sy
ey Sy Ss Sg Sr Ss Sy Sip Su Siz

After: SETOF table after applying a swap
SETOF | 1 2 3 4 5 6 7 8 9
el Sy Sy S3 Sr Ss Sy S Sui Sie
es S1 Sy . Sy S5 S¢ S St Sie
es Sy Sy S; Sy S; S¢ St Ss Sy
e |S0o5 S S S Bl s su S

Figure 4.6.1: Tables illustrating the representation of a slab under ELTOF and SETOF
before and after a swap; cells modified by swap(es, €4) between S3 and Sy are highlighted in

red.
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or belongs to D(I*) with probability of success at least 2/3 requires Q(m (%)Y ) queries.

%
Proof: Applying the same argument as that of Lemma 4.3.10, we derive that the probability

that A returns different outputs on I* and I’ is at most

@ el
PrA(I*) # A(I') <) Pransp-(¢) # ansp(q) <Y Pere-ser(e(qr), S(ar)) <

t=1 t=1

via the result of Lemma 4.6.12. Then, over the distribution in which we applied Yao’s lemma,

we have

Pr A succeeds < 1 — 1Pr [A(I*) = A(I")] < 1 — 1 1— 64pg Q|
S e A= U m = pe)?

1 32pk
= 4+ —

2
1 32 /8(ka+2)logm %
§+—<( ) ) Q|

IN

m n

where the last inequality follows from Lemma 4.6.2. Thus, if the number of queries made by

L /(%) then the probability that A returns the correct answer

. m 1
A is less than @(m> (

over the input distribution is less than 2/3 and the proof is complete. 0

4.6.1. Construction of the Median Instance [*.

Let F be a collection of m sets such that independently for each set-element pair (.5, €), S con-

8(ak+2) logm) 1/(ak)

tains e with probability 1 — py, where we modify the probability to py = (
We start by proving some inequalities involving py that will be useful later on, which hold

for any k in the assumed range.

Lemma 4.6.2. For2<k< (W)A&H, we have that
() 1—po>pp",

(b) po* <1/2,

(0) i < (Bekeionm)

Proof: Recall as well that o > 1. In the given range of k, we have ki* <

n
16aklogm S
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m because ko > 2. Thus

1

Do = 8(ak 4 2)logm a’“S 1 ak:k_él/k'
n kAo

. In k .
Next, rewrite k=% = e~“F" and observe that % < % < 1.5. Since e™* < 1 — 5 for

_4lnk

any < 1.5, we have py < e”* < 1 — 2B Further, pg/4 < ek = 1/k. Hence

k
Po + p§/4 <1-—2k 4 1 <9 implying the first statement.

The second statement easily follows as p§/4 < 1/k < 1/2 since k > 2. For the last

statement, we make use of the first statement:

I i _ (8(ak+2) 1ogm)2a
(L=po)* = 2 n
which completes the proof of the lemma. 0]

Next, we give the new, generalized definition of median instances.

Definition 4.6.3 (Median instance). An instance of Set Cover, I = (U, F), is a median

instance if it satisfies all the following properties.

(a) No ak sets cover all the elements. (The size of its minimum set cover is greater than
ak.)

(b) The number of uncovered elements of the union of any & sets is at most 2npk.

(c) For any pair of elements e, ¢/, the number of sets S € F s.t. e € S but € ¢ S is at least
(1 = po)pom /2.

(d) For any collection of k sets Sy, -+, Sk, [Sk N (SyU---USk_1)| > (1 —po)(1 — ph)n/2.

(e) For any collection of k + 1 sets S, Sy, , Sk, |(Sk N (S1U---USk_1))\ S| < 2po(1 —
po)(1 =g~ H)n.

(f) For each element, the number of sets that do not contain the element is at most (1 +

%)Pom-

Lemma 4.6.4. For k < min{«/wﬁim,(maﬁgm)ﬁil}, there exists a median instance I*
satisfying all the median properties from Definition 4.6.3. In fact, most of the instances

constructed by the described randomized procedure satisfy the median properties.

127



Proof: The lemma follows from applying the union bound on the results of Lemmas 4.6.5-

4.6.10. U

The proofs of the Lemmas 4.6.5-4.6.10 follow from standard applications of concentration

bounds. We include them here for the sake of completeness.

Lemma 4.6.5. With probability at least 1—m~2 over F ~ I(U, py), the size of the minimum
set cover of the instance (F,U) is at least ak + 1.

Proof: The probability that an element e € U is covered by a specific collection of ak sets

in F is at most 1 —pg* =1 — w. Thus, the probability that the union of the ak

8(ak+2)logm )n
n

sets covers all elements in U is at most (1 — < m~ 8@ +2) - Applying the union

bound, with probability at least 1 —m~2 the size of an optimal set cover is at least ok + 1.0J

Lemma 4.6.6. With probability at least 1 —m~=2 over F ~ Z(U,po), any collection of k sets

has at most 2npf uncovered elements.

Proof: Let Si,---, Sk be a collection of k sets from F. For each element e € U, the proba-

bility that e is not covered by the union of the k sets is p&. Thus,
E[U\ (S, U--- US| = pkn > pi¥n = 8(ak + 2) logm.

By Chernoft bound,

plg n

5 < e—(ak+2)logm < m—k—Q'

PriUd\ (S1U---USk)| > 2phn < e

Thus with probability at least 1 — m™2, for any collection of k sets in F, the number of

uncovered elements by the union of the sets is at most 2pjn. l

Lemma 4.6.7. Suppose that F ~ Z(U,po) and let e, e’ be two elements in U. Given k <

1
(W) 4a+1, with probability at least 1 — m™2, the number of sets S € F such that e € S

but €' ¢ S is at least mpo(1 — po)/2.

Proof: For each set S, Pre€ S and ¢ ¢ S = (1 — pg)po. This implies that the expected
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number of such sets S satisfying the condition for e and €’ is
k/4 ak
po(l —po)m > po-py - m > pgn = 8(ak + 2)logm

by Lemma 4.6.2 and m > n. By Chernoff bound, the probability that the number of sets

containing e but not €’ is less than mpg(1 — pg)/2 is at most

P (1—
_pol=po)m Spo)m S e—(ak—i—?)logm oak:—2.

e <m-

Thus with probability at least 1 —m™2 property (c) holds for any pair of elements in U. O
Lemma 4.6.8. Suppose that F ~ Z(U,py) and let Sy,---,Sy be k different sets in F.
Given k < (W)Mﬂrl, with probability at least 1 — m™2, S, N (S; U -+ U Spq)| >
(1= po)(1 —pg ")n/2.

Proof: For each element e, Pre € Sy N (S U---USk_1) = (1 —po)(1 — pi~"). This implies
that the expected size of Sy N (S U---U Sk_1) is

(1 —po)(1— pg_l)n > p§/4 'p§/4 -n > pgkn = 8(ak + 2)log m.

by Lemma 4.6.2. By Chernoff bound, the probability that |[S, N (S;U---US,_1)] < (1 —

po)(1 — pi~1)n/2 is at most

_ (1=pp)(1-pf"Hn
e 8 <e

—(ak+2)logm < m—ak—?

Thus with probability at least 1 —m™2 property (d) holds for any sets Sy,---, Sy in F. O

Lemma 4.6.9. Suppose that F ~ Z(U,po) and let Sy, --- , Sk and S be k+1 different sets in
1
F. Given k < (L) T with probability at least 1—m™2, |(SpN(S1U---USk_1))\ S| <

16 logm

2p0(1 — po)(1 — p~)n.
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Proof: For each element e, Pre € (SN (S;U---USk_1))\'S = po(l —po)(1 —pi~"). Then,

E(|(Sk N (S1U---USe 1))\ S|) = po(1 = po)(1 — piHn > po - pb™* - pi/* > pg*n

= 8(ak +2)logm

by Lemma 4.6.2. By Chernoff bound, the probability that [(S, N (S;U---U Sk_1)) \ S| >
2p0(1 — po)(1 — pE=Y)n is

-1
_100(171»0)(1717110c n

N 3 < 6—2(ak+2)logm < m—2ak—4‘

Thus with probability at least 1 — m™2 property (e) holds for any sets Si,---, S, and S in
F. D

1
Lemma 4.6.10. Given that k < (W) MH, for each element, the number of sets that

do not contain the element is at most (1 + %)pom.

1
Proof: First, note that k < (16+> fot <V asm>nand a> 1.
alogm 7Tlnm

Next, for each element e, Prg.zle ¢ S| = pg. This implies that Eg(|{S | e ¢ S}|) = pomn.
By Chernoff bound, the probability that [{S | e ¢ S}| > (1 + £)pomn is at most e . Now
if k > logn, then py > 1/e and thus this probability would be at most exp(5%) < m™° for

any k < \/51—. Otherwise, we have that the above probability is at most exp(—*m”l/ak) <

3logZn
exp(%) < m~3 given m > n and sufficiently large n. Thus with probability at least
1 — m~2 property (f) holds for any element e € U. O

4.6.2. Distribution D(7*) of the Modified Instances Derived from [*.

Fix a median instance I*. We now show that we may perform O(n'~"/*k'/®) swap operations
on I* so that the size of the minimum set cover in the modified instance becomes k. So, the
number of queries to ELTOF and SETOF that induce different answers from those of I* is
at most O(n'~Y/2kY/*). We define D(I*) as the distribution of instances I’ that is generated
from a median instance I* by GENMODIFIEDINST(I*) given below in Algorithm 15. The
main difference from the simplified version are that we now select k different sets to turn

them into a set cover, and the swaps may only occur between Sj and the candidates.

130



Algorithm 15 The procedure of constructing a modified instance of I*.

1: procedure GENMODIFIEDINST(/* = (U, F))

2 M0

3 pick k different sets Sy, -+ Sy from F uniformly at random

4 forallec U\ (S;U---USk) do

5: pick € € (S, N (S1U---USk_1)) \ M uniformly at random
6: M — MU {ee'}

7 pick a random set S in Candidate(e, ¢’)

8 swap(e, e') between S, Sy

Lemma 4.6.11. The procedure GENMODIFIEDINST s well-defined under the precondition

that the input instance I* is a median instance.

Proof: To carry out the algorithm, we must ensure that the number of the initially uncov-
ered elements is at most that of the elements covered by both .S, and some other set from
S1,...,Sk—1. Since I* is a median instance, by properties (b) and (d) from Definition 4.6.3,
these values satisfy |\ (S1U- - -USk)| < 2pkn and |SpN(S1U- - -USk_1)| > (1—po)(1—pi~)n /2,

respectively. By Lemma 4.6.2, plg/4 < 1/2. Using this and Lemma 4.6.2 again,

_ k k/4 k
(1—po)(1 —pE~Yn/2 > p/* - ot/ - nj2 > pi*nj2 > 2pkn.

That is, in our construction there are sufficiently many possible choices for ¢’ to be matched
and swapped with each uncovered element e. Moreover, since [* is a median instance,
|Candidate(e, €’)| > (1 — po)pom/2 (by property (c)), and there are plenty of candidates for

each swap. O

Bounding the Probability of Modification. Similarly to the simplified case, define
Pei—set : U x F — [0, 1] as the probability that an element is swapped by a set, and upper

bound it via the following lemma.
Lemma 4.6.12. For anye € U and S € F, Pep_set(€,5) < % where the probability

is taken over the random choices of I' ~ D(I*).

Proof: Let Sy, ..., Sk denote the first k sets picked (uniformly at random) from F to construct

a modified instance of I*. For each element e and a set S such that e € S in the basic instance
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I~

PElt—Set(ea S) =PrS=5,-Prec Uie[k_l]Si | e €S
- Pre matches to U \ (UicS5) | e € Sk N (Uick-115:)
—|—P1"5 ¢ {Sl,...,Sk} -Pre e S\(Uze[k]sz) ‘ ee S

-PrS swaps e with Sy |e € S\ (S1U---US),

where all probabilities are taken over I’ ~ D(I*). Next we bound each of the above six
terms. Clearly, since we choose the sets Sy, - - - | Sy randomly, Pr[S = S;] = 1/m. We bound
the second term by 1. Next, by properties (b) and (d) of median instances, the third term

1s at most

4pk

U\ (Ui Si)| < 2pkn
(1 —po)*

|Sk N (Uie[kfl]si)l T (I—=po)(1— plg_l)%

<

We bound the fourth term by 1. Let d. denote the number of sets in F that do not contain

e. Using property (f) of median instances, the fifth term is at most

do(d. —1)---(d. — k+1) << de )‘“<((1+1/k)pom)k§em

(m—1)(m-—=2)---(m—Fk) — \m-—1 m(l—k%rl) 0

Finally for the last term, note that by symmetry, each pair of matched elements ee’ is
picked by GENMODIFIEDINST equiprobably. Thus, for any e € S\ (S; U--- U Sy), the

probability that each element ¢/ € S, N (S; U--- U Sk_1) is matched to e is \Skm(slul---usk,l)\'

By properties (c)-(e) of median instances, the last term is at most

Z Pree’ € M -Pr (S, S;) swap (e, ¢’)
e’ €(SpN(Uiek—115:)\S
1 1
< |(Sk N (Uiep—1151)) \ S| - ' -
< |(SeN( €lk—1] DA |Skﬂ(Uie[k—1]Si>| |Candidate(e, ¢')|
1 1

< 2po(1 = po)(1 — p™)n -
<8
~ (1 —=po)m

(1—po)(1 — p§ /2 po(1—po)m/2
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Therefore,

1 4pk 2k 8
P _ S < — 1 . 1 .
Eit—set(€, ) < m (1— po)? + 1€ (1 —po)m
aph 60p} G4pg

IN

4.7. Omitted Proofs from Section 4.3

Lemma 4.7.1. With probability at least 1—m™" over F ~ Z(U, py), the size of the minimum

set cover of the instance (F,U) is greater than 2.

Proof: The probability that an element e € U is covered by two sets selected from F is at

most:

9logm
Pr[eGSlLJSg]zl—pgzl— 5 .

Thus, the probability that S; U S, covers all elements in U is at most (1 — 28™)" < =2,
Applying the union bound, with probability at least 1 —m ™! the size of optimal set cover is

greater than 2. 0

Lemma 4.7.2. Let Sy and Sy be two sets in F where F ~ Z(U,py). Then with probability
at least 1 —m™, U\ (S; U Ss)| < 181logm.

Proof: For an element e, Prle ¢ S; U Sy| = p2 = glofm. So, E[|U \ (51 U Ss)|] = 9logm.
By Chernoff bound, Pr[|i/ \ (S; U Sy)| > 18logm] is at most e~?°8™/3 < m~3. Thus with
probability at least 1 — m™!, for any pair of sets in F, the number of element not covered

by their union is at most 18logm. U

Lemma 4.7.3. Let Sy and Sy be two sets in F where F ~ Z(U,py). Then |S1 N S| > n/8
with probability at least 1 —m™1.

Proof: For each element e, it is either covered by both S, S5, one of S, S5 or none of them.
Since py < 1/2, the probability that an element is covered by both sets is greater than other
cases, i.e., Prle € S; NSy > 1/4. Thus, E[|U \ (S1 N Ss)|] > n/4. By Chernoff bound,
Pr[lU\ (S1NSy)| < n/8| is exponentially small. Thus with probability at least 1 —m™!, the
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intersection of any pairs of sets in F is greater than n/8. U

Lemma 4.7.4. Suppose that F ~ Z(U,py) and let e, e’ be two elements in U. With prob-

ability at least 1 — m™1, the number of sets S € F such that e € S but ¢ ¢ S is at least

m+/9logm
4/n

Proof: For each set S, Prle € S and ¢ ¢ S| = (1 — po)po > po/2. This implies that the
expected number of S satisfying the condition for e and ¢’ is at least % - \/@ and by
Chernoff bound, the probability that the number of sets containing e but not €’ is less than
m‘ﬁg—\}%w is exponentially small. Thus with probability at least 1 — m™! property (d) holds

for any pair of elements in . O

Lemma 4.7.5. Suppose that F ~ Z(U,po) and let Sy, Sy and S be sets in F. With proba-
bility at least 1 —n~', |(S1 N S,) \ S| < 6y/nlogm.

Proof: For each element e, Pr[e € (S1 N S2) \ S| = (1 — po)*po < po. This implies that the
expected size of (SN S2) \ S is less than \/9nlogm and by Chernoff bound, the probability
that |(S1NS2)\S| > 6v/nlogm is exponentially small. Thus with probability at least 1 —m™!

property (e) holds for any sets S, S, and S in F. d

Lemma 4.7.6. For each element, the number of sets that do not contain the element is at

most 6m k’%.
Proof: For each element e, Prgle ¢ S] = py. This implies that Eg(|{S | e ¢ S}|) is less

than m4/ %™ and by Chernoff bound, the probability that [{S | e & S}| > 2m,/2%8™

is exponentially small. Thus with probability at least 1 — m™! property (f) holds for any

element e € U. O
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Chapter 5

Streaming Maximum Coverage

5.1. Introduction

In maximum k-coverage (Max k-Cover), given a ground set U of n elements, a family of m
sets F (each subset of U), and a parameter k, the goal is to select k sets in F whose union
has the largest cardinality. The initial streaming algorithms for this problem were developed
in the set arrival model, where the input sets are listed contiguously. This restriction is
natural from the perspective of submodular optimization, but limits the applicability of the
algorithms.! Avoiding this limitation can be difficult, as streaming algorithms can no longer
operate on sets as “unit objects”. As a result, the first maximum coverage algorithm for the
general edge arrival model, where pairs of (set, element) can arrive in arbitrary order, have
been developed recently. In particular [29] presented a one-pass algorithm with space linear
in m and constant approximation factor.?

A particularly interesting line of research in set arrival streaming set cover and max
k-cover is to design efficient algorithms that only use 5(71) space [155, 22, 67, 42, 131]. Pre-
vious work have shown that we can adopt the existing greedy algorithm of Max k-Cover

to achieve constant factor approximation in O(n) space [155, 22| (which later improved to

!For example, consider a situation where the sets correspond to neighborhoods of vertices in a directed
graph. Depending on the input representation, for each vertex, either the ingoing edges or the outgoing
edges might be placed non-contiguously.

2We remark that many of the prior bounds (both upper and lower bounds) on set cover and max k-cover
problems in set-arrival streams also work in edge arrival streams (e.g. [61, 97, 20, 131, 17, 105]). However, the
design of efficient streaming algorithms for the coverage problems on edge arrival streams was first studied
explicitly in [29].
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O(k) by [131]). However, the complexity of the problem in the “low space” regime is very
different in edge-arrival streams: [29] showed that as long as the approximation factor is
a constant, any algorithm must use Q(m) space. Still, our understanding of approxima-
tion /space tradeoffs in the general case is far from complete. Table 5.1.1 summarizes the

known results.

5.1.1. Our Results

In this chapter, we complement the work of [29] by designing space-efficient (1/«)-approximation
algorithms for super-constant values of a. In fact, we show a tight (up to polylogarithmic
factors) tradeoff between the two: the optimal space bound is O(m/a?) for estimating the
maximum coverage value, and 6(m /a?+k) for reporting an approximately optimal solution.?

The approximation factor o can take any value in [1/0(y/m),1—1/e).

5.1.2. Our Techniques

In the edge arrival model, elements of each set can arrive irregularly and out of order. This
necessitates the use of methods that aggregate the information about the input sets, or their
coverage. In particular, distinct element sketches were used both in [29] (implicitly) and [131]
(explicitly). In this chapter we expand the use of sketching toolkit. Specifically, in addition
to distinct element estimation |13, 28, 112, 113, 32|, we also need algorithms for heavy hitters
with respect to the Ly norm [44, 165, 38, 37], as well as a frequency-based partitioning of
elements, and detecting sets that “substantially contribute” to the solution [108|. Application
of vector-sketching techniques (e.g. L,-sampling/estimation and heavy hitters) in graph
streaming settings have been studied extensively (e.g. [8, 9, 89, 21, 49, 114]). We believe
that our algorithms can lead to further connections between vector sketching methods and

streaming algorithms for the coverage problems.

3We note that similar tradeoffs were previously obtained for the set cover problem, as [20] showed a
©(mn/a?) bound for estimation, and a ©(mn/a) bound for reporting. Interestingly, the 1/a? vs. 1/a gap
does not occur for our problem.

4Their result works for the general submodular maximization assuming access to a value oracle that given
a collection of sets computes their coverage. A careful adoption of their result to Max k-Cover (without the

value oracle) uses O(n) space.
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Problem Stream Model Approximation Upper Bound Lower Bound

o . 1—¢ QE)[17]
Estimation =~ Edge Arrival - c
1-1-¢ a)s1)
O(m)[29
Edge Arrival 1— % —¢ _ (120
2131
Reporting O(f)[ 31 B
L[155], L [22)* 9]
Set Arrival o 1199 3 122 ~ k(n)
T-¢ O(%)[131]
Estimation  Edge Arrival 1/« 6(%) [here] Q(Z;) [here],[29]
Reporting Edge Arrival 1/« O(k + 7;) [here] -

Table 5.1.1: The summary of known results on the space complexity of single-pass stream-
ing algorithms of Max k-Cover.

Lower bound. Our algorithm was inspired by the lower bound. Specifically, it was pre-
viously shown by [29] that approximating Max k-Cover by a factor better than 2 requires
Q(m) space. Similar approach works for larger values of a, by showing a reduction from
the a-player set disjointess problem (DSJi)) with unique intersection guarantee (i.e., either
players’ sets are disjoint or there is a unique item that appears in all sets) to the task of
a-approximating Max k-Cover.

The specific hard instances in the aforementioned lower bound can be distinguished in
the streaming model using space O(m/a?). To this end, we compute an a-approximation to
the L,.-norm of a vector v that, for each element e, counts the number of sets e belongs to.
This problem can be solved in O(m/a?) space, by using Ly-norm sketches [13]. This suggests
that it might be possible to solve the general Max k-Cover using sketching techniques as

well.

Upper bound. We start our algorithm with a “coverage boosting” universe reduction
technique which constructs a reduced size instance (i.e., with reduced ground set) whose
optimal k-cover has constant fraction coverage (see Section 5.3.1). This step is particularly
important as the space complexity of the existing methods for Max k-Cover is proportional

to the reciprocal of the fraction of covered elements in an optimal solution.
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Once we have a constant fraction coverage guarantee, our algorithm exploits three differ-
ent approaches so that on any instance, at least one of them reports a “good” approximate

solution.

Multi-layered set sampling. By extending the set sampling approach (see Section 5.2.1)
k ok

and trying a larger range of sampling rate, [, 2], we design a smooth variant of set sampling:
a collection of sets sampled uniformly and independently® at rate 5(6k/m) w.h.p., covers
all elements that appear in at least m/(Sk) sets. Besides expanding the application of set
sampling in finding (1/«)-approximate k-cover, this smooth variant implies more structure
on the number of elements in a wider range of frequency levels which is specifically crucial
in our approach for detecting sets with “low contribution”.

Unlike the set sampling based technique whose success in finding an a-approximate k-
cover only depends on the structure of the set system, the performance of the next two
approaches rely on the structure of optimal solutions as well: whether the majority of the

coverage (in a specific optimal k-cover) is due to (few) “large” sets or, (many) “small” sets.

Heavy hitters and contributing frequencies. The high level idea in this approach is
that if in an optimal solution, a sufficiently® small number of sets cover the majority of
the elements (covered by the optimal solution), it is enough to find a single large set, which
naturally hints the use of ideas related to heavy hitters. For the sake of efficiency (in space
complexity), we randomly partition sets into supersets of size at most k. However, once we
merge sets into a single superset, we can no longer distinguish between their coverage and
their total size. Since we combine sets at random, if all elements have “low” frequency in the
set system, then the gap between the total size of all sets in a superset and their coverage is
just 5(1) This observation implies that if there is no “common” element in the set system,
then we can use the total size of the sets in a superset as an estimate of its coverage size. To
get around the case with (many) “common” elements, we show that performing the heavy
hitter based algorithm on a sampled set of elements will find a sufficiently large superset as

desired (see Section 5.8).

°In fact, O(log mn)-wise independent is sufficient for all applications in this chapter.
5Depending on how large the value of « is.
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Detecting k-covers with many small sets. Finally, we address the case in which an
optimal k-cover consists of many “small” sets. In this case, we can show that after subsam-
pling sets uniformly with probability 1/a, a (£)-cover with coverage at least ©(1/a) times
the coverage of an optimal k-cover survives. This sampling method will save us a factor
of o in the memory usage of the algorithm. Further, by exploiting the structural prop-
erty guaranteed due to the multi-layered set sampling’, we can show that element sampling
can save another factor of a in the space complexity once applied to find a constant factor

approximate Max (£)-Cover of the subsampled sets.

5.1.3. Other Related Work

Another important related question in this area is to design a “low-approximation” (i.e.,
better than the 2-approximation guarantee of the greedy approach) streaming algorithm
for the max k-cover problem in the set arrival setting. Recently, Norouzi-Fard et al. [147]
presented the first streaming algorithm that improves upon 2-approximation guarantee of
greedy approach on random arrival streams. Very recently, Agrawal et al. [5] achieved an
almost (1 — 1/e)-approximation in O(n) space which is essentially the optimal bound [131].8
Still it is an important question to design such algorithms on adversarial order streams. We
also remark that the algorithms of [117, 5] do not work on edge arrival streams.

In many scenarios, space is the most critical factor, and thus the question becomes: what
approximation guarantees are possible within the given space bounds? This question has
been studied before in the context of set cover in set arrival streams (e.g. [67, 12]), leading

to poly(n, m)-factor approximation algorithms.

5.2. Preliminaries and Notations

5.2.1. Sampling Methods for Max k-Cover and Set Cover

Here we describe two sampling methods that have been used widely in the design of streaming

algorithms for Max k-Cover and Set Cover [123, 61, 97, 20, 131, 17, 29, 105]. For a collection

TIf the multi-layered set sampling fails to return a (1/a)-approximate estimate, we can infer strong
conditions on the maximum number of elements that belong to each frequency level in [, 2]

8Both [147, 5] study the more general problem of submodular maximization and their results are stated
with different notation and assuming oracle access. Here, we state their guarantees for max cover on set
arrival streams

139



of sets Q, we define C(Q) to denote the set of elements that are covered by Q; C(Q) :=
Useo S- Moreover, we denote an optimal k-cover of (U, F) by OPT.

Set Sampling. Roughly speaking, it says that by selecting sets uniformly at random, with

high probability, all elements that appear in large number of sets will be covered.

Definition 5.2.1. Anelement e € U is called A-common if it appears in at least cm polylog(m, n)/A

sets in F. Furthermore, We denote the set of \-common elements by U{™".
Observation 5.2.2. For any 0 < A\; < Ay, UTT C U,

Lemma 5.2.3 (Set Sampling [61]). Consider a set system (U, F) and let F™ C F be
a collection of sets such that each set S is picked in F™ with probability % With high

probability, F™ covers all elements that appear in Q(m/)) sets (i.e. A\-common elements).

Element Sampling for Max k-Cover . This sampling method shows that if we sample
elements of U uniformly with a large enough rate (i.e. proportional to (klU|)/|C(OPT)|),
then a constant factor approximate k-cover over the sampled elements w.h.p., is a constant

factor approximate solution of the original instance.

Lemma 5.2.4 (Element Sampling Lemma [123, 61]). Consider an instance of Max
k-Cover(U, F). Let’s assume that an optimal k-cover of (U, F) covers (1/n)-fraction of U.
Let L C U be a set of elements of size é(nk) picked uniformly at random. Then, with high
probability, a ©(1)-approximate k-cover of (L, F) is a O(1)-approximate k-cover of (U, F).

Observation 5.2.5. Let Q be a collection of (Bk)-cover in F. Then, in any partitioning of
Q into [ groups, there exists one group with coverage at least |C(Q)|/B. In particular, an

optimal k-cover in Q covers at least |C(Q)|/p.
This simple observation is in particular interesting because it relates the task of a-approximating

Max k-Cover to solving instances of Max (8k)-Cover where g < a.

5.2.2. HeavyHitters and Contributing Classes

Suppose that a sequence of items py,--- ,pr arrive in a data stream where for each j < T,
p; € [m]. We can think of the stream as a sequence of (insertion only) updates on an initially

zero vector d@ such that upon arrival of p; in the stream, d[j] < @[j] + 1. Here, we review
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the notion of Fy-heavy hitter and contributing coordinates that are used in our algorithm for

approximating Max k-Cover.

Definition 5.2.6. Given an m-dimensional vector @, an item j (corresponding to d[j]) is a
¢-HeavyHitter of Fy(a), if a[j]* > ¢ - Fa(@) = ¢ - 32 cp, @lj)°. Intuitively, the set of items
that appear frequently in the stream are the heavy hitters.

We conceptually partition coordinates of @ into classes R; = {j | 27! < d[j] < 2'}.
Definition 5.2.7. A class of coordinates R; is y-contributing if |R;| - 2% > yFy(d) =
8 Zje[m} a[j]2~

Let Ry be a y-contributing class and let n denote the size of Ry; ny = |Ry«|. Further,

let’s assume that i* = [logng]; 281 < ne < 27, Let h @ [m] — [(12mlogm)/27] be a
function chosen uniformly at random from a family of ©(log(mn))-wise independent hash
functions. We define S;- as a sampled substream of the input stream with rate 1/2°. More
precisely, S;+ only contains the updates corresponding to the coordinates F;» = {j | h(j) = 1}
that are mapped to one under h. Next, we show that the survived coordinates of R
(7 € Ry+) in @, which is the vector @ restricted to the items in F;«, are @(7)—HeavyHitters
of Fy(a@): alj]? > Q(7) - Fa(d@»). Roughly speaking, if we subsample the stream so that
only polylog(m) coordinates of Ry survive, then with high probability these coordinates are

Q2(v)-HeavyHitters of the sampled substream.

Claim 5.2.8. With probability at least 1 — m™', the number of survived coordinates in the

sampled substream Sy is at least (6mlogm) /2% .

Proof: Let X; be a random variable which is one if item ¢; € F;« and zero otherwise. We
define X := Xj +--- 4+ X,,. Note that X; are ©(log(mn))-wise independent and E[X] =
(12mlogm)/2". Then, by an application of Chernoff bound with limited independence
(Lemma 5.7.3),

Pr(X < (6mlogm)/2") <m™".

Hence, with high probability, F;- has size at least (6mlogm)/2". O

Lemma 5.2.9. With probability at least 1 — 2/(91log” nlogm), a coordinate j € Ry is a
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(W)—HeavyHitter in the sampled substream S;-.

Proof: Let X; be a random variable corresponding to the i-th coordinate in Ry« such that
X; = 1ifi € F;» and zero otherwise. Moreover, we define X := X;+---+X,, .. Then, E[X] =
(12n4+ logm) /2" and by an application of Chernoff bound with limited independence,

Pr(X < 1) < Pr(X < (1 — /1/6)E[X]) < m™.

Next, we show that with probability at least 1 — 1/log®m, Fy(@) < O(Fy(@)/2"). Tt is
straightforward to check that E[Fy(d@;-)] = (12F»(a@)logm)/2". Hence, by Markov’s inequal-

ity,
Pr(Fy(d@;+) > (108Fy(a@) log® nlog®™ m)/2") < 1/(91og® nlog® m).

Hence, with probability at least 1 — 2/(9log®nlog®m), a coordinate j € Ry survives
in F and Fy(d@;-) < (108Fy(a@)log?nlog®t m)/2". Thus, with probability at least 1 —
2/(91og® nlog®m),

, . 2v ol
ali])? > (2?2 > L Ry(7) > —= Fy(7) = Fy(@
(ali)” = ( = 2(0) = 4-2”(10810g2n10gc+1m> 2(7) <43210g2n10gc+1m) >()
In other words, with probability at least 1 — 2/(9log®nlog®m), a coordinate i € S is a
-HeavyHitter of Fy(d;-). O

(Brenmem)
Next, we can use the exiting algorithms for F,-HeavyHitters to complete this section.
Theorem 5.2.10 (Fy-heavy hitters [44, 165, 38, 37]). Let’s assume that @ is an m-
dimensional vector initialized to zero. Let S be a stream of items py,--- ,pr where for
each j € [T, p; € [m]. Then, there is a single pass algorithm F>-HEAVYHITTER that uses
O(1/7) space and with high probability returns all coordinates i such that @i)> > vFy(a@). In

addition, it returns (1 + %)—approm’mate values of these coordinates.

Finally, there exists an algorithm that with probability at least 1 — 2/(91ognlog®m),

finds at least one coordinate in each ~-contributing class of @ using 5(1 /7) space.

Theorem 5.2.11 (v-contributing [108]). Let’s assume that d is an m-dimensional vector
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Algorithm 16 A single pass streaming algorithm that given a vector @ in a stream, for each
contributing class R, returns an index j along with a (1 £ (1/2))-estimate of its frequency.

1: procedure F>-CONTRIBUTING(7, S)

2 > Input: stream of updates i € [m] on vector @

3 > S is an upper bound on the size of a y-contributing class

4 for all n, € {2 | € [log S|} in parallel do

5: > n; : #Fcoordinates in a ~y-contributing class

6 R (m) > parameter of HeavyHitter

7 let HH,, be a instance of Fo-HEAVYHITTER(¢)

8 p < (121logm)/2' > sample rate of the substream

9 pick i : [m] — [%] from a family of ©(log(mn))-wise independent hash functions
10: for all item p; in the input stream do

11: if h(p;) =1 then

12: feed p; to HH,

13: return output of HHy

14: > returns heavy coordinates together with their approximate frequencies
initialized to zero. Let S be a stream of items py,--- ,pr where for each j € [T, p; € [m].

Moreover, let’s assume no item in S has frequency more than n. There exists a single
pass algorithm Fy-CONTRIBUTING that uses O(1/7) space and with probability at least 1 —
2/(91og nlog®m) returns a coordinate i from each y-contributing class. In addition, it returns

(1+ %)—approm’mate frequency of these coordinates.

Proof: There are at most logn (the total number of classes) ~-contributing classes for
a and for each v-contributing class R;, by Lemma 5.2.9, with probability at least 1 —
2/(91og® nlog®m), a coordinate in R, will be a @(7)—HeavyHitter of Fy(d;<) (where i* =
>

[log(n¢)]). By trying all values of i* € [log n], with probability at least 1—log n(g—z—— o slogcm)

1 F5-CONTRIBUTING algorithm outputs a coordinate from each y-contributing

2
9lognlog®m’

class. O

5.2.3. Ly-Estimation

Norm estimation is one of the fundamental problems in the area of streaming algorithms
where we are given an m-dimensional vector @ which is initialized to zero and a sequence
of items py,---,pr (updates for the vector @) where for each j € [T], p; € [m] arrive
in a data stream. In the well-studied task Lg-estimation (also known as Count-distinct

problem), the goal is to output a (1 & €)-estimate of the number of distinct elements (i.e.,
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Lo(@) := |{i | d[i] # 0}]) after reading the whole stream.

Theorem 5.2.12 (Lg-estimation [13, 28, 112, 113, 32]). Let’s assume that @ is an m-
dimensional vector initialized to zero. Let S be a stream of items py,--- ,pr where for each

Jj € [T, i; € [m]. There exists a single pass algorithm that returns a (1£1/2)-approzimation
of Lo(@) and uses O(1) space.

5.3. Estimating Optimal Coverage of Max k-Cover

In this section, we describe the outline of our single-pass algorithm that approximates the
coverage size of an optimal k-cover of (U4, F) within a factor of o using O(m/a?) space in
arbitrary order edge arrival streams. The input to our algorithm is k, o, n = [U| and m = |F|.
In high level, we perform three different subroutines in parallel and show that for any given
Max k-Cover instance, at least one of the subroutines estimates the optimal coverage size

within the desired factor in the promised space.

Theorem 5.3.1. For any a € [1/0(y/m),1/6(1)), there exists one pass streaming algorithm
that uses O(m/a?) space and with probability at least 3/4 computes the size an optimal

coverage of Max k-Cover(U, F) within a factor of 1/« in edge-arrival streams.

Note that Theorem 5.3.1 together with the O(1)-approximation algorithms of [131, 29] that
use 6(m) space, implies that for any o € [1/@(\/5),1 — 1/e), there exists a single-pass
streaming algorithm that computes an a-approximation of the optimal coverage size of
Max k-Cover(U, F) in O(m/a?) space. Later in Section 5.5, we extend our approach fur-
ther to achieve a single pass algorithm that computes an (1/a)-approximate k-cover in
O(m/o? + k) space.

Theorem 5.3.2. For any o € [1/0(y/m),1/0(1)), there exists a single-pass algorithm that
uses O(m/a? + k) space and with probability at least 3/4 returns an (1/a)-approximate

solution of Maxk-Cover (U, F) in edge-arrival streams.
Finally, we complement our upper bounds with a matching lower bound in Section 5.6.

Theorem 5.3.3. Any single pass (possibly randomized) algorithm on edge-arrival streams

that (1/a)-approzimates the optimal coverage size of Max k-Cover requires Q(m/a?) space.
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As a first step, we provide a mapping from the ground set U to a small size set of pseudo-
elements such that the optimal k-cover on the pseudo-elements covers a constant fraction
of the pseudo-elements. This reduction is in particular useful for bounding the number of

required samples in methods such as element sampling.

5.3.1. Universe Reduction

In this section we show that in order to solve Max k-Cover on edge-arrival streams, it suffices
to solve the instances whose optimal coverage size are at least a constant fraction of |U|.
To this end, suppose that we have an algorithm A for Max k-Cover in edge-arrival streams

with the following properties:

Definition 5.3.4 ((«, d, n)-oracle for Max k-Cover). An algorithm A is an («, d,n)-oracle
for Max k-Cover if it satisfies the following properties (a denotes the approximation guaran-

tee, 0 denotes the failure probability and 7 is the promised coverage of an optimal k-cover):

e If the optimal coverage size of Max k-Cover (U, F) is at least [U/|/n, then with proba-

bility at least 1 — §, A returns a (1/«)-approximation of the optimal coverage size.

e If A returns z, then an optimal solution of Max k-Cover (U, F) with high probability,

has coverage at least z.

Using an (o, 8, n)-oracle of Max k-Cover, we design an (1/O(a))-approximation algorithm
ESTIMATEMAXCOVER for general Max k-Cover with success probability at least 1 — O(4)
as in Algorithm 17.

As in ESTIMATEMAXCOVER, let h : U — [z] be a hash function picked uniformly at
random from a family of 4-wise independent hash functions mapping the ground set U
onto pseudo-elements V = {1,---,z}. Furthermore, for a subset of elements S, we define
h(S) = Uees hle)-

Lemma 5.3.5. Let h: U — [z] be a hash function picked uniformly at random from a family

of 4-wise independent hash functions where z > 32. Further, let S be a subset of U of size
at least z. Then, with probability at least 3/4, |h(S)| > z/4.

Proof: For any pair of elements e;,e; € S, let X, ; be a random variable which is one if

h(e;) = h(e;) (i.e. they collide) and zero otherwise. Let X := > X, ; denote the the

e;,e; €S
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Algorithm 17 A single-pass streaming algorithm that uses an («, d,n)-oracle of Max k-
Cover to compute an (1/0(«))-approximation of the optimal coverage size of Max k-Cover.

1: procedure ESTIMATEMAXCOVER(k, o)
2: > Input: A is an («, d, n)-oracle of Max k-Cover

3: > S is an upper bound on the size of a y-contributing class
4 if ko > m then
5: return n/a > trivial bound
> run for different guesses on the optimal coverage size in parallel
6:  for all z € {2'|i € [logn|} do
7: est, < 0
8: for i =1 to log(1/§) do > boost the success probability
9: pick h; : U — [z] from a family of 4-wise independent hash functions.
10: for all (S, e) in the data stream do
11: feed (S, hi(e)) to (a, d,n)-oracle A
12: est, <— max(output of A on the stream constructed by h;, est.,)
13: return max{est, | est, > z/(4a)}

total number of collision among the elements of S under h.
First, we show that if X < [S|?/v, then |h(S)| > v/4. Let’s assume h(S) = {v1,- - ,v,}
and let n; denote the number of elements in S that are mapped to v; by h. Then, the total

number of collision, X, is
q q
ni ni 1 S| |S)?
X:E v >§ V2 s T (e - BED

This implies that ¢ = |h(S)| > /4. Using this observation, it only remains to show that
with probability at least 3/4, |X| < |S|?/z. Since h is selected from a family of 4-wise

independent hash functions, {X; ;}e, c,es are pairwise independent. Hence,

Bix]= ¥ Bl = (1)@ < 5h
e;,e; €S
B _(15] 1 1 2
vatx] = 3 vt = (5)- - =

Applying Chebyshev’s inequality,

Pr(X > |S?/2) < Pr(X > E[X] + Var[X]) < 1/Var[X] < 8/z < 1/4.
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Hence, with probability at least 3/4, X < |S|?/z which implies that with probability at least
3/4, |h(S)| > z/4. O
Theorem 5.3.6. If there erxists a single pass (o, 0,m)-oracle for Max k-Cover(U,F) on
edge-arrival streams that uses f(m,«a) space with n > 4, then ESTIMATEMAXCOVER is a
(1/0(«))-approzimation algorithm for Max k-Cover with failure probability at most 49 logn

that uses O(f(m,«)) space on edge-arrival streams.

Proof: Let OPT be an optimal solution of Max k-Cover (U, F). First, we show that with high
probability, ESTIMATEMAXCOVER returns Q(|C(OPT)|/«). Note that for each guess on the
optimal coverage size z < |[C(OPT)|, by Lemma 5.3.5, the probability that in none of log(1/6)
iterations |h(C(OPT))| > C(OPT)/4 is at most J (i.e., none of the iterations preserve the
optimal coverage size up to a factor of 4). Moreover, by the guarantee of («, d, n)-oracles for
Max k-Cover, each run of A fails with probability at most . Thus, by an application of union
bound, with probability at least 1 — 2dlogn, est, is at least z/(4a) for all z < |C(OPT)].
This in particular implies that the solution returned by ESTIMATEMAXCOVER is at least
|IC(OPT)|/(8c). Moreover, since the coverage of a k-cover never increases after applying the
“universe reduction” step (i.e. for each S C U, |h(C(S))| < |S]) and the estimate returned
by the («,d,n)-oracle A is with high probability less than the optimal coverage size, the
output of ESTIMATEMAXCOVER is in [|C(OPT)|/(8), |C(OPT)|] with probability at least
1 —4dlogn.

Finally, since ESTIMATEMAXCOVER runs (logn)(log 1/0) instances of .4 with parameter
(cv,6,7m) in parallel and each instance has m sets, the total space of ESTIMATEMAXCOVER
is O(f(m,a)). O

The universe reduction step basically enables us to only focus on the instances of Max k-
Cover in which the optimal solution covers a constant fraction of the ground set, namely
at least |U4]/4 elements. Next, in Section 5.4, we design an O(m/a)-space (o, d,n)-oracle
for Max k-Cover with o = 1/Q(1),7 > 4 and § < ¢/logn (¢ < 1), which together with
Theorem 5.3.6 completes the proof of Theorem 5.3.1. Our («, §, n)-oracle for Max k-Cover
performs three different subroutines in parallel that together guarantee the required proper-

ties of (av, 8, n)-oracles and only use O(m/a?) space:
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e Set sampling based approach. This subroutine which provides the guarantee of
(e, 9, m)-oracles when the number of common elements is large (see Definition 5.2.1) is
an application of a “multi-layered” variant of set sampling. This subroutine is presented

in Section 5.4.1.

e HeavyHitter based approach. We relate the problem of a-estimating/approximating
of Maxk-Cover to the problem of finding contributing classes and heavy hitters on
properly sampled substreams (see Section 5.2.2) when the main contribution of an
optimal solution of Max k-Cover is due to “large” sets. In particular, this subroutine
finds an (1/«)-estimation of the optimal coverage size when ov = Q(k). This approach

is presented in Section 5.4.2.

¢ Element sampling based approach. Finally, we employ element sampling together
with a new sampling technique that samples a collection of sets to find a desired
estimate of Max k-Cover on instances for which the main contribution to an optimal
solution comes from “small” sets. Here, we also take advantage of the structure guaran-
teed by the multi-layered set sampling on the number of elements in different frequency

levels. This subroutine is presented in Section 5.4.3.

5.4. (a, d,n)-Oracle of Max k-Cover

In this section, we design the promised («, d,n)-oracle for Max k-Cover. Let OPT denote
an optimal solution of Maxk-Cover (U, F). As described in Definition 5.3.4, the solu-
tion returned by a («,d,n)-oracle with high probability, is smaller than |C(OPT)| and if
IC(OPT)| > |U|/n, with probability at least (1 — ), it outputs a value not smaller than
|IC(OPT)|/c. The following theorem together with Theorem 5.3.6 proves Theorem 5.3.1.

Theorem 5.4.1. ORACLE(«, k) performs a single pass on edge arrival streams of the set
system (U, F) and implements a (O(c), 1/(log nlog®m), n)-oracle of Max k-Cover(U, F) us-
ing O(m/a?) space.

Proof: The proof follows from the guarantees of LARGECOMMON (Theorem 5.4.4), LARGE-

SET (Theorem 5.4.8) and SMALLSET (Theorem 5.4.22). The total space of the algorithm
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is clearly O(m/a?) which is the space complexity of the each of subroutines invoked by

ORACLE. 0

To design the promised (a,d,n)-oracle, we design different subroutines such that each
guarantees the properties required by the oracle if certain conditions based on the the

size /value of following notions hold.

Common elements. An important property in design of our oracle is whether there exists
f < asuch that the number of (8k)-common elements is relatively large (see Definition 5.2.1).
We also take advantage of another useful notion which is a property of a k-cover (though,

here we only describe it for optimal k-covers).

Contribution to the optimal coverage. Given the input argument o and a parameter
s as defined in Table 5.4.1, we define the following notion of contribution for the sets in an
(optimal) k-cover.

Definition 5.4.2. For a k-cover OPT = {Oy, -, O}, we consider an arbitrary ordering
of the sets in OPT and define the contribution of O; to C(OPT) as |O}| where O] :=
O0;\U,<;<; Oi- Note that O; are disjoint and | {J;cy O = [C(OPT)| = 2. We (conceptually)
define OPT)yge to be the collection of all sets in OPT that contribute more than z/(sa)
to C(OPT) according to Ojs; OPTjyge = {O; € OPT | |0} > z/(sa)} for s < 1 (as in
Table 5.4.1). Note that since Ojs are disjoint, |OP Tye| < sa.

9 w = 2500 log? (mn)

1 : . 1
w = min{k. « s = . f = 7log(mn o= —1_ —4
{ ’ }’ 25004 /2nlog(sa) log?(mn) @’ s ’ g( )’ 2500 log?(mn) n

Table 5.4.1: The values of parameters used in our algorithms.

Design of (§,«,n)-oracle of max k-cover. Here we sketch a high-level outline of our
(0, e, m)-oracle for Max k-Cover (refer to Algorithm 18 for a formal description). In the
following cases, 0 = Q(:———) (as in Table 5.4.1).

log? (mn)

e If there exists a 3 < a such that |[Ug™"| > %lu' In this case, by Observation 5.2.5,
to approximate Max k-Cover(U, F) within a factor of O(a), it suffices to find Bk sets

that cover Ug™ which can be done via set sampling (see Section 5.4.1).

¢ [C(OPTig)| > |C(OPT)[/2 and V3 < a, [UFM"| < 28Ul The subroutine for this case

«

which is presented in Section 5.4.2; handles the instances of the problem in which sav >

149



Algorithm 18 An (a, d, n)-oracle of Max k-Cover.

1: procedure ORACLE(k, )

2 > for instances in which 38 < « s.t. [USP"| > %\m
3 SOL¢mn <— LARGECOMMON(k, o)

4: if sae > 2k then

5: > if sa > 2k, then |OP Ty > |OPT|/2

6: SOLpyy < LARGESET(k, o, k)

7 else

8 > for instances with sav < 2k and |OPT 54| > |OPT|/2
9: SOLpy < LARGESET(k, a, «)

10: > for instances with |OPT,qe| < |OPT|/2

11: SOLgmall ¢ SMALLSET(k, )

12: return max(SOL¢mn, SOLHH, SOLgmall)

2k or, s < 2k and there exists an optimal solution OPT such that |[C(OPTg)| >
|IC(OPT)|/2.

Claim 5.4.3. If sa > 2k, then |C(OPTiage)| > |C(OPT)|/2.

Proof: Consider the optimal solution OPT and ignore the sets in OPT whose contri-
bution to the coverage is less than |[C(OPT)|/(2k). Note that the survived sets belong
t0 OPTjage and their total coverage is at least |C(OPT)|— k- €COFT OPT 1> copT)|/2.0

¢ |C(OPTpge)| < [C(OPT)|/2 and V3 < a, 5| < 224, In this case, the main
contribution to the coverage of OPT comes from “small” sets. This enables us to
show that if we sample sets with probability 1/, then ﬁ(l/a)—fraction of sets in OPT
survive and with high probability, their coverage is Q(|C(OPT)|/a). In Section 5.4.3,
we show that element sampling method with some new ideas can take care of this case

which can only happen when sa < 2k.

5.4.1. Multi-layered Set Sampling: 33 < a s.t. [U5"| > "mu'

Here, we first guess the value of 5 (more precisely, a 2-approximate estimate of 5) and then
pick Sk sets .7-"[3”" at random and compute their coverage in one pass using 5(1) space. To get
the desired space complexity, we use the implementation of set sampling with O(log(mn))

random bits as described in Section 5.7.1.

Theorem 5.4.4. Consider an instance (U, F) of Max k-Cover. The LARGECOMMON al-

UBO'[M‘ , then with

gorithm uses O(1) space and if there exists B < o such that e | >
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Algorithm 19 A (¢, 6, n)-oracle of Max k-Cover that handles the case in which the number
of common elements is large.

1: procedure LARGECOMMON((k, a))
for all 3, € {2/ | 1 <i <loga} in parallel do

&

> perform set sampling in one pass using O(1) space.
pick hg : F — [Cm[;z,fm] from O(log(mn))-wise independent hash functions
let DE, be a (1 & 1/2)-approximation streaming algorithm of Lj-estimation

3
4
ot
6: for all (S,e) in the data stream do
7
8
9

if hg(S) =1 then
feed e to DE; > computing the coverage of ]:g;d

if VAL(DE;) > of5,|U|/(4cr) then
10: return 2VAL(DE,)/(30,)
aBlU|

11: return infeasible > 353 € [a] s.t. US| > =&

high probability, the algorithm returns at least o|U|/(6a). Moreover, with high probability
the output of LARGECOMMON 1is smaller than the coverage size of an optimal solution of

Max k-Cover (U, F).

Claim 5.4.5. For each B, € {2' | 1 <i <loga}, with high probability, |.7:g;d| < Bgk.

Lemma 5.4.6. If there exists 8 < a such that [USP"| > oB|U|/c, then with high probability

the output of LARGECOMMON is at least o|U|/(6c).

Proof: Let 2" be the smallest power of two which is larger than or equal to 3; i := [log 3].
Consider the iteration of LARGECOMMON in which 8, = 2°. Since 28 > 3, > 8 and by
Observation 5.2.2,

o] _ ohlu
a 20

Usgi'| = [UsE"| =

Hence, by the guarantee of existing streaming algorithms for Lg-estimation (Theorem 5.2.12)
and set sampling (Lemma 5.2.3 and 5.7.7), w.h.p., VAL(DE,) > % . %C‘Yu' = %{f’{'. Hence,
the estimate returned by the algorithm which is a lower bound on the coverage of the best
k sets in Fgg‘d (see Observation 5.2.5), w.h.p., is at least % . ﬁig . %O\CUI = %.

Moreover, it is straightforward to check that by the guarantee of the streaming algorithm
for Ly-estimation (Theorem 5.2.12), the value returned by LARGECOMMON with high prob-
ability is not more than the actual coverage of the best k-cover in the collection of sampled

sets using f,. O
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Lemma 5.4.7. If LARGECOMMON returns infeasible, then with high probability, for all
B <o, Ug" < oplU|/a.
Proof: Since the algorithm returns infeasible, by the guarantee of the (1£1/2)-approximation

algorithm for Ly-estimation (Theorem 5.2.12) and set sampling (Lemma 5.2.3), for all values

of By € {2' | i <loga}, with high probability,
U5 < [C(FR)| < 2VAL(DEg) < ofg|Ud|/(2v). (5.4.1)

Now, for any given value 3 < a, consider §g := 21881 (je. set Bg to be the smallest power
of two which is larger than or equal to (). By Observation 5.2.2, [Ug™| < [Ug5"| which
together with Eq. 5.4.1 implies that [U5F"| < ofg|U|/(2a) < oB|U|/a. O

Proof of Theorem 5.4.4: The guarantee on the output of LARGECOMMON follows from
Lemma 5.4.6. Moreover, by Theorem 5.2.12, the total amount of space to compute the cover-
age of each collection F, /';';d (via existing Lo-estimation algorithms in streams) is O(1). Hence,
the total space to compute the coverage of all log v collections considered in LARGECOMMON

is O(1). O

5.4.2. Heavy Hitters and Contributing Classes:
‘C(OPTIarge” Z ‘C(OPTsmaII)‘

In this section, we show that if there exists an optimal solution OPT of Max k-Cover (U, F)
such that the main contribution in the coverage of OPT is due to large sets, which are
formally defined to be the sets whose contribution to C(OPT) is at least |C(OPT)|/(s«),
then we can approximate the optimal coverage size within a factor of 1/0(«) by detecting
Q(a?/ m)-HeavyHitters in properly sampled substreams. Following is the main result of this

section.

Theorem 5.4.8. Consider an instance (U, F) of Max k-Cover. In a single pass, LARGESET
uses O(m/a?) space and if the optimal coverage size of the instance is Q(|U]), then with
probability at least 1 — 1/(lognlog®m), it returns at least Q(|U|/o). Moreover, with high

probability, the estimate returned by LARGESET is smaller than the optimal coverage size.

We defer the proof of Theorem 5.4.8 to Section 5.8. In this section, we prove the same
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guarantees on the performance of a simplified variant of LARGESET, LARGESETSIMPLE,
when U contains no “common” elements (wee will define them formally later in this section)

which essentially presents the main technical ideas.

Partitioning sets into supersets. We partition sets of F randomly into (cmlogm)/w
supersets Q := {D1, -+, Diemiogm)/w} Via a hash function h : F — [(cmlogm)/w| chosen
from a family of ©(log(mn))-wise independent hash functions. More precisely, each set
S € F belongs to the superset Dyg).

The parameter w denotes the desired upper bound on the maximum number of sets in
a superset in Q defined by h and is set to min(c, k). In fact, given w, we define h to be
a function picked uniformly at random from a family of ©(log(mn))-wise independent hash

functions {F — [(emlogm)/w]}.

Claim 5.4.9. With high probability, no superset in Q has more than w sets.

Claim 5.4.10. With high probability, for each e € U\ U™ and D € Q, the number of sets

in D that contain e is at most f where f = O(log(mn)).

This implies that assuming <™ = (), to get a (1/0(a))-approximation of Max k-Cover (U, F),
it suffices to find a superset whose total size of its sets is ﬁ(l/a) times the optimal cover-
age size. Now, we are ready to exploit the results on Fh-heavy hitters and Fy-contributing
classes mentioned in Section 5.2.2 to describe our (a, d,n)-oracle for Max k-Cover assuming
U™ = (). Later in Section 5.8, we show how to remove this assumption by performing our

algorithm on a set of sampled elements in U instead.

Partitioning supersets by their total size. First, setting z = |C(OPT)|, we partition

the supersets in Q (conceptually) according to the total size of their sets into O(log ) classes
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as follows:

Qo ={D| D |5 >z/2},

SeDp
Q; ={D|z/2" <Y |S| < z/2}, Vi€ [l log(a))
SeD
Qsmall = {D | Z ‘S‘ < Z/Oé}.
SeD
Further, let n; denote the number of supersets in Q;; n; = |Q;|. Next, we define the

vector ¥ of size (cmlogm)/w such that oi] = > s 5 |S] denotes the total size of the sets
in D;. In the following, we show that a subset of supersets with large total size form an
Q(m/a?)-contributing class of Fy(7) and any superset in this Q(m/a?)-contributing class is
a (1/a)-approzimate k-cover of (U, F).

We consider the following two cases depending on whether the coordinates corresponding
to small supersets, Qgmai, contribute to F5(V); Fo(Usman) > Fo(¥)/2 where tigma denotes the

vector ¥ restricted to the coordinates corresponding to supersets in Qgmaj.

Case 1: Supersets with total size less than z/a contribute to Fy(¢/). This implies

2

that FQ(Q_])) < 2FQ(775ma||) <2 (le%) . (5)2 — 2cmlogm %.

o w

Claim 5.4.11. If Fy(Guman) > F(7)/2, then there exists an Q(a?/m)-contributing class Q-
of Fy(V) for an index i* < log(sa).
Proof: Since each set in OPT g has contribution at least z/(sa) to the optimal coverage,

each set of OPT,rge lands in one of Qp, - - -, Qiog(sa)—1. Moreover, since OP T'j,ge has coverage

at least z/2,

log(sa)—1
z
§ ng - E Z § |Oz| 2 |C(OPTIarge)| Z 2/27
=0 OiEOPT|arge

which implies that there exists an index i* < log(sa) such that n; > 2¢ /(2log(sar)). Hence,
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2

Q

Q,~ 1s an fNZ(

—

)-contributing class of Fy(v)

3|

Qul oy L 2 el R s <)
a* | - P~ = . ~ = o — . v < s
207+1 2log(sa) 4(27)2  2cmlogm 2" +3log(sar)

w 1 o?

= BT
sa  8clog(sa) logm) m 2(7)

More formally, since = = Q(1) (see Table 5.4.1), Q; is a ¢-contributing class of Fy(7)

where

w 1 ‘a_QZQ(
m

3R

(5.4.2)
0

¢ = (

~ ‘sa 8clog(sa)logm

Hence, by Theorem 5.2.11, a superset of total size at least % . % - Z will be identified by

the subroutine F3-CONTRIBUTING(¢y,s) using O(m/a?) space.

Remark 5.4.12. Recall that in order to find a coordinate in a ¢-contributing class Ry«,

F,-CONTRIBUTING subsamples the stream proportional to 1/|Ry| (so that only O(1) co-

ordinates of Ry« survive) and then with high probability any survived coordinate of Ry
becomes a Q(qﬁ)—HeavyHitter in the sampled substream. However, here we show that there
exists a ¢-contributing class R whose intersection with OP T\, is a ¢-contributing class
of coordinates too. Hence, it suffices to only search for a coordinate in a ¢-contributing class

of size at most |OPT,e| < sa.

—
.

Case 2. Supersets with coverage less than z/a do not contribute to F(?)

Claim 5.4.13. If F5(Usman) < F2(0)/2, then there exists an Q(l)-contm’buting class Qu of

F5(U) for an index i* < loga.

Proof: In this case, since supersets in Qgmay are not contributing, there exists an index

i* < log(a) (note that we consider all classes Qy, -+, Qloga—1 in this case) such that
ng - (2/2°)% > Fy(7)/(2log a);
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Algorithm 20 An («,d, n)-oracle of Max k-Cover that handles the case in which the ma-
jority of the coverage in an optimal solution is by the sets whose coverage contributions are
at least 1/(s«) fraction of the optimal coverage size.

1: procedure LARGESETSIMPLE((V, w, thry, thry))
2 > Input: w is an upper bound on the desired number of sets in a superset
3 > Parameters: ¢; = Q(a?/m) and ¢, = Q(1)
4: let Cntrgnan be an instance of Fy-CONTRIBUTING (¢, sa) i for Case 1
5: let Cntrjage be an instance of Fo-CONTRIBUTING (¢, leﬂ) > for Case 2
6 pick h: F — [(cmlogm)/w] from O(log(mn))-wise independent hash functions
7 for all (S,e) in the data stream do
8 if e € V then
9 feed h(S) to both Cntrema and Cntriage
> output(Cntr) contains coordinates along with (1 £ 1/2)-estimate of frequencies
10: if there exists ¢ € output(Cntrgmay) such that o; > % - thr; then
11: return 29;/(3f)

12: if there exists i € output(Cntrizge) such that o; > % - thry then

13: return 29;/(3f)

14: return infeasible

in other words, Qi is a ¢p-contributing class of Fy(¥) where ¢y = (57.3)- O

Note that, by Theorem 5.2.11, a superset of total size at least % . % - £ will be identified by

the subroutine F3-CONTRIBUTING (¢, ml%) using O(1) space.

Lemma 5.4.14. If |C(OPT)| > %, then with probability at least 1 — 1/(3lognlog®m), the
estimate returned by LARGESETSIMPLE with parameters (V = U, w,thr; = %,thrg = %)

z
has coverage at least |U|/(3fna) = Q(|U| /).

Proof: With probability at least 1—2/(91ogn log®m), the algorithm returns a superset whose

total size is at least % . ;ﬂ > Ul (in fact, if it is in Case 1, then the estimate is at least M)
no 3na 3san

Then, by Claim 5.4.10 and assumption U™ = (), the coverage of the reported superset is at

least % : 3‘% O
Lemma 5.4.15. The amount of space used by LARGESETSIMPLE is O(m/a?2).

Proof: By Theorem 5.2.11, the amount of space to perform Cntrgm,y and Cntriyge as defined
in Algorithm 25 is respectively O(1/¢;) = O(m/a2) and O(1/¢,) = O(1). O
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5.4.3. Element Sampling: |C(OPT g )| < [C(OPTsman)]

Here we design an («, 0, n)-oracle of Max k-Cover with the desired parameters for the case
in which [C(OPTsman)| > |C(OPTage)|. Intuitively speaking, in this case, after sampling
each set in F with probability ©(1/a) still we can find O(k/a) sets whose coverage is at
least Q(|C(OPT)|/a). As proved in Claim 5.4.3, if o = Q(k), then the main contribution to
the coverage of OPT is due to OP T, and we can (1/a)-approximate the optimal coverage

size by LARGESET. Hence, in this section we assume that o = 5(/{;) Moreover, throughout
oBlu|

this section we assume that for all 3 < a, |[Ug"| < 57 (otherwise, our multi-layered set
sampling approach described in Section 5.4.1 returns a (1/«)-approximation of the optimal

coverage size).

Lemma 5.4.16. Consider an instance of Maxk-Cover (U, F ). Suppose that D is a collec-
tion of k disjoint sets with coverage z such that no S € D has size more than z/(sa) where
s<1lands= Q(l) Let’s assume that Dsmp := DNM where each S € F survives in M with
probability c/(sa)) where ¢ > 1 is a fized constant. Then, with probability at least (1 —6/c),

Demp has size at most (2ck)/(sa) and covers at least (cz)/(2sa) elements.

Proof: Let D = {S},---,S}} and for each i, let X; to be the random variable corresponding
to S/ such that X; = |S}| if S/ € Demp and zero otherwise.

Claim 5.4.17. E[X;] = £ -|S5!| and Var[X,] < & - [S]]*.

Next, we define X := X; + .-+ + Xj. Note that E[X] = (cz)/(sa) and, by the pairwise

independence of X;s and the assumption that |S}| < z/(s«),

k
Var[X] < — - Y |s)?
=1

s
c 2z 2

< —sa- ()P =c- (=)

~ s« (sa) (sa) ’

Finally, applying Chebyshev inequality,

Pr[X < %} = Pr[X < (g—%—c-(g-z)] < 4/e.

Hence, with probability at least 1 — 4/c, Dsmp covers at least (cz)/(2s«) elements.
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Next, we show that with probability at least 1 —2/¢, 0 < |Dsmp| < (2¢k)/(scr). For each
i, let Y; denote the random variable corresponding to .S; which is equal to one if S; € Dyyp

and zero otherwise.
Claim 5.4.18. E[Y;] = (¢/sa) and Var[Y;] < (¢/sa).

We define Y =Y; + - -- + Y, which denotes the size of Dgynp. Then by pairwise independence
of Vis, E[Y] = (ck)/(sa) and Var[Y] < (ck)/(sa). Applying Chebyshev inequality (Pr[]Y —
E[Y]| > tVar[Y]] < 1/(t*Var[Y])), with probability at least 1 — (sa)/(ck) > 1 — 2/c (since
in this case, o < 2k/s), 0 < |Dsmp| < (2¢k)/(scv).

Hence, with probability at least (1 — 6/c), Dsmp is a subset of size at most (2ck)/(sc)

that covers at least (cz)/(2s«) elements. O

Corollary 5.4.19. Consider an instance (U, F) of Maxk-Cover and let OPT be an opti-
mal solution of this instance such that |C(OPTeman)| > 5 - |C(OPT)| > |U|/(2n). Moreover,
let M C F be a collection of 6(|f]/a) pairwise independent sels picked uniformly at random
such that each S € F belongs to M with probability 18/(sa). With probability at least 2/3,
Max (25)-Cover(U, M) has an optimal solution with coverage at least 9|U|/(san).

Proof: By definition of OP Ty, for each O € OPTgnpay, the contribution of O to OPT (i.e.
0’) is at most z/(sa)) (see Definition 5.4.2). Then, the result follows from an application
of Lemma 5.4.16 on collection D := {O" | O € OPTgnai} by setting ¢ = 18 and z =
|OP Tsman| > |U4]/(27). [

Next, we show that we can perform “element sampling” and find an 5(1)—appr0ximation
of Max(%)—Cover of the specified instance in Corollary 5.4.19, (U, M), in one pass and
using 6(m/a2) space. To this end, first we compute the space complexity of (£, F) where

L C U is a subset of size 6(/{:) which is picked by element sampling.

Lemma 5.4.20. Suppose that an optimal solution of Max(é)-Cover(Z/l,}") has coverage
U| /v = Q(U|/a). Let £ C U be a collection of elements of size 5(%7) picked uniformly at
random. With high probability, the total amount of space to store the set system (L, F) is
O(m/a).

Proof: Recall that (U, F) has the property that for all 8 < «, US| < oB|U|/a (otherwise,
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the result of Section 5.4.1 can be applied). Next, we (conceptually) partition the elements

in U into log o + 1 groups as follows:

Wo = U\ Ugi"

W, = Z/{&;n/gifl)k \Z/I(Cg‘/gl)k Vi € [log Oé].

Note that [Wy| < |U| and for each i € [logal, |W;| < o|td|/2"7!. Since each element e € U

survives in £ with probability 6(%), w.h.p., for each i € [loga], (W, N L| = O(1 + ;2?51).

Furthermore, since each element in W, appears in at most 9] (za—’,?) sets in F, the total amount

of space required to store (£, F) is at most

log log

~ ]{Z’}/ ~ m ~ 0")/]{7 . 2Zm
3 ° f et — ). . 1 '
2w £]- macfrea(e) = O - O(Tp) + 300+ i) - O()
~ vm log o ~ 9im oym
= O(E) + ; O( - = )
= O(m/a) -

Next, we show that after subsampling the sets by a factor of ©(1/«), we can save another
factor of Q(a) in the space complexity; in other words, (£, M) uses O(m/a?) space. Note
that since ka may be as large as ﬁ(m) we cannot hope to show directly that each element
in W, appears in at most O(m/(2'ak)). However, we can show that the total size of the
intersection of all sets in M with £ is O(m/a?) using the properties of the max cover

instance.

Lemma 5.4.21. Suppose that an optimal solution of Max (£)-Cover(U, F) has coverage
U|/y = QU| /o). Let L C U be a collection of elements of size 5(%7) picked uniformly at
random and let M C F be a collection of sets of size 6(m/a) picked uniformly at random.
With high probability, the total amount of space required to store the set system (L, M) is
O(m/a?).

Proof: First note that since an optimal (£)-cover of (U, F) has coverage |U|/v, with high

«

probability, for each set S € M, |S N L| = O(k/a). Moreover, by Lemma 5.4.20, the size
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Algorithm 21 A single pass streaming algorithm that estimates the optimal coverage size
of Max k-Cover (U, F) within a factor of 1/O(a) in O(m/a?) space. To return a O(£)-cover
that achieves the computed estimate it suffices to change the line marked by (x%) to return

the corresponding 5(2)—cover as well (see Section 5.5).

1: procedure SMALLSET((k, «v))

2 for all v, € {27 | i € [logal} in parallel do

3 > 7g is an estimate of the optimal coverage of 6(3)—cover

4 for logn times in parallel do _

5: M < uniformly selected samples of size ©(m/«a) from F

6 L «+ uniformly selected samples of size é(yg - (£)) from U

7 initialize S(£, M) to be an empty set > S(L, M) stores (£, M)
8 for all (S, e) in the data stream do

9: if Se M and e € £, then

10: add (S, e) to S(L, M)

11: if S(£, M) > O(m/a?) then

12: terminate

13: SOL,, < maxz p{O(1)-approx solution of Max (2%)-Cover(S(£, M))} (*x)
14: return maxwg{(% - SOL,,) | SOL,, = Q(k/a)}

of the intersection of all sets in F with £ is O(m/a). Next, we (conceptually) partition the

sets of F into O(log k) groups based on their intersection size with £ as follows (¢ = O(1)):

1 ck .
— E}’ V1<i<logk

1 ¢k
- — .«
Q; {SE}"\Qi a_]5ﬂ£\<2

Since the total size of the intersection of all sets with the sampled set £ is w.h.p. O(m/a),

for each i <logk, |Q;| < m(/;)) = 5(2km) Since we have the assumption that /> > 1 (we

took care of the case m < ka in the first line of ESTIMATEMAXCOVER separately), w.h.p.,

for each Q;, |Q; N M| = O( la ). Hence, the total amount of space to store (£, M) is at
most
log k ;
1 ck =,2'm ~ . m
— . — -0 =0(—=). O
Z,Zl 201« ( ka ) (042)

Theorem 5.4.22. If [C(OPTgman)| > |U|/(2n) and for all 5 < a, |Z/{°m”

high probability, SMALLSET outputs a (1/0(04))—apprommate of the optimal coverage size of
Max k-Cover(U, F) in O(m/a?) space.

Proof: By Corollary 5.4.19, for any sampled collection of sets M of size ©(m/a) (as in

160



SMALLSET), with probability at least 2/3, there exists a subset of size at most (2%) in M
whose coverage is 9|U|/(san) = |[U|/y. Moreover, by the guarantee of element sampling,
Lemma 5.2.4, when v/2 < 7, < 7, an O(1)-approximate solution of Max k-Cover(L, M)
with high probability is an O(1)-approximate solution of Max k-Cover(U, M). Hence, with

probability 1 —n~', in at least one of the (logn) instances with the desired 7, SOL,, has

U] ve(k/c)

S o ) = Q(k/a) over the sampled elements £. Note that we need to scale

coverage ﬁ(
SOL,, by a factor of @)(\Z/{|/(7g - £)) to reflects its coverage on U.

Further, by Lemma 5.4.21, the amount of space required to store each (£, M) with high
probability is O(m/a?) and since SMALLSET stores O(1) different instances (£, F), the total

space of the algorithm is O(m/a?). O

To complete the SMALLSET is indeed an («, d, n)-oracle with the desired parameters, we

need to show that it never overestimates the optimal coverage size.

Lemma 5.4.23. The output of SMALLSET with high probability is not larger than the op-

timal coverage size of Max k-Cover(U, F).

Proof: Note that if the optimal coverage size Max 6(5)—Cover(£, M) is less than §(|U|/(a7g)),
then with high probability in none of the log n iterations SOL,, = Q(k/a) Hence, SMALLSET

with high probability does not overestimate the size of an optimal O(k/a)-cover in (U, F).0)

5.5. Approximating Max k-Cover Problem in Edge Arrival

Streams

In this section, we show that we can modify ORACLE(k, @) and the subroutines within it
slightly to report a (1/a)-approximate solution as well. Currently, in the algorithms for
estimating maximum coverage size, we only maintain the coverage of a collection of sets. To
provide the actual (1/«)-approximate solution, we also need to report the indices of the sets

that belong to the collection.

Reporting a k-cover in LARGECOMMON. In this subroutine, the coverage of different
covers with possibly size more than k& are computed. For the task of estimating the maximum
coverage size, this does not hurt as long as we scale the coverage by a factor that bounds

how much larger the size of cover is compared to k. However, in the task of reporting an
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Algorithm 22 A single pass streaming algorithm that reports a (1/«)-approximate solution
of Max k-Cover(U, F) in O(5 + k) space when the set of common elements is large.

1: procedure REPORTLARGECOMMON((k, «, 3))

2 for all 3, € {2/ | 0 < i <logf3} in parallel do

3 > perform set sampling in one pass using 6(1) space.

4 pick h: F — [C%lg,f)m] from O(log(mn))-wise independent hash functions
5: pick hy : F — [Bglogm] from ©(log(mn))-wise independent hash functions
6 let {DE;; | i € [B,]} be B, instances of (1/2)-approximation of Ly-estimation
7 for all (S,e) in the data stream do

8 if h(S) =1 then

9 feed e to DEg j,(s) > computing C(F5)

10: if 3i* € [log 5] s.t. VAL(DEg;+) > o|U|/(4a) then

11: return 2VAL(DE,)/3 and {S | h(S) =1 and hy(S) = i*}

12: return infeasible > 3 no 8 € [a] s.t. [UG™| = ﬁ(%ﬂ)

actual k-cover, it becomes crucial to have at most £ sets. To this end, instead of computing
the coverage of a randomly selected (fgk)-cover, we partition the collection into 5(6g) sub-
collections each of size at most k and by Observation 5.2.5, at least one of them achieves
the reported coverage size up to polylogarithmic factors. Moreover, we need to maintain the
coverage of 6(ﬁg) — O() covers which add an extra B term in the space complexity (see

Figure 22).
Lemma 5.5.1. The space complezity of REPORTLARGECOMMON (k, o, B) is 5(5 + k).

Proof: Similarly to the space analysis of LARGECOMMON (Theorem 5.4.4) and by employ-
ing an existing (1 & 1/2)-approximation algorithm of Lg-estimation that uses O(1) space
(Theorem 5.2.12), the total amount of space used in the algorithm to maintain DE,; for
all Blog 8 possible choices of (fg,1) is 5(6) Moreover, the algorithm uses 5(1{:) space to

compute the indices of the best k-cover. In total, the space complexity is 5(5 + k). 0

Note that the approximation analysis of REPORTLARGECOMMON is essentially the same

as the analysis of LARGECOMMON in Theorem 5.4.4.

Reporting a k-cover in LARGESET. This subroutine invokes LARGESETCOMPLETE
(Algorithm 24) on different sets of sampled elements and in order to report an actual k-
cover along with a (1/O(a))-approximation of the optimal coverage size, we modify the

LARGESETCOMPLETE subroutine slightly.
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In LARGESETCOMPLETE, it is always guaranteed that a superset with sufficiently large
coverage is detected and its coverage is computed and reported. To get the actual collection
of sets that achieve the coverage, we need to try h on all sets (which belong to [m]) and report
the indices of those that are mapped to the superset with large coverage. More precisely,
anywhere in Figure 24 that the algorithm returns a (non infeasible) value (the lines that
are marked by (%%)), it also returns the set {S | h(S) = ¢*} which is guaranteed to have size

at most w = min(a, k).

Lemma 5.5.2. The space complexity of the modified LARGESETCOMPLETE with the sug-
gested modification at lines (xx) is 5(% + k).

Proof: Similarly to the space analysis of LARGESETCOMPLETE without the modification
(Lemma 5.8.7), the modified algorithm consumes O(m/a?) space to compute a (1/0(a))-
approximation of the optimal coverage size. Moreover, the new modified algorithm uses
additional O(w) = O(k) space to find the k-cover corresponding to the returned estimate of
the optimal coverage size. Hence, the total space complexity of LARGESETCOMPLETE with

the suggested modification at lines (%x) is 6(% + k). O

Corollary 5.5.3. The space complezity of the LARGESET that invokes LARGESETCOM-

PLETE with the suggested modification at lines (%) is 5(% + k).

Reporting a k-cover in SMALLSET. This is the most straightforward case. The only
required change is to modify the line marked by (%) in SMALLSET to return both an
O(1)-approximation of the Max 5(%)-Cover instance at line (*%) and its corresponding
5(%)—cover. Clearly, the extra amount of space to implement this modification is 6(%)

Lemma 5.5.4. The space complexity of the modified SMALLSET with the suggested modifi-

cation at line (k%) is 6(% + 5,

We also need to slightly modify the described ORACLE in Algorithm 18 so that, besides
a (1/O(a))-estimate of the optimal coverage size, it reports a (1/0(w))-approximate k-
cover. Note that it is crucial to run REPORTLARGECOMMON with different parameters
depending on whether s > 2k and sa < 2k. The main reason is that the space complexity

of REPORTLARGECOMMON as described above in Algorithm 22 has an additive ©(5) term
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Algorithm 23 An (a,d,n)-oracle of Maxk-Cover that reports a (1/O(a))-approximate
k-cover.

1: procedure REPORTORACLE((k, o))

2: if sae > 2k then

3: > if e > 24

4: SOL¢mn <— REPORTLARGECOMMON(k, o, 1)

5: > if sa > 2k, then |OPT)age| > |OPT|/2

6: SOLyn ¢ LARGESET(k, o, k) > the described modified LARGESETCOMPLETE
7 else

8: > for instances in which 38 < a s.t. [UgE"| > © (LMI

9: SOL¢mn <— REPORTLARGECOMMON(k, v, cv)

10: > for instances with sa < 2k and [OPT\sg| > |[OPT|/2

11: SOLyn ¢ LARGESET(k, a, ) > the described modified LARGESETCOMPLETE
12: > for instances with |[OPT\,qe| < |[OPT|/2

13: SOLgmall — SMALLSET(k, ) > with the described modification in line (xx)

14: > each SOL computed above is of from (estimate of the optimal coverage size, k-cover)
15: return max(SOLcmn, SOLHH, SOLgmai) > max is over the estimate size of SOLs

which can be as large as « in our implementation of LARGECOMMON in Algorithm 19.
By all minor modifications in subroutines LARGECOMMON, LARGESET and SMALLSET,

we design a modified variant of ORACLE called REPORTORACLE as in Algorithm 23.

Theorem 5.5.5. REPORTORACLE(k, ) performs a single pass on the edge arrival stream of
the set system (U, F) and implements an (O(a), 1/(lognlog®m), n)-oracle of Max k-Cover(U , F)
using 5(m/o¢2 + k) space. Moreover, the modified oracle also reports a k-cover with the

promised coverage Size.

Proof: The approximation analysis of the algorithm is basically the same as the analysis of
ORACLE and we do not repeat it here. We only need show that structural property on the
number of elements in different frequency levels provided by LARGECOMMON with input
parameters (k, «, 1) is sufficient for the (modified variant of) LARGESET in the case sa > k.
In LARGESET with input o = Q(k), the only bound on the number of common elements
that is used in the analysis is U™ | = [US™| < % (in Theorem 5.8.6). In other words, in
this case, unlike the case a = 6(1{;), we do not need the guarantee on the size of Ug" for
all values of 8 < a. Hence, for the case a = ﬁ(k‘), it is sufficient to invoke LARGECOMMON
with 8 = 1. Note that the values of the rest of parameters are the same as in ORACLE.

To bound the space complexity, we consider two cases: 1) sae > 2k and 2) s < 2k.
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1. sa« > 2k. By Lemma 5.5.1 and Corollary 5.5.3, REPORTLARGECOMMON(k, v, 1) and
LARGESET that invokes the modified variant of LARGESETCOMPLETE respectively
use 6(k) and 6(% + k) space. Hence, the total amount of space used in the case is

O(Z5 + k).

2. sav < 2k. In this case, by Lemma 5.5.1, REPORTLARGECOMMON(k, o, o) uses O(k +
a) = 5(!{:) space. Moreover, by Corollary 5.5.3 and Lemma 5.5.4, the space complexity

of the other two subroutines with the described modification is O(Z5 + k). Hence, the

total amount of space that the algorithm uses in this case is 5(% + k).

Finally, by the modifications we described above, REPORTORACLE correctly reports an

actual k-cover whose coverage is within a 6(04) factor of the optimal coverage as well. [

The theorem above together with Theorem 5.3.6 completes the proof of Theorem 5.3.2.

5.6. Lower Bound for Estimating Max k-Cover in Edge Ar-

rival Streams

By the result of [29], it is known that estimating the size of an optimal coverage of Max k-
Cover within a factor of two requires 2(m) space. Their argument relies on a reduction
from Set Disjointness problem and implies the mentioned bound for 1-cover instances. In
the following, we generalize their approach and provide lower bounds for the all range of
approximation guarantees o smaller than \/m. We remark that both our lower bound result
and the lower bound result of [29] are basically similar to the lower bound of L., and Ly
estimation first proved in [13, 27].

The lower bound result we explain in this section is based on the well-known r-player Set
Disjointness problem with unique set intersection promise which has been studied extensively
in communication complexity (e.g. [28, 41, 85]). The setting of the problem is as follows:
There are r players and each has a set T; C [m]. The promise is that the input is in one of

the following forms:
e No Case: There is a unique element j € [m] such that for all i <r, j € T;.
e Yes Case: All sets are pair-wise disjoint.
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Moreover, a round of communication consists of each player ¢ sending a message to player
1+ 1 in order from ¢ = 1 to r — 1. The goal is that at end of a single round, player r
be able to correctly output whether the input belongs to the family of Yes instances or
No instances. Chakrabarti et al. [11] showed the following tight lower bound on the one-
way communication complexity of the r-player Set Disjointness problem with unique set

intersection promise.

Theorem 5.6.1 (From [41]). Any randomized one-way protocol that solves r-player Set

Disjointness(m) with success probability at least 2/3 requires QX(m/r) bits of communication.

We remark that the same Q(m/r) communication lower bound was later proved for the
general model (i.e. with multiple rounds) by Gronemeier [85]. However, for our application,

the lower bound on the one-way communication model suffices.

Corollary 5.6.2. Any single-pass streaming algorithm that solves r-player Set Disjointness(im)

with success probability at least 2/3 consumes Q(m/r?) space.

Next, we sketch a reduction from r-player Set Disjointness(m) to Max k-Cover with
m sets such that an a-approximation protocol of Max k-Cover solves the corresponding
instance of r-player Set Disjointness(m).

To this end, consider an arbitrary instance Z of a-player Set Disjointness(im) problem
in which each player i has a set 7; C [m]. Define Uz = {e1,- - ,es} to be the set of
elements in the Max 1-Cover instance and for each player i if j € T, then add (e;, S;)
to the stream. In other words, in the constructed Max 1-Cover(Uz, Fz := {S1, -+ ,Sm})
instance, we have an element e; corresponding to each player ¢ and there exists a set S
corresponding to each item j € [m]. Moreover, each set S; in the Max 1-Cover instance
(Uzr, Fz) denotes the set of players in the Set Disjointness(m) instance Z whose input sets
contain j; S; :={i € [o] | j € T;}.

Claim 5.6.3. If 7 is a No instance, then the optimal coverage of the Max 1-Cover instance

(Z/{Z, fI) s .

Proof: In this case, by the unique intersection promise, there exists an item j that belongs
to all T; (for ¢ € [a]). Hence, by the construction of the Max 1-Cover instance, S; covers

the whole Uz. Thus, the optimal 1-cover has size a. O
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Claim 5.6.4. IfT is a Yes instance, then the optimal coverage of the Max 1-Cover instance
(Uz, Fr) is 1.

Proof: Since T;s are disjoint, for each j € [m], the set S; has cardinality one. O
Corollary 5.6.2 together with Claims 5.6.3 and 5.6.4 implies the stated lower bound on
a-approximating the optimal coverage size of Max k-Cover in edge-arrival streams in The-

orem 5.3.3: Any single pass (possibly randomized) algorithm on edge-arrival streams that

(1/a)-approzimates the optimal coverage size of Max k-Cover requires Q(m/a?) space.

5.7. Chernoff Bound for Applications with Limited Inde-

pendence

In this section, we mention some of the results in [159] on applications of Chernoff bound

with limited independence that are used in our analysis.

Definition 5.7.1 (Family of d-wise Independent Hash Functions). A family of func-
tions H = {h : [m] — [n]} is d-wise independent, if for any set of d distinct values z1, - - - , x4,
the random variables h(zy), - - - , h(z4) are independent and uniformly distributed in [n] when

h is picked uniformly at random from H.

Next, we exploit the results that show for small values of d, we can store a family of d-wise
hash function in small space and in the same time it suffices for our application of Chernoff

bound.

Lemma 5.7.2 (Corollary 3.34 in [166]). For every values of m,n, and d, there is a fam-
ily of d-wise independent hash functions H = {h : [m] — [n|} such that a selecting a random
function from H only requires d - log(mn).

Lemma 5.7.3 (Theorem 5 in [159]). Let X, - X,, be binary d-wise independent ran-
dom wvariables and let X .= X1 +---+ X,,. Then,

e BN/ if 5 < 1 and d = Q(0*E[X));

Pr(|X — B[X]| > JE[X)) <
e BRI/ . if § > 1 and d = Q(SE[X]).

Lemma 5.7.4 (Theorem 6 in [159]). Let Xy, -, X, and Y1,---,Y, be Bernoulli trials
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such that for each i, E[X;| = E[Y;] = p;. Let assume that Y;s are independent, but X;s are
only d-wise independent. Further, let p(r) and pq(r) respectively denote Pr(> " | Y; =r) and
Pr(>>" X, =1) and let p =73, p; be the expected number of success in the trials.

If d>eu+1n(1/p(0)) + 7+ D, then |py(r) — p(r)| < e Pp(r).

5.7.1. An Application: Set Sampling with O(log(mn))-wise Indepen-
dence

Consider a set system (U, F) and let h : F — [(emlogm)/v] be a function selected uni-
formly at random from a family of ©(log(mn))-wise independent hash functions where c is
a sufficiently large constant. Then, we think of our randomly selected sets F™ to be the

collection of sets in F that are mapped to one by h; F™ :={S € F | h(S) = 1}.
Lemma 5.7.5. Assuming v > 6¢log? m, with probability at least 1 —m™", |F™| < 4.

Proof: Let X; be a random variable which is one if S; € F™ and zero otherwise. We define
X = X;+---+X,,. Note that X; are ©(log(mn))-wise independent and E[X]| = v/(clogm).
Then, by an application of Chernoff bound with limited independence (Lemma 5.7.3),

Pr(X >~v) <Pr(X > (1+ \/glogm)E[X]) <m™

-—
<2y/c

Hence, with high probability, 7™ has size at most ~. U
Next, we show that F™ covers the set of elements U™ (see Definition 5.2.1).
Lemma 5.7.6. With probability at least 1 —n~', F™ covers usm.

Proof: Let e € US™ and let Sy, - -, 5, be the sets in F that cover e: for each i < ¢, e € 5;.
We define X; to be a random variable which is one if S; € F™ and is zero otherwise. We
also define X := X; +--- + X, to denote the number of sets in F™d that cover e. Note that
X; are O(log(mn))-wise independent and E[X]| = (v/(emlogm)) - ¢ > lognlog(mn). Then,

applying Chernoff bound on random variables with limited independence (Lemma 5.7.3),

Pr(X < 1) < Pr(X < (1 — /(6logn)/E[X])E[X]) < n 2

(. >

~
<1/2
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Hence, by union bound over all elements in 4™, with high probability, md covers usm.o

Lemma 5.7.7. ©(log(mn)) random bits suffice to implement set sampling method.

5.8. Generalization of Section 5.4.2

In this section we generalize the approach of Section 5.4.2 which relates the results on heavy
hitters and contributing classes to approximating the optimal coverage size. In Section 5.4.2,
to simplify the presentation, we had the assumption that 4™ is empty. This is in particular
important since we can then assume that the total size of k-covers are roughly the same as
their coverage size (up to polylogarithmic factors).

Here, we take care of the case in which U™ is non-empty and complete the description
of our (a, d,n)-oracle of Max k-Cover for the case [C(OPTge)| > [C(OPT)|/2. The high
level idea is to sample enough number of elements so that the algorithm using heavy hitters
and contributing classes still work but in the same time no w-common element is among the

sampled elements with at least a constant probability.

Step 1. Sampling Elements. We sample a subset £ C U in which each element e is in £

with probability p = (t - sov - 1) /|U| where t = O(1) (see Table 5.4.1 for the exact values). We
implement the process of sampling £ via a hash function from a family of ©(log(mn))-wise

independent functions H = {h : U — [-2—]} such that L= {e € U | h(e) = 1}.

t-san

Claim 5.8.1. With high probability, (p|U])/2 < |L] < (3plU])/2.

For each collection of set D, we define D’ to be the intersection of D with £; D' := {SNL | S €
D}.

Claim 5.8.2. If [C(D)| > |U|/(54fna), then with probability at least 1 — m~2, |C(D')| >
p|C(D)|/2. Moreover, if |C(D)| < [U|/(54fna), then with probability at least 1 — m™2,
|IC(D')| < ts/(36f).

Proof: Since ts > 27-24f log m (as in Table 5.4.1), it follows from two applications of Chernoff

bound on random variables with limited independence (Lemma 5.7.3). O

Similarly to Lemma 5.4.14, we have the following guarantee for LARGESETSIMPLE using

the sampled set of elements L.
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Lemma 5.8.3. If |C(OPT)| > |U|/n and LU = (), then with probability at least 1 —

1/(2lognlog®m), the output of LARGESETSIMPLE with parameters (L,w, S, = spa, Sy =
I

le%,thrl = 18ns‘a,thr2 = (L%) is a superset whose coverage is at least |U|/(54fna).

Proof: By Claim 5.8.1, (p|U|)/2 < |L| < (3plU])/2. Moreover, by Claim 5.8.2 and since
IC(OPT)| > |U|/n, with probability at least 1 — m™2, |C(OPTjarge) N L| > p|C(OPT)|/4 >
|L]/(6n). We define 1, := 6n to denote the coverage of OP T, over the sampled elements
L.

Now, consider the collection OPTsge := {O1,- -+ ,O4}. Since for each i < ¢, the con-
tribution of O; to the coverage of OPT is at least 1/(sa) fraction (i.e. |0;\ U;.; O; >
IC(OPT)|/(scx) > |U|/(nsa)), by Claim 5.8.2, with probability at least 1 —m™!, for all i < g,

(0:\ | JO5) N L] > p|C(OPT)|/(2s0).
j<i
This implies that {O; N £ | O; € OPTage} is a collection of sets whose contribution to
C(OPT)N L w.h.p. is at least (p|C(O§T)‘)/(3p|C((2)PT)|) = 1/(3sa). We define s, := 3s which

2s

denotes the contribution of sets in OPT), compared to the coverage of OPT over the

sampled elements L.

By an application of Lemma 5.4.14 with parameters (V := L, thry := Ll thry = ﬂ),

nesca’ neo

with probability at least 1 — 1/(3lognlog®m), the algorithm returns a superset D. whose

coverage on the sampled set L is at least

Lo
3fnca — 36fan 36

Then, by Claim 5.8.2, with probability at least 1—m ™2, D, has coverage at least ||/ (54fna).00

Step 2. Handling Common Elements. Next, we turn our attention to the case £ N
U™ £ (. Although common elements may be covered Q(l) times within a single superset,
it is important to note that the contribution of common elements to all supersets are roughly

the same.

Claim 5.8.4. Let L™ := LOAUS™ be the set of w-common elements that are sampled in L.
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Then, with high probability, for each superset D, the total number of times that elements of
LM appear in D (counting duplicates) belongs to [P,2P] where P is a fixed number larger
than logn.

Proof: Let e € U™ be a w-common element and let Si,---,.S,; be the collection of sets
that contain e. For a superset D;, define X;; to be a binary random variable that denotes
whether S; € D;. Moreover, let Y;, := X;; +---+ X, ;. Then, E[Y;.] = wq/(cmlogm).
By an application of Chernoff bound with limited independence (Lemma 5.7.3) and since

wq > emlog mlognlog(mn) (see Definition 5.2.1),

6¢clog(mn)mlogm N
Pr(|Y; — E[Y; ]| > ¢ PIEE B < () (58.1)

<1/3

(&

Note that for any w-common element e and any pair of supersets D;, D;, E[Y;.] = E[Y;.].
In particular, we define Y, := E[Y].] whose value is independet of the supersets. Next, we
define Y., = zeeucmn Y, to denote the expected contribution of w-common elements to any
superset. Hence, for each superset D;, with probability at least 1—1/(nm?), the total number
of times that w-common elements are covered by D; belongs to the range [2Ycmn/3, 4Ycmn/3].
Hence, with probability at least 1— (mn)~!, the contribution of sampled w-common elements

to each superset belongs to [2Yemn/3,4Yemn/3] where Yo, > log nlog(mn)| LS| > logn. O

Next, we show that if a w-common element is picked in £ the algorithm still does not
return a superset with small coverage (though it may missed all large supersets). To this
end, we modify LARGESETSIMPLE and design a new subroutine LARGESETCOMPLETE as
in Figure 24. The high level idea is to guarantee that if the main contribution of a superset
is just from the duplicate counts of w-common elements (o< P), it will not be returned.
To achieve this, unlike LARGESETSIMPLE we do not allow F5-CONTRIBUTING to check for
all contributing class of any size (up to |QJ). Instead, we set parameters S; and Sy which
denotes how large the size of a contributing class that we are looking for is. To handle the
case in which the size of a contributing class is large (i.e. larger than Ss), we sample supersets

proportional to 1/S5; and compute their coverage by existing Lo-estimation algorithms.
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Algorithm 24 A («, d, n)-oracle of Max k-Cover that handles the case in which the majority
of the coverage in an optimal solution is by the sets whose coverage contributions are at
least 1/(sa) fraction of the optimal coverage size. By modifying the lines marked by (%%)
slightly, the algorithm returns the k-cover that achieves the returned coverage estimate (see
Section 5.5 for more explanation).

1: procedure LARGESETCOMPLETE((V,w, S1, S, thry, thry))

2 > Input: w is an upper bound on the desired number of sets in a superset

3 > Parameters: ¢; = Q(a?/m) and ¢y = Q(1)

4: let Cntrgma be an instance of F5,-CONTRIBUTING (¢, S1) > for Case 1

5: let Cntri,ge be an instance of F5-CONTRIBUTING (¢, S2) i for Case 2

6 pick h : F — [(emlogm)/w] from O(log(mn))-wise independent hash functions
7 for all (S, e) in the data stream do

8

9

if e €V then
feed h(S) to both Cntrgman and Cntrigge

10: > output(Cntr) contains coordinates along with (1 £ 1/2)-estimate of frequencies
11: if there exists i* € output(Cntrgmay) s.t. 0 > % - thr; then

12: return 20, /(3f) (%) > add return {S | h(S) = i*} to get the k-cover
13: if there exists ¢* € output(Cntriyge) s.t. 05+ > 3 - thry then

14: return 29; /(3f) (%) > add return {S | h(S) = i*} to get the k-cover
15: > case 2: if size of the contributing class is large; Q(|Q))

16: let M C Q be a collection of size 12|Q|logm/S, picked uniformly at random
17: for all s € M do > DE to estimate the coverage of the supersets in L

18: let DE; be a (1/2)-approximation algorithm of Ly-estimation initialized to zero
19: pick h : F — [(ecmlogm)/w]| from O(log(mn))-wise independent hash functions
20: for all (S,e) in the data stream do

21: if e € V and h(S) € M then feed h(S) to DEs)

22:  if there exists i* € M such that VAL(DE;-) > 1 - thr, then

23: return 2VAL(DE;«)/3 (%) > add return {S | h(S) = i*} to get the k-cover
24: return infeasible

Lemma 5.8.5. Even if LOUS™ £ 0, with probability at least 1 —m™', none of the solutions

returned by LARGESETCOMPLETE with parameters (L,w, S, = spa, Sy = é(c’"l#),thrl =

15Lf;sla,thrg = 6')7%) is a superset whose coverage is at less than |U|/(54fna).

Proof: Here, we need to revisit Case 1 and Case 2 of Section 5.4.2 and redo the calculations

with respect to the sampled set of elements L.

Case 1. Suppose that F»-CONTRIBUTING(Q2(a?/m), s «) returns a solution whose cover-
age is less than |U|(54fna).

Let 7 be a vector of size (cmlogm)/w whose ith entry denotes the total size of the
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intersection of sets in D; and L™ := L\ U™ 71i] = Y gep, |9 N LE®|. By Claim 5.8.2,
if |C(D;)| < U]/ (54fna), with probability at least 1 —m™2, |C(D;) N L2 < |C(D;) N L| <
ts/(36f). Hence, together with Claim 5.4.10, with probability at least 1 —2m™2, 7i] < ts/36.

Similarly, let ¥ be a vector of size (¢mlogm)/w whose ith entry denotes the total size of
the intersection of sets in D; with the sampled elements £; @[i] := ) gcp SN L[ Note that
Since P > 1, for each superset D; with coverage less than |[U|/(5dfna), Ui] < 2P + i] <
(ts/36)P. On the other hand, by Claim 5.8.4, with probability at least 1 —m™!, the value
of ¥[j] for all j in the sampled substream is at least P.

Moreover, since the size of contributing classes in this case is at most s;a = 3sa (more pre-

cisely, we can always find at most 3sa sets that are Q(%)—Contributing), by Claim 5.2.8, with

logm
m

probability at least 1— all sampled substreams considered by F»-CONTRIBUTING (¢1,S,x)

have size at least cmlogm/(wsa)). Hence, by Claim 5.8.4, with probability at least 1 — 210%

Y

— cmlogm 2 — . . .
Fy(Usmp) > (T2 ) P? where Usmp is a vector corresponding to a sampled substream consid-

ered in Fy-CONTRIBUTING (¢, spar). Since s*t? < 81/(2nlog(sa)) (see Table 5.4.1) and by
the value of ¢; (in Eq. 5.4.2), the following holds:

t 1
5)2P2<¢1‘cm ogm

(_ P27
36 WS

which implies that with probability at least 1 — 3logm/m, an entry corresponding to a
superset with coverage less than [U|/(54fna) cannot be a ¢;-HeavyHitter in any of the

sampled substreams considered in F,-CONTRIBUTING(¢1,S,q).

Case 2. The high level idea in this case is similar to the previous case. In Case 1, we heavily
use the fact that there exists a class containing at most s, coordinates that is ﬁ(az/m)—
contributing. This observation is crucial because then we could argue that all sampled
substreams considered in F-CONTRIBUTING (¢, sza) have size at least Q(m/(wsza)) which
rules out the possibility that a coordinate corresponding to a small superset is a Q(a2/m)-
HeavyHitter for sufficiently small values of s (recall that s, = 3s).

However, in this case, a contributing class may have size Q(m/w) which results in a

sampled substream with only O(1) coordinates in the run of F,-CONTRIBUTING! To address

173



the issue, we handle the case in which a contributing class has more than S5 coordinates

separately (S is a parameter to be determined shortly):

. ﬁ(l)-contributing class has size less than S5, := le# 7. Since P > 1 and by
Claim 5.8.2 and 5.4.10, for each superset D; with coverage less than [U|/(54fna), with
probability at least 1—2m ™2, ¥[j] < (ts/36)P. On the other hand, by Claim 5.8.4, with

probability at least 1—m ™!, the value of ¢[j] for all j in the sampled substream is at least

P. Moreover, by Claim 5.2.8, with probability at least 1 — 6™ all sampled substreams

m

considered in Fy-CONTRIBUTING (g = m,&) invoked by LARGESETCOMPLETE

(which is to handle Case 2) have at least (%) = % coordinates. Hence, F5(Ugmp) >

% - P?. By setting
3¢, 1044
(ts/36)2  log(a)t?s?’

v < (5.8.2)

U5 < (ts/36)*P? < (5155 F2(Usmp)), which implies that an entry corresponding to a
superset with coverage less than [U/|/(27fna) cannot be a ¢o-HeavyHitter in any of

the sampled substream considered in F5-CONTRIBUTING (¢, S).

cmlogm

. ﬁ(l)-contributing class has size at least S, := === - 7. Here, we also need to

consider an extra case compared to Lemma 5.4.14 and 5.8.3 because we do not allow Sy

gneem {/‘v’gm). To address the case in which the number of coordinates

to try all values up to (
in a contributing class is larger than Sy, we sample ¢ = (12logm)|Q|/S, supersets M
uniformly at random from Q; with high probability, M contains a superset from the
contributing class. Then, we compute the coverage of sampled supersets via an existing
algorithm for Lg-estimation. By Claim 5.4.13, the coverage of supersets corresponding
to the ¢y-contributing class whose size is larger than S; on the sampled set £ is at
least |L|/(nca) > ts/(12f). Hence, the algorithm finds a superset with coverage at least
ts/(36f) on £ which by Claim 5.8.2, it implies that the returned superset has coverage

at least |U|/(54fnsa). O

Theorem 5.8.6. If |C(OPT)| > |U|/n, then with probability at least 1 — 1/(lognlog®m),

LARGESET(k, «) returns at least |U|/(54fna)). Moreover, if LARGESET(k, «) returns a value

174



other than infeasible, then with probability at least 1 — 4m™', |C(OPT)| > |U|/(54fnc).

Proof: By Lemma 5.8.5, with probability at least 1 — 3m™!, LARGESET will never return
a superset with coverage less than |U|/(27fna); either it returns a large enough estimate or
returns infeasible. Here, we show that if |[C(OPT)| > |U|/n, then the algorithm will return
an estimate at least [U|/(54fna) with probability at least 1—1/(2lognlog®m)—n~!. To this
end, we show that with high probability, in one of the O(logn) parallel runs of LARGESET,
the sampled sets of elements £ does not contain any common element. Then, by Lemma 5.8.3,
the algorithm with probability at least 1 — 1/(2lognlog®m) returns |U|/(54fna) in the
iteration in which the sampled set of elements that does not contain any common element.

Now, we show that with probability at least 1 —n~!, the sampled set of one of O(logn)
parallel runs of LARGESET does not contain any common element. Let ¢ = [US™| and define
Y1, -, Y, to be independent Bernoulli trials with probability of success equal to p. Recall

that, we have the assumption that [Uf™"| < Ml and since w < k, [US™| < U™ | < o]
(0% (6]

_ES oy <ol
p=E_ i< —— p=tsno
=1

q
PY(ZYi =0)=(1—p)l>e 20> 250
i=1

Next, let’s assume that U™ = {ey,--- ,e,}. Further, define Xj,---, X, to be random
variables such that X; = 1if e; € £. Hence, X;,---, X, are O(log(mn))-wise independent
Bernoulli trials with success probability E[X;] = p. Next, we apply Lemma 5.7.4 with the

following parameters:
r=0,In(1/p(0)) < 2tsno, u = tsno, D = O(log(mn)) = 12log(mn),
and show that
q

Pr(LnU™ =0) = Pr(i X;=0)> Pr(z Y)(1—e D) >e 217 )2,

i=1 i=1
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Algorithm 25 A single pass streaming algorithm.

procedure LARGESET((k, a,w))
> run LARGESETCOMPLETE on sampled elements in parallel for O(logn) instances
for O(logn) times in parallel do

let £ C U s.t. each e € L (O(log(mn))-wise independent) w.p. p = t'rg""

1:
2
3
4
5: Sy 4 spa, Sy ™ oy thry «— |L]/(18nsa), thry < [L]/(6na) > v i= 53
6
7
8
9

t2s2 log o
SOL <— LARGESETCOMPLETE(L, w, S7, Sa, thry, thry)
if soL # infeasible then
return ||/ (54fna)

return infeasible

Hence, since tsno =n = O(1) (see Table 5.4.1),

Pr(In all runs, £NU™ #£ () < (1 — e~2m9)Ooen) < =1,

The second property follows from Lemma 5.8.5: if the algorithm returns a value other

than infeasible, then with probability at least 1 — 4m~!, |C(OPT)| > |U|/(54fna). O

Lemma 5.8.7. The amount of space used by LARGESET is O(m/a?).

Proof: Note that LARGESET performs O(logn) instances of LARGESETCOMPLETE in par-
allel. Hence, the total amount of space use by LARGESET is O(logn) times the space
complexity of LARGESETCOMPLETE.

Similarly to the space analysis of LARGESETSIMPLE, the amount of space to perform
Cntrsman and Cntr,,ge as defined in LARGESETCOMPLETE is respectively 5(1/@) = 6(m/a2)
and O(1/¢y) = O(1). Moreover, for the last case in which the contributing class has size
larger than Sy, by Theorem 5.2.12; in total 6(%32) — O(1) space is required to compute the
coverage of sampled supersets in M. Note that, in all cases, by Lemma 5.7.2, the algorithm
can store h in O(1) space.

Hence, the total amount of space required to implement LARGESET is é(m/oﬂ). O
Proof of Theorem 5.4.8: The guarantee on the quality of the returned estimate follows
from Theorem 5.8.6 with w = min{e, k} and s = O(w/«) (as in Table 5.4.1). Moreover,
Lemma 5.8.7 shows that the space complexity of LARGESET is O(m/a?).

Moreover, since with high probability the estimate returned by the algorithm is a lower

bound on the coverage size of a k-cover of F, the output of LARGESET with high probability,
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is smaller than the optimal coverage size of Max k-Cover (U, F).

177



Part 11

Learning-Based Streaming Algorithms
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Chapter 6

The Frequency Estimation Problem

6.1. Introduction

The frequency estimation problem is formalized as follows: given a sequence S of elements
from some universe U, for any element i € U, estimate f;, the number of times 7 occurs in S.
If one could store all arrivals from the stream S, one could sort the elements and compute
their frequencies. However, in big data applications, the stream is too large (and may be
infinite) and cannot be stored. This challenge has motivated the development of streaming
algorithms, which read the elements of S in a single pass and compute a good estimate of the
frequencies using a limited amount of space. Specifically, the goal of the problem is as follows.
Given a sequence S of elements from U, the desired algorithm reads S in a single pass while
writing into memory C' (whose size can be much smaller than the length of S). Then, given
any element ¢ € U, the algorithm reports an estimation of f; based only on the content of C.
Over the last two decades, many such streaming algorithms have been developed, including
Count-Sketch [13], Count-Min [57] and multi-stage filters [70]. The performance guarantees
of these algorithms are well-understood, with upper and lower bounds matching up to O(-)
factors [110].

However, such streaming algorithms typically assume generic data and do not leverage
useful patterns or properties of their input. For example, in text data, the word frequency
is known to be inversely correlated with the length of the word. Analogously, in network

data, certain applications tend to generate more traffic than others. If such properties
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can be harnessed, one could design frequency estimation algorithms that are much more
efficient than the existing ones. Yet, it is important to do so in a general framework that
can harness various useful properties, instead of using handcrafted methods specific to a
particular pattern or structure (e.g., word length, application type).

In this chapter, we introduce learning-based frequency estimation streaming algorithms.
Our algorithms are equipped with a learning model that enables them to exploit data prop-
erties without being specific to a particular pattern or knowing the useful property a priori.
We further provide theoretical analysis of the guarantees associated with such learning-based
algorithms.

We focus on the important class of “hashing-based” algorithms, which includes some of
the most used algorithms such as Count-Min, Count-Median and Count-Sketch. Informally,
these algorithms hash data items into B buckets, count the number of items hashed into
each bucket, and use the bucket value as an estimate of item frequency. The process can
be repeated using multiple hash functions to improve accuracy. Hashing-based algorithms
have several useful properties. In particular, they can handle item deletions, which are
implemented by decrementing the respective counters. Furthermore, some of them (notably
Count-Min) never underestimate the true frequencies, i.e., ﬁ > f; holds always. However,
hashing algorithms lead to estimation errors due to collisions: when two elements are mapped
to the same bucket, they affect each others’ estimates. Although collisions are unavoidable
given the space constraints, the overall error significantly depends on the pattern of collisions.
For example, collisions between high-frequency elements (“heavy hitters”) result in a large
estimation error, and ideally should be minimized. The existing algorithms, however, use
random hash functions, which means that collisions are controlled only probabilistically.

Our idea is to use a small subset of S, call it S’, to learn the heavy hitters. We can then
assign heavy hitters their own buckets to avoid the more costly collisions. It is important to
emphasize that we are learning the properties that identify heavy hitters as opposed to the
tdentities of the heavy hitters themselves. For example, in the word frequency case, shorter
words tend to be more popular. The subset S’ itself may miss many of the popular words,
but whichever words popular in S’ are likely to be short. Our objective is not to learn the

identity of high frequency words using S’. Rather, we hope that a learning model trained
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on S’ learns that short words are more frequent, so that it can identify popular words even
if they did not appear in S’.

Our main contributions are as follows:

o We introduce learning-based frequency estimation streaming algorithms, which learn
the properties of heavy hitters in their input and exploit this information to reduce

eIrrors.

e We provide performance guarantees showing that our learned algorithms can deliver
a logarithmic factor improvement in the error bound over their non-learning coun-
terparts. Furthermore, we show that our learning-based instantiation of Count-Min,
a widely used algorithm, is asymptotically optimal among all instantiations of that

algorithm. See Table 6.4.1 in Section 6.4 for the details.

o We evaluate our learning-based algorithms using two real-world datasets: network
traffic and search query popularity. In comparison to their non-learning counterparts,

our algorithms yield performance gains that range from 18% to 71%.

6.1.1. Related Work

Frequency estimation in data streams. Frequency estimation, and the closely related
problem of finding frequent elements in a data stream, are some of the most fundamental
and well-studied problems in streaming algorithms, see [55] for an overview. Hashing-based
algorithms such as Count-Sketch [43], Count-Min [57] and multi-stage filters |70| are widely
used solutions for these problems. These algorithms also have close connections to sparse
recovery and compressed sensing [40, 64|, where the hashing output can be considered as a
compressed representation of the input data [79].

Several “non-hashing” algorithms for frequency estimation have been also proposed [136,
62, 116, 133]. These algorithms do not possess many of the properties of hashing-based
methods listed in the introduction (such as the ability to handle deletions), but they often
have better accuracy /space tradeoffs. For a fair comparison, our evaluation focuses only on
hashing algorithms. However, our approach for learning heavy hitters should be useful for

non-hashing algorithms as well.
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Some papers have proposed or analyzed frequency estimation algorithms customized to
data that follows Zipf Law |43, 58, 133, 135, 154]; the last algorithm is somewhat similar to
the “lookup table” implementation of the heavy hitter oracle that we use as a baseline in our
experiments. Those algorithms need to know the data distribution a priori, and apply only
to one distribution. In contrast, our learning-based approach applies to any data property

or distribution, and does not need to know that property or distribution a priori.

Learning-based algorithms. Recently, researchers have begun exploring the idea of in-
tegrating machine learning models into algorithm design. In particular, researchers have
proposed improving compressed sensing algorithms, either by using neural networks to im-
prove sparse recovery algorithms [140, 33|, or by designing linear measurements that are
optimized for a particular class of vectors [25, 141], or both. The latter methods can be
viewed as solving a problem similar to ours, as our goal is to design “measurements” of
the frequency vector (fi, f2..., fiy|) tailored to a particular class of vectors. However, the
aforementioned methods need to explicitly represent a matrix of size B x |U|, where B is the
number of buckets. Hence, they are unsuitable for streaming algorithms which, by definition,
have space limitations much smaller than the input size.

Another class of problems that benefited from machine learning is distance estimation,
i.e., compression of high-dimensional vectors into compact representations from which one
can estimate distances between the original vectors. Early solutions to this problem, such as
Locality-Sensitive Hashing, have been designed for worst case vectors. Over the last decade,
numerous methods for learning such representations have been developed [156, 169, 109, 168].
Although the objective of those papers is similar to ours, their techniques are not usable in
our applications, as they involve a different set of tools and solve different problems.

More broadly, there have been several recent papers that leverage machine learning to
design more efficient algorithms. The authors of [59] show how to use reinforcement learn-
ing and graph embedding to design algorithms for graph optimization (e.g., TSP). Other
learning-augmented combinatorial optimization problems are studied in [101, 24, 128]. More
recently, [120, 137] have used machine learning to improve indexing data structures, includ-

ing Bloom filters that (probabilistically) answer queries of the form “is a given element in the
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data set?” As in those papers, our algorithms use neural networks to learn certain properties
of the input. However, we differ from those papers both in our design and theoretical analy-
sis. Our algorithms are designed to reduce collisions between heavy items, as such collisions
greatly increase errors. In contrast, in existence indices, all collisions count equally. This

also leads to our theoretical analysis being very different from that in [137].

6.2. Preliminaries

Estimation Error. To measure and compare the overall accuracy of different frequency
estimation algorithms, we will use the ezpected estimation error which is defined as follows:
let F={f1, -, fu} and Fu = {f1, -, fa} respectively denote the actual frequencies and
the estimated frequencies obtained from algorithm A of items in the input stream. We

remark that when A is clear from the context we denote F4 as F. Then we define
Err(F, Fa) := Eiwplfi — fil, (6.2.1)

where D denotes the query distribution of the items. Here, we assume that the query dis-
tribution D is the same as the frequency distribution of items in the stream, i.e., for any
i* € [n], Priupli = i*] « f;+ (more precisely, for any i* € [n], Pr,opl[i = i*] = fi+/N where
N =3 c(n fi denotes the total sum of all frequencies in the stream).

We note that the theoretical guarantees of frequency estimation algorithms are typically
phrased in the “(e, §)-form”, e.g., Pr[|fi — fil > eN] < 0 for every i (see e.g., |57]). However,
this formulation involves two objectives (¢ and §). We believe that the (single objective)

expected error in Equation (6.2.1) is more natural from the machine learning perspective.

Remark 6.2.1. As all upper/lower bounds in this paper are proved by bounding the ex-
pected error of estimating the frequency a single item, E[|f; — fi|], then using linearity of
expectation, in fact we obtain analogous bounds for any query distribution (p;)icp,. In
particularly this means that the bounds of Table 6.4.1 for CM and CS hold for any query
distribution. For L-CM and L-CS the factor of log(n/B)/logn gets replaced by > " 5 | p;

where Bj, = O(B) is the number of buckets reserved for heavy hitters.
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6.2.1. Algorithms for Frequency Estimation

In this section, we recap three variants of hashing-based algorithms for frequency estimation.

Count-Min. We have k distinct hash functions h; : U — [B] and an array C of size k x B.
The algorithm maintains C, such that at the end of the stream we have C[(,0] = > ., v [;-

For each i € U, the frequency estimate f; is equal to ming<y C[¢, he(7)], and always satisfies

fi > fi

Count-Sketch. Similarly to Count-Min, we have k distinct hash functions h; : U — [B]
and an array C' of size k£ x B. Additionally, in Count-Sketch, we have k sign functions
g9: : U — {—1,1}, and the algorithm maintains C' such that C[¢,b] = ., . _, f;-g¢(j). For
each i € U, the frequency estimate f; is equal to the median of {g¢(@) - C[€, he(7)] o<k Note

that unlike the previous two methods, here we may have f; < fi.

6.2.2. Zipfian Distribution

In our analysis we assume that the frequency distribution of items follows Zipf’s law. That
is, if we sort the items according to their frequencies with no loss of generality assuming
that f; > fo > --- > f,, then for any j € [n], f; o< 1/j. Given that the frequencies of items
follow Zipf’s law and assuming that the query distribution is the same as the distribution of
the frequency of items in the input stream (i.e., Pr;,up[i*] = fi»/N = 1/(i* - H,)) where H,
denotes the n-th harmonic number), we can write the expected error defined in (6.2.1) as

follows:

Err(]—",f”A) =E,p[|fi — ﬁ|] = % : Z |ﬁ — fil- fi= HL : Z Iﬁ — fil - % (6.2.2)

i€[n] " i€[n]

Throughout this paper, we present our results with respect to the objective function in

the right hand side of (6.2.2), i.e., 7 - >.1", \fi — fil - f;» We further assume that in fact
fi = 1/i. At first sight this assumption may seem strange since it says that item i appears
a non-integral number of times in the stream. This is however just a matter of scaling and

the assumption is convenient as it removes the dependence on the length of the stream in
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Algorithm 26 Learning-Based Frequency Estimation Element i

1: procedure LEARNEDSKETCH(B, B,, HH, SketchAlg)
2 for each stream element 7 do
3 if HH(i) = 1 then > if i is a heavy item Learned
4 if 7 is already stored in a unique bucket then Oracle
5: count; < count; + 1 Heavy Not heavy
6 else
7 initialize count; =1 .
Unique SketchAlg
8 else Buckets (e.g., Count-Min)
9 feed 7 to SketchAlg

Figure 6.3.1: Pseudo-code and block-diagram representation of our algorithms

our bounds.

6.3. Learning-Based Frequency Estimation Algorithms

We aim to develop frequency estimation algorithms that exploit data properties for better
performance. To do so, we learn an oracle that identifies heavy hitters, and use the oracle to
assign each heavy hitter its unique bucket to avoid collisions. Other items are simply hashed
using any classic frequency estimation algorithm (e.g., Count-Min, or Count-Sketch), as
shown in the block-diagram in Figure 6.3.1. This design has two useful properties: first,
it allows us to augment a classic frequency estimation algorithm with learning capabilities,
producing a learning-based counterpart that inherits the original guarantees of the classic
algorithm. For example, if the classic algorithm is Count-Min, the resulting learning-based
algorithm never underestimates the frequencies. Second, it provably reduces the estimation
errors, and for the case of Count-Min it is (asymptotically) optimal.

Algorithm 26 provides pseudo code for our design. The design assumes an oracle HH(7)
that attempts to determine whether an item 7 is a “heavy hitter” or not. All items classified as
heavy hitters are assigned to one of the B, unique buckets reserved for heavy items. All other
items are fed to the remaining B — B, buckets using a conventional frequency estimation
algorithm SketchAlg (e.g., Count-Min or Count-Sketch).

The estimation procedure is analogous. To compute f;, the algorithm first checks whether
1 is stored in a unique bucket, and if so, reports its count. Otherwise, it queries the SketchAlg

procedure. Note that if the element is stored in a unique bucket, its reported count is exact,
i.e., ﬁ = fi-
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Expected Error

Algorithm

k=1 k>1
Count-Min @(logn @(kbgé%n))
e Comein OCEE) g
Count-Sketch O(kak) Q(Bkllo/;k) and O(%2%)
Learned Connt-Sketch  O(527)  Q(H5)

Table 6.4.1: The performance of different algorithms on streams with frequencies obeying
Zipf Law. k is the number of hash functions, B is the number of buckets, and n is the
number of distinct elements. The space complexity of all algorithms is ©(B).

The oracle is constructed using machine learning and trained with a small subset of S,
call it S’. Note that the oracle learns the properties that identify heavy hitters as opposed
to the identities of the heavy hitters themselves. For example, in the case of word frequency,
the oracle would learn that shorter words are more frequent, so that it can identify popular

words even if they did not appear in the training set S’.

6.4. Analysis

Our algorithms combine simplicity with strong error bounds. Below, we summarize our
theoretical results, and leave all theorems, lemmas, and proofs to the appendix. In partic-
ular, Table 6.4.1 lists the results proven in this chapter, where each row refers to a specific
streaming algorithm and its corresponding error bound.

First, we show that if the heavy hitter oracle is accurate, then the error of the learned
variant of Count-Min and Count-Sketch are up to logarithmic factors smaller than that of
their standard counterparts.

Second, we show that, asymptotically, our learned Count-Min algorithm cannot be im-
proved any further by designing a better hashing scheme. Specifically, for the case of Learned
Count-Min with a perfect oracle, our design achieves the same asymptotic error as the “Ideal
Count-Min”, which optimizes its hash function for the given input.

We remark that for both Count-Min and Count-Sketch we aim at analyzing the expected

value of the variable ) 1 fie |/ — f;| where f; = 1/i and f; is the estimate of f; output by

i€n
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the relevant sketching algorithm. Throughout this paper we use the following notation: for

an event £ we denote by [E] the random variable in {0, 1} which is 1 if and only if £ occurs.

6.4.1. Tight Bounds for Count-Min with Zipfians

We begin by presenting our tight analysis of Count-Min with Zipfians. The main theorem

is the following.

Theorem 6.4.1. Letn, B,k € Nwithk > 2 and B < n/k. Let further hy, ..., hy : [n] = [B]

be independent and truly random hash functions. For i € [n], define the random variable

fi = mingey (Zje[n} [he(g) = hg(i)]fj). For any i € [n] it holds that

; o [ log (B)
L)

Replacing B by B/k in Theorem 6.4.1 and using linearity of expectation we obtain the desired
bound for Count-Min in the upper right hand side of Table 6.4.1. The natural assumption
that B < n/k simply says that the total number of buckets is upper bounded by the number

of items.

To prove Theorem 6.4.1 we start with the following special case of the theorem.

Lemma 6.4.2. Suppose that we are in the setting of Theorem 6.4.1 and further that' n = B.
Then

Bl - 5l =0 ().

n

Proof: Tt suffices to show the result when £ = 2 since adding more hash functions and
corresponding tables only decreases the value of |f; — fi|. Define Z, = > ey lhe(d) =
he(3)] f; for £ € [2] and note that these variables are independent. For a given t > 3/n we
wish to upper bound Pr[Z, > t]. Let s < t and note that if Z, > ¢ then either of the following

two events must hold:

Ey: There exists a j € [n] \ {i} with f; > s and he(j) = he(3).

'In particular we dispose with the assumption that B < n/k.
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Ey: The set {j € [n] \ {i} : he(j) = he(i)} contains at least ¢/s elements.

Union bounding we find that

1 1 t/s
Pr[Z, > t] < Pr[E\] + Pr[Ey) < — + ( " )n—t/s < =4 (E) _
ns t/s ns t

Choosing s = —L—, a simple calculation yields that Pr[Z, > t] = O <M) As 7y and Z,

log(tn)’ tn

2
are independent, Pr[Z > t] = O ((M) ), 0

tn

E[Z]_/Ompr[ZZt]dtg%+o(/3“;(1oi(;n))2dt>_O(%)_ .

Before proving the full statement of Theorem 6.4.1 we recall Bennett’s inequality.

Theorem 6.4.3 (Bennett’s inequality [30]). Let X,..., X, be independent, mean zero
random variables. Let S =" | X;, and 0, M > 0 be such that Var[S] < o2 and |X;| < M

for alli € [n]. For anyt >0,

2
Pr[S > t] <exp (—%h <ta—]\;[>) ;

where h : R>g — Rsq is defined by h(z) = (x + 1)log(z 4+ 1) — x. The same tail bound holds
on the probability Pr[S < —t].

Remark 6.4.4. It is well known and easy to check that for x > 0,
1
éxlog(x +1) < h(x) < zlog(z+1).

We will use these asymptotic bounds repeatedly in this paper.

Proof of Theorem 6.4.1. We start out by proving the upper bound. Let Ny = [B]\ {i} and
Ny = [n]\ ([B]U{i}). Let b € [k] be such that > . . f; - [l(j) = hy()] is minimized. Note
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that b is itself a random variable. We also define

= i () = h(D)],

JEN1

= Z fj . [hb(]) = hb(z)]

JEN2

Clearly |f; — fi| < Y1 + Ya. Using Lemma 6.4.2, we obtain that E[Y;] = O(%). For Y we

observe that

E[Yz|b}=2%=0<logé%)>'

JEN2

We conclude that

B[/, - /i < EYi] + E[Y;] = E[H]+E[E[%|b]]=0<logé%)),

as desired.

Next we show the lower bound. For j € [n] and ¢ € [k] we define Xéj) = fi-([he(4) = he()] — 3).
Note that the variables (Xéj))je[n] are independent. We also define Sy = ) Xéj) for
¢ € [k]. Observe that |X{)| < f; < L for j > B, E[X}] = 0, and that

2
Var Sg Z fQ <§ - ﬁ) BQ

JEN2

JEN>

Applying Bennett’s inequality with o? = % and M = 1/B thus gives that

Pr[S) < —] < exp ( oh (tf)) |

Defining W, = >,y fj - [Pe(§) = he(d)] it holds that E[W,] = © (bg(g)) and S, =
W, — E[W,], so putting ¢t = E[W,]/2 in the inequality above we obtain that

P{IV, < E[W]/2] = Pr[S, < —B[W]/2] < exp (~2h (2 (log %))) ,
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Appealing to Remark 6.4.4 and using that B < n/k the above bound becomes

Pr[W, < E[W]/2] < exp (—Q (log 58 (bg BT 1)))

= exp(—Q(log k - log(log k 4 1))) = k~losllogk+1), (6.4.1)

By the independence of the events (W, > E[W,]/2),cx we have that

pe 1 £ 2 E0] > 1 - otk — o)

B

and so E[|f; — fi]] = QE[W,]) = Q (log(g)), as desired. O

6.4.2. Learned Count-Min with Zipfians

One hash function. By the tight analysis of Count-Min, we have the following theorem
on the expected error of the learned Count-Min with £ = 1. By taking B, = B, = O(B)
and By = B — B, = O(B) in the theorem below the result on learned Count-Min for k =1

claimed in Table 6.4.1 follows immediately.
Theorem 6.4.5. Let n, By, By € N and let h : [n]\ [B1] — [Bs] be an independent and truly

random hash function. For i € [n]\ [Bi], define the random variable f; = > jemlhi) =
h(i)|fj. For any i € [n]\ [B1] it holds that

EHJEZ — fill=© %

Multiple hash functions. Next we compute an asymptotic lower bound on the expected
error of the Count-Min no matter how the hash functions are picked. In particular, this

implies a lower bound on the expected error of the learned Count-Min.

Claim 6.4.6. For a set of items I, let f(I) denote the total frequency of all items in I;
fI):==>,c; fio In any hash function of form {h : I — [B;]} with minimum expected error,

any item with frequency at least %? does not collide with any other items in I.

Proof: For each bucket b € [By], lets f,(b) denotes the frequency of items mapped to b under
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h; f(b) = 3 icrni=p Ji- Then we can rewrite Err(F (1), Fi(1)) as

Err(F( Zfl )) — fi) :Zfzf(h(z))_Zsz

el el el
= > fe=>_ 1 (6.4.2)
be[Bg] i€l

Note that in (6.4.2) the second term is independent of h and is a constant. Hence, an optimal
hash function minimizes the first term, 37, 5 f(b).

%’? collides with a (non-empty) set of

Suppose that an item ¢* with frequency at least
items [* C I\ {i*} under an optimal hash function h*. Since the total frequency of the
items mapped to the bucket b* containing i* is greater than £ B D (ie., f(h(i*) > (?), there
exists a bucket b such that f(b) < é—l). Next, we define a new hash function h with smaller

estimation error compared to h* which contradicts the optimality of h*:

hi(i) ifie I\ I*

b otherwise.

Formally,

Erx(F (1), Fue (1)) = Brr(F(1), F5(1) = far (6) + fur (0)* = f(6")* — f(B)?
= (fir + F(I)) + fre (0)* = £ = (fur (0) + F(I7))?
= 2f  J(I") = 2 (0) - F(I7)
=2f(I") - (fir = fu-(D))
f{)

>0 > Since fi* > ? > fh* (5) O

Next, we show that in any optimal hash function A* : [n] — [B] and assuming Zipfian

distribution, ©(B) most frequent items do not collide with any other items under A*.

Lemma 6.4.7. Suppose that B = n/v where v is a large enough constant and lets assume
that items follow Zipfian distribution. In any hash function h* : [n] — [B] with minimum

expected error, none of the % most frequent items collide with any other items (i.e., they
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are mapped to a singleton bucket).

Proof: Let i be the most frequent item that is not mapped to a singleton bucket under A*.
If j* > % then the statement holds. Suppose it is not the case and j* < %. Let I denote
the set of items with frequency at most f;» = 1/5* (i.e., I = {i; | j > j*}) and let B; denote
the number of buckets that the items with index at least j* mapped to; By = B — (j* — 1).
It is straightforward to show that f(/) < In() + 1. Next, by Claim 6.4.6, we show that
h* does not hash the items {j*,--- ,n} to By optimally. In particular, we show that the

frequency of item j* is more than %?. To prove this, first we observe that the function

B
2Iny?

g(7) :=7-(In(n/j)+ 1) is strictly increasing in [1,n|. Hence, for any j* <

n
e (In(—=)+1) < - (In(2v1 1
7 () + 1) < g (2 n) + 1)
gB-(l—21 ) > Since In(2In+y) + 2 < In~ for sufficiently large v
nsy
< Bj

Thus, f;+ = Ji > % > %]I) which implies that an optimal hash function must map j*

to a singleton bucket. U
Theorem 6.4.8. If n/B is sufficiently large, then the expected error of any hash function
that maps a set of n items following Zipfian distribution to B buckets is Q(lnz(%).

Proof: Let v =n/B. By Lemma 6.4.7, in any hash function with minimum expected error,
the (%) most frequent items do not collide with any other items (i.e., they are mapped
into a singleton bucket) where v is a sufficiently large constant.

Hence, the goal is to minimize (6.4.2) for the set of items I which consist of all items

other than the (%) most frequent items. Since the sum of squares of m items that summed

to S is at least %2, the expected error of any optimal hash function is at least:
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Err(F(I), Fp- (1 Z =" f > by (6.4.2)

1€[n]
(Z \LgerJi) fz
> = 7
B<1 - 21n'y ;

- (In(2yIny) — 1)? _ 2Iny N 1
- B B n

1 2
=Q HBV) > for sufficiently large ~y

In*(n/B
— Q(M)' O

B

Next, we show a more general statement which basically shows that the estimation error of
any Count-Min with B buckets is Q(ln ”/B)) no matter how many rows it has.

Theorem 6.4.9. If n/B is sufficiently large, then the estimation error of any Count-Min

that maps a set of n items following Zipfian distribution to B buckets is Q(%).

Proof: We prove the statement by showing a reduction that given a Count-Min C'M (k) with
hash functions hy, - - -, hy € {h : [n] — [B/k]} constructs a single hash function h* : [n] — [B]
whose estimation error is less than or equal to the estimation error of CM (k).

For each item i, we define C’[i] to be the bucket whose value is returned by C' M (k) as the
estimate of f;; C'[i] := argmin;c(C[j, h;j(7)]. Since the total number of buckets in C'M (k)
is B, [{C"[{] | i € [n]}| < B; in other words, we only consider the subset of buckets that
CM (k) uses to report the estimates of {f; | ¢ € [n]} which trivially has size at most B. We

define h* as follows:
h*(i) = (j*, hj«(7)) © for each i € [n], where j* = argmincpClj, h;(i)]

Unlike C'M(k), h* maps each item to exactly one bucket in {C[(,j] | ¢ € [k],j € [B/kl};
hence, for each item 4, C'[h*(i)] < C[h*(i)] = f;
CM (k). Moreover, since for each i, C'[h*(i)] >

ere f is the estimate of f; returned by

W
f (f Fi) < Err(F, Foug)- Finally,

by Theorem 6.4.8, the estimation error of h* is ( ) which implies that the estimation

error of C'M (k) is Q(%) as well. O
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6.4.3. (Nearly) tight Bounds for Count-Sketch with Zipfians

In this section we proceed to analyze Count-Sketch for Zipfians either using a single or more
hash functions. We start with two simple lemmas which for certain frequencies (f;)icp of
the items in the stream can be used to obtain respectively good upper and lower bounds on
E[|f; — fi|] in Count-Sketch with a single hash function. We will use these two lemmas both

in our analysis of standard and learned Count-Sketch for Zipfians.

Lemma 6.4.10. Let w = (wq,...,w,) € R™, m,...,n, independent Bernoulli variables
taking value 1 with probability p, and o1,...,0, € {—1,1} independent Rademachers, i.e.,
Pr[n; = 1] =Prlp; = 1] =1/2. Let S =3, win;o;. Then

E[|5[] = O (Vp[wl2)-

Proof: Using that E[o;0;] = 0 for ¢ # j and Jensen’s inequality

E[|S|]* < B[S’ = E

zwzm] _ ol
=1

from which the result follows. O

Lemma 6.4.11. Suppose that we are in the setting of Lemma 6.4.10. Let I C [n] and let
wy € R™ be defined by (wr); = [i € I]-w;. Then

E(IS[] = 5p (1= )" [l

N | —

Proof: Let J = [n]\ I, Sy = > ,c;winio;, and Sy = . w;n;0;. Let E denote the event
that S; and Sy have the same sign or Sy = 0. Then Pr[E] > 1/2 by symmetry. For i € I
we denote by A; the event that {j € I : n; # 0} = {i}. Then Pr[4;] = p(1 — p)/I= and
furthermore A; and F are independent. If A; N E occurs, then |S| > |w;| and as the events

(A; N E);er are disjoint it thus follows that

1 _
E[IS|| = D PrlAn E]- jui| = 5p (1= p)"'™ e C

el
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One hash-function. We are now ready to commence our analysis of Count-Sketch for
Zipfians. As in the discussion succeeding Theorem 6.4.1 the following theorem yields the

desired result for a single hash function as presented in Table 6.4.1.

Theorem 6.4.12. Suppose that B < n and let h : [n] — [B] and s : [n] — {—1,1} be
truly random hash functions. Define the random variable f; = > jem i) = h(D)]s(4) f; for
i € [n]. Then

Bl - sl =0 (7).

Proof: Let i € [n] be fixed. We start by defining Ny = [B] \ {i} and Ny = [n]\ ([B] U {i})
and note that

i =) £ < | D) = h(i)s(i) fi| +

JEN1

> Ih() = h@)]s() fi| = X+ Xo.

JEN2

Using the triangle inequality

Also, by Lemma 6.4.10, E[X5] = O (%) and combining the two bounds we obtain the desired
upper bound.
For the lower bound we apply Lemma 6.4.11 with = N; concluding that

7 : 1 1\t log B
BlA 0235 (1-5)  Ta=e () 0

Multiple hash functions. Let k¥ € N be odd. For a tuple z = (zy,...,7;) € RF we
denote by median x the median of the entries of . The following theorem immediately leads

to the result on CS with £ > 3 hash functions claimed in Table 6.4.1.

Theorem 6.4.13. Let k > 3 be odd, n > kB and all hy, ..., hy : [n] = [B] and sq,..., 8 :

[n] — {—1,1} be truly random hash functions. For each i € [n], define the random variable
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fi = median,cpy (Zje[n] [he(7) = h@(i)]S@(j)fj). Assume that® k < B. Then

Bl7 0l =2 () e Bl -0 (1)

The assumption n > kB simply says that the total number of buckets is upper bounded by

the number of items. Again using linearity of expectation for the summation over i € [n]

vk and‘g

and replacing B by B/k we obtain the claimed upper and lower bounds of FlogT

respectively. We note that even if the bounds above are only tight up to a factor of logk
they still imply that it is asymptotically optimal to choose k = O(1). To settle the correct
asymptotic growth is thus of merely theoretical interest. We need the following claim to the

prove the theorem.

Claim 6.4.14. Let I C R be the closed interval centered at the origin of length 2t, i.e.,

I = [—t,t]. Suppose that ﬁ <t< For ¢ € [k], Pr[X¥ € I] = Q(tB).

.
Proof: We first show that with probability (1), XQ(Z) lies in the interval [1/B,y/B] for some
constant 7. To see this we note that by Lemma 6.4.10, E[|X2(£)|] = O (3), so it follows by
Markov’s inequality that if v = O(1) is large enough, the probability that ]XQ(Z)\ > /B is at

most 5. For a constant probability lower bound on |X2(Z)| we write

X = 3 ) =h@lseN i+ > [he) = he(@)]se() f = S+ S

FEN2N{B+1,....2B} FENN{2B+1,...,n}

Condition on Sy. If B > 4 the probability that there exist exactly two j € No N {B +
1,...,2B} with hy(j) = he(i) is at least

B—2
Ne{B+ 1. 2B)\1 (1 _(B-1\ 1 1
2 B2 B - 2 eB? — 8e

With probability 1/4 the corresponding signs s¢(j) are both the same as that of S;. By
independence of s, and h, the probability that this occurs is at least 3—; and if it does,

1X{”| > 1/B. Combining these two bounds it follows that | X{”| € (%, %] with probability

2This very mild assumption can probably be removed at the cost of a more technical proof. In our proof
it can even be replaced by k < B2~¢ for any £ = Q(1).
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- — 5i5 > ks By symmetry, Pr[XS” € [4, 2] > 745 = Q(1). Denote this event by

E. Also let F be the event that |{j € Ny : he(j) = he(i)}| = 1. Then Pr[F] = Q(1) and as F
and F' are independent Pr[E'N F] = Q(1). Conditioned on £ N F' we now lower bound the

at least =—— 32

probability that X € I. For this it suffices to fix Xz(e) = £ for some 1 < n < v and lower
bound the probability that % +of € [~t,t] where o is a Rademacher and f € {1/j:j € N}

is chosen uniformly at random. Let my, mo € Ryg be such that

% = Q(tB?). Using that B is larger than a big enough constant

and the mild assumption k& < B, we have that my; — m; = Q(B/vVk) = Q(v/B) > 1, and
so |mg —my| = Q(my — my) = Q(tB?) as well. As we have |Ny| > B — 1 options for f it

Then my — my = B

follows that

[y — my ]
B—-1

E—Fafe [—t,t]] >

P
"B

— Q(tB),

as desired. O

Proof of Theorem 6.4.13. If B (and hence k) is a constant the result follows easily from
Lemma 6.4.10, so in what follows we assume that B is larger than a sufficiently large constant.

We first prove the upper bound. Define Ny = [B]\ {i} and Ny = [n]\ ([B]U{i}). Let for
e[k, X17 = ¥ jen [heli) = he(@se () f5 and X5 = 37 [he(d) = he(i)]se(5) ;. Finally
write X = x4+ x{9.

As the absolute error in Count-Sketch with one pair of hash functions (h, s) is always
upper bounded by the corresponding error in Count-Min with the single hash function h, we
can use the bound in the proof of Lemma 6.4.2 to conclude that

log(tB)
O] > 4 _ g
Pl 21 = 0 (5,

when t > 3/B. Also
0 _ 2
Var[X;] = (E — E) E I < sz

JEN2
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so by Bennett’s inequality (with M = 1/B and o2 = 2/B?) and Remark 6.4.4,

PrHXéf)| > t] < 2exp(—2h(tB/2)) < 2exp (—%tBlog (% + 1)) ~0 (logt(;B)> |

for t > %. It follows that for ¢t > 3/B,

Pr[|X(€)| > 2t] < Pr[(|X{£)| >t)] + Pr(|X2(Z)| >1)] =0 (loi%B)) ‘

Let C be the implicit constant in the O-notation above. If | f; — (i) f;| > 2t, at least half of
the values (|X]),cp are at least 2¢. For ¢t > 3/B it thus follows by a union bound that

If @ = O(1) is chosen sufficiently large it thus holds that

/ " Prllf - s(i)fil > A de =2 / TPl - s(i)fi] > 20 de

a/B a/(2B)

k2]
gi/ (4010g()) dt
B Jop t
1 1

< Bk < N

Here the first inequality uses (6.4.3) and a change of variable. The second inequality uses
that (4C™8t) e < (C' /)5 for some constant C” followed by a calculation of the integral.
For our upper bound it therefore suffices to show that fa/B Pr(|f;—s(i)f;] > t]dt = O (ﬁ)

For this let = <i < 3 + be fixed. If |fi —s(i) f;] > t, at least half of the values (XY pepn
are at least t or at most —t. Let us focus on bounding the probability that at least half are
at least t, the other bound being symmetric giving an extra factor of 2 in the probability
bound. By symmetry and Claim 6.4.14, Pr[X(e) > t] =1 —Q(B). For £ € [k] we define
Yy = [X® > ], and we put S = 3",y Ye- Then E[S] = k (5 — Q(tB)). If at least half of
the values (X )ecir are at least ¢ then S > k/2. By Hoeffding’s inequality we can bound
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the probability of this event by
Pr[S > k/2] = Pr[S — E[S] = Q(ktB)] = exp(—Q(kt*B?)).

It follows that Pr[|f; — s(i)fi| > t] < 2exp(—Q(kt2B?)). Thus

a/B

a/B B
/ Pr[|fi — s(i) fi| > t]dt < — + / 2 exp(—Q(kt*B?)) dt + / 2exp(—Q(k)) dt
0 1

2B

:O(B\/_> B\/_/ exp(—t?) dt:o(B%/E)'

This completes the proof of the upper bound and we proceed with the lower bound. Fix
¢ € [k] and let M; = [Blogk] \ {i} and My = [n] \ ([Blogk] U {i}). Write

S =) " [he(j) = he(i)se(i) fi + Y [he() = hali)]se(j) f; == S1+ So.
JEM, JEM>

We also define J := {j € M; : hy(j) = he(i)}. Let I C R be the closed interval around
s¢(7) f; of length m. We now upper bound the probability that S € I conditioned on
the value of Sy. To ease the notation the conditioning on Sy has been left out in the notation
to follow. Note first that

| M|

PriSel] =Y Pr[Sel||J|=r] P[] =r].

r=0
For a given r > 1 we now proceed to bound Pr[S € I | |J| = r]. This probability is the same
as the probability that Sy + > ier i fj € I, where R C M, is a uniformly random r-subset
and the o;’s are independent Rademachers. Suppose that we sample the elements from R as
well as the corresponding signs (0;);cr sequentially, and let us condition on the values and
signs of the first » — 1 sampled elements. At this point at most B\l;@k + 1 possible samples for

the last element in R brings S into /. Indeed, the minimum distance between consecutive

points in {f; : j € M} is at most 1/(Blogk)? so at most

Blogk

+1
vk

— . (Blogk)®*+1=
BvVklogk (Blogk)
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samples brings S into I. For 1 <r < (Blogk)/2 we can thus can upper bound

Blogk
Blogk | 1 9 p 3
Vk
PrSerl||J=r< Y < 2 <=
r[Selll]J| T]—|M1|—r+1_\/E+BIng_\/E

By a standard Chernoff bound
Pr[|.J| > Blogk/2] = exp (—Q(Blogk)) = k=5,

If we assume that B is larger than a constant, then Pr[|J| > Blogk/2] < k~'. Finally,
Pr[|J| = 0] = (1 — 1/B)Bek < k=1, Combining these three bounds,

(Blogk)/2
PrS e ] <PrllJ| =0+ 3 Pr[Sel|[J]=r]-Pr]J]=1]
r=1
| M| 1
+ Y PrJ|=r]=0 (-) ,
r=(Blogk)/2 \/E

which holds even after removing the conditioning on S;. We now show that with probability

Q(1) at least half the values (X®)),c are at least . Let py be the probability that

1
2BVklogk

X0 > QB\/%logk' This probability does not depend on ¢ € [k] and by symmetry and what

we showed above, py = 1/2 — O(1/v/k). Define the function f: {0,...,k} — R by

ft) = (k)pé(l —po)* .

t
Then p(t) is the probability that exactly ¢ of the values (X (€)>ge[}g] are at least m. Using
that po = 1/2—0O(1/Vk), a simple application of Stirling’s formula gives that f(t) = © (ﬁ)

for t = [k/2],...,[k/2 + Vk] when k is larger than some constant C. It follows that with

probability (1) at least half the (X (g))ée[k] are at least m and in particular

BlJ— £ =0 (m)

Finally we handle the case where k < C. It is easy to check (e.g. with Lemma 6.4.11) that
X®) = Q(1/B) with probability Q(1). Thus this happens for all £ € [k] with probability
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Q(1) and in particular E[|f; — f;|]] = Q(1/B), which is the desired for constant k. O

6.4.4. Learned Count-Sketch for Zipfians

We now proceed to analyze the learned Count-Sketch algorithm. First, we estimate the
expected error when using a single hash function and next we show that the expected error
only increases when using more hash functions. Recall that we assume on the number of

buckets By, used to store the heavy hitters that B, = ©(B — By) = O(B).

One hash function. By taking By = B, = O(B) and By = B — B, = O(B) in the
theorem below the result on L-CS for £ = 1 claimed in Table 6.4.1 follows immediately.

Theorem 6.4.15. Let h : [n| \ [Bi] — [B2] and s : [n] — {—1,1} be truly random hash

functions where n, By, By € N and®> n — By > By > B,. Define the random variable f; =
> i—pi1lh(d) = h(0)]s(4) f; for i € [n]\ [B1]. Then

Ba+By

- lo
EM—%WM=@(£4L>

B,

Proof: Let Ny = [By + Bs] \ ([B1] U {i}) and Ny = [n] \ ([B1 + Bz U {i}). Let Xj =
djen (7)) = h()]s(j)f; and Xo = > .y, [h(j) = h(i)]s(j)f;- By the triangle inequality

and linearity of expectation,
log Bo+Bs
E[X,]=0—2—].
1 ( 5

Moreover, it follows directly from Lemma 6.4.10 that E[|X;3|] = O (B%) Thus

mﬁ—WMH§MMM+HWM=O<E%?j>

as desired.

3The first inequality is the standard assumption that we have at least as many items as buckets. The
second inequality says that we use at least as many buckets for non-heavy items as for heavy items (which
doesn’t change the asymptotic space usage).
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fi—s(i)fi

N1 Ba+B)
1 1 log =25
1> = (1- = § =0 =5 ). O
}—232( Bg> iele ( By )

Corollary 6.4.16. Let h : [n| \ [By] — [B — By] and s : [n] — {—1,1} be truly random
hash functions where n, By, Bs € N and B, = ©(B) < B/2. Define the random variable

Jo= X0 alh() = h(@)]s(i)fy Jor i € [n]\ [By]. Then

For the lower bound on E [

] we apply Lemma 6.4.11 to obtain that,

E[lf; — s(i)fi] = © (é)

More hash functions. We now show that, like for Count-Min, using more hash func-
tions does not decrease the expected error. We first state the Littlewood-Offord lemma as

strengthened by Erdds.

Theorem 6.4.17 (Littlewood-Offord [126], Erd&s [69]). Letay,...,a, € R with |a;| >
1 fori € [n|. Let further oy,...,0, € {—1,1} be random variables with Pr[o; = 1] = Pr|o; =
—1] =1/2 and define S =", 0,a;. For any v € R it holds that

prts ol <1 (1)) 300 ()

Setting By = By, = O(B) and By = B — B, = O(B) in the theorem below gives the final
bound from Table 6.4.1 on L-CS with k£ > 3.
Theorem 6.4.18. Let n > By + By > 2By, k > 3 odd, and hy,..., hy : [n]\ [B1] — [Bs/k]

and $1,...,5; ¢ [n] \ [B1] — [B2/k] be independent and truly random. Define the random
variable fi = mediansepy (Eje[n}\[Bl][hf(j) = hg(i)]Sg(j)fJ) for i€ [n]\ [Bi]. Then

Bl - sl =95 )

Proof: Like in the proof of the lower bound of Theorem 6.4.13 it suffices to show that for
each ¢ the probability that the sum Sy := 2, (B [he(d) = he()]se(j) f; lies in the
interval I = [~1/(2Bs),1/(2By)] is O(1/vk). Then at least half the (S;)scp are at least
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1/(2B5) with probability (1) by an application of Stirling’s formula, and it follows that

E[|f; — (i) fil] = Q(1/By).
Let ¢ € [k] be fixed, Ny = [2Bs] \ ([B2] U {i}), and Na = [n] \ (N} U {4}), and write

S =" "The(§) = he()se(i) f; + > [he(s) = he(Dse(5) f; == X1 + Xa.
jENl _]ENQ
Now condition on the value of Xy = x5 of X5. Letting J = {j € Ny : he(j) = he(i)} it follows
by Theorem 6.4.17 that

Pr[J = J']
PriSp el | Xy =ax9] = ( ) (PrHJ|<k/2]+1/\/_>
X T
An application of Chebyshev’s inequality gives that Pr[|J| < k/2] = O(1/k), so Pr[S, €
Il = O(1/Vk). Since this bound holds for any possible value of z, we may remove the

conditioning and the desired result follows. O

Remark 6.4.19. The bound above is probably only tight for B; = ©(B,). Indeed, we know
that it cannot be tight for all B; < B since when B; becomes very small, the bound from the
standard Count-Sketch with k& > 3 takes over—and this is certainly worse than the bound
in the theorem. It is an interesting open problem (that requires a better anti-concentration

inequality than the Littlewood-Offord lemma) to settle the correct bound when B; < Bs.

6.5. Experiments

Baselines. We compare our learning-based algorithms with their non-learning counter-
parts. Specifically, we augment Count-Min with a learned oracle as in Algorithm 26, and
call the learning-augmented algorithm “Learned Count-Min”. We then compare Learned
Count-Min with traditional Count-Min. We also compare it with “Learned Count-Min with
Ideal Oracle” where the neural-network oracle is replaced with an ideal oracle that knows
the identities of the heavy hitters in the test data, and “Count-Min with Lookup Table”
where the heavy hitter oracle is replaced with a lookup table that memorizes heavy hitters
in the training set. The comparison with the latter baseline allows us to show the ability

of Learned Count-Min to generalize and detect heavy items unseen in the training set. We
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Figure 6.5.1: Frequency of Internet flows
repeat the evaluation where we replace Count-Min (CM) with Count-Sketch (CS) and the

corresponding variants.

Training a Heavy Hitter Oracle. We construct the heavy hitter oracle by training a
neural network to predict the heaviness of an item. Note that the prediction of the network
is not the final estimation. It is used in Algorithm 26 to decide whether to assign an item to
a unique bucket. We train the network to predict the item counts (or the log of the counts)
and minimize the squared loss of the prediction. Empirically, we found that when the counts
of heavy items are few orders of magnitude larger than the average counts (as is the case for
the Internet traffic data set), predicting the log of the counts leads to more stable training
and better results. Once the model is trained, we can select the optimal cutoff threshold

using validation data, and use the model as the oracle described in Algorithm 26.

6.5.1. Internet Traffic Estimation

For our first experiment, the goal is to estimate the number of packets for each network flow.
A flow is a sequence of packets between two machines on the Internet. It is identified by the
[P addresses of its source and destination and the application ports. Estimating the size of

each flow i—i.e., the number of its packets f;—is a basic task in network management [161].

Dataset. The traffic data is collected at a backbone link of a Tierl ISP between Chicago
and Seattle in 2016 [39]. Each recording session is around one hour. Within each minute,
there are around 30 million packets and 1 million unique flows. For a recording session, we
use the first 7 minutes for training, the following minute for validation, and estimate the

packet counts in subsequent minutes. The distribution of packet counts over Internet flows

204



is heavy tailed, as shown in Figure 6.5.1.

Model. The patterns of the Internet traffic are very dynamic, i.e., the flows with heavy
traffic change frequently from one minute to the next. However, we hypothesize that the
space of IP addresses should be smooth in terms of traffic load. For example, data centers at
large companies and university campuses with many students tend to generate heavy traffic.
Thus, though the individual flows from these sites change frequently, we could still discover
regions of IP addresses with heavy traffic through a learning approach.

We trained a neural network to predict the log of the packet counts for each flow. The
model takes as input the TP addresses and ports in each packet. We use two RNNs to encode
the source and destination IP addresses separately. The RNN takes one bit of the [P address
at each step, starting from the most significant bit. We use the final states of the RNN as the
feature vector for an IP address. The reason to use RNN is that the patterns in the bits are
hierarchical, i.e., the more significant bits govern larger regions in the IP space. Additionally,
we use two-layer fully-connected networks to encode the source and destination ports. We
then concatenate the encoded IP vectors, encoded port vectors, and the protocol type as the
final features to predict the packet counts.! The inference time takes 2.8 microseconds per

item on a single GPU without any optimizations.®

Results. We plot the results of two representative test minutes (the 20th and 50th) in
Figure 6.5.2. All plots in the figure refer to the estimation error (6.2.2) as a function of the
used space. The space includes space for storing the buckets and the model. Since we use
the same model for all test minutes, the model space is amortized over the 50-minute testing
period.

Figure 6.5.2 reveals multiple findings. First, the figure shows that our learning-based
algorithms exhibit a better performance than their non-learning counterparts. Specifically,

Learned Count-Min, compared to Count-Min, reduces the the error by 32% with space of

4We use RNNs with 64 hidden units. The two-layer fully-connected networks for the ports have 16 and
8 hidden units. The final layer before the prediction has 32 hidden units.

®Note that new specialized hardware such as Google TPU, hardware accelerators and network compres-
sion [93, 163, 47, 94, 95] can drastically improve the inference time. Further, Nvidia has predicted that GPU
will get 1000x faster by 2025. Because of these trends, the overhead of neural network inference is expected
to be less significant in the future [120].
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Figure 6.5.2: Comparison of our algorithms with Count-Min and Count-Sketch on Internet
traffic data.

0.5 MB and 42% with space of 1.0 MB (Figure 6.5.2a). Learned Count-Sketch, compared
to Count-Sketch, reduces the error by 52% at 0.5 MB and 57% at 1.0 MB (Figure 6.5.2¢).
In our experiments, each regular bucket takes 4 bytes. For the learned versions, we account
for the extra space needed for the unique buckets to store the item IDs and the counts. One
unique bucket takes 8 bytes, twice the space of a normal bucket.b

Second, the figure also shows that our neural-network oracle performs better than mem-
orizing the heavy hitters in a lookup table. This is likely due to the dynamic nature of
Internet traffic —i.e., the heavy flows in the training set are significantly different from those
in the test data. Hence, memorization does not work well. On the other hand, our model is

able to extract structures in the input that generalize to unseen test data.

6By using hashing with open addressing, it suffices to store IDs hashed into log B, + t bits (instead of
whole IDs) to ensure there is no collision with probability 1 — 27%. log B, + t is comparable to the number
of bits per counter, so the space for a unique bucket is twice the space of a normal bucket.
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Figure 6.5.3: Frequency of search queries

Third, the figure shows that our model’s performance stays roughly the same from the
20th to the 50th minute (Figure 6.5.2b and Figure 6.5.2d), showing that it learns properties
of the heavy items that generalize over time.

Lastly, although we achieve significant improvement over Count-Min and Count-Sketch,
our scheme can potentially achieve even better results with an ideal oracle, as shown by the
dashed green line in Figure 6.5.2. This indicates potential gains from further optimizing the

neural network model.

6.5.2. Search Query Estimation

For our second experiment, the goal is to estimate the number of times a search query

appears.

Dataset. We use the AOL query log dataset, which consists of 21 million search queries
collected from 650 thousand users over 90 days. The users are anonymized in the dataset.
There are 3.8 million unique queries. Each query is a search phrase with multiple words
(e.g., “periodic table element poster”). We use the first 5 days for training, the following
day for validation, and estimate the number of times different search queries appear in
subsequent days. The distribution of search query frequency follows the Zipfian law, as

shown in Figure 6.5.3.

Model. Unlike traffic data, popular search queries tend to appear more consistently across
multiple days. For example, “google” is the most popular search phrase in most of the days
in the dataset. Simply storing the most popular words can easily construct a reasonable

heavy hitter predictor. However, beyond remembering the popular words, other factors also
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Figure 6.5.4: Comparison of our algorithms with Count-Min and Count-Sketch on search
query data.

contribute to the popularity of a search phrase that we can learn. For example, popular
search phrases appearing in slightly different forms may be related to similar topics. Though
not included in the AOL dataset, in general, metadata of a search query (e.g., the location
of the search) can provide useful context of its popularity.

To construct the heavy hitter oracle, we trained a neural network to predict the number
of times a search phrase appears. To process the search phrase, we train an RNN with LSTM
cells that takes characters of a search phrase as input. The final states encoded by the RNN
are fed to a fully-connected layer to predict the query frequency. Our character vocabulary
includes lower-case English alphabets, numbers, punctuation marks, and a token for unknown
characters. We map the character IDs to embedding vectors before feeding them to the

RNN.” We choose RNN due to its effectiveness in processing sequence data [162, 83, 120].

"We use an embedding size of 64 dimensions, an RNN with 256 hidden units, and a fully-connected layer
with 32 hidden units.

208



1.0 1.0
(O] (0]
Sos Sos
o o
g 0.6 .02) 0.6
o4 g o4
g g
=02 =~ 0.2
= |/ — AUC=0900 = | .~ — Auc=o0808
/7 /7
0oV 0.0
0.00 025 050 075 1.00 0.00 025 050 075 1.00
False Positive Rate False Positive Rate
(a) Internet traffic 50th test minute (b) Search query 50th test day

Figure 6.5.5: ROC curves of the learned models.
Results. We plot the estimation error vs. space for two representative test days (the 50th
and 80th day) in Figure 6.5.4. As before, the space includes both the bucket space and the
space used by the model. The model space is amortized over the test days since the same
model is used for all days.

Similarly, our learned sketches outperforms their conventional counterparts. For Learned
Count-Min, compared to Count-Min, it reduces the loss by 18% at 0.5 MB and 52% at 1.0
MB (Figure 6.5.4a). For Learned Count-Sketch, compared to Count-Sketch, it reduces the
loss by 24% at 0.5 MB and 71% at 1.0 MB (Figure 6.5.4¢). Further, our algorithm performs
similarly for the 50th and the 80th day (Figure 6.5.4b and Figure 6.5.4d), showing that the
properties it learns generalize over a long period.

The figures also show an interesting difference from the Internet traffic data: memorizing
the heavy hitters in a lookup table is quite effective in the low space region. This is likely
because the search queries are less dynamic compared to Internet traffic (i.e., top queries in
the training set are also popular on later days). However, as the algorithm is allowed more

space, memorization becomes ineffective.

6.5.3. Analyzing Heavy Hitter Models

We analyze the accuracy of the neural network heavy hitter models to better understand
the results on the two datasets. Specifically, we use the models to predict whether an item
is a heavy hitter (top 1% in counts) or not, and plot the ROC curves in Figure 6.5.5. The
figures show that the model for the Internet traffic data has learned to predict heavy items

more effectively, with an AUC score of 0.9. As for the model for search query data, the AUC
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score is 0.8. This also explains why we see larger improvements over non-learning algorithms

in Figure 6.5.2.
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Chapter 7

The Low-Rank Approximation Problem

7.1. Introduction

In the low-rank decomposition problem, given an n x d matrix A and a parameter k, the goal

is to compute a rank-k matrix [A]; defined as below

[A], = argmin ,,, A=A

ranka)

Low-rank approximation is one of the most widely used tools in massive data analysis,
machine learning and statistics, and has been a subject of many algorithmic studies. In par-
ticular, multiple algorithms developed over the last decade use the “sketching” approach, see
e.g., [157, 171, 92, 52, 53, 144, 132, 34, 54]. Its idea is to use efficiently computable random
projections (a.k.a., “sketches”) to reduce the problem size before performing low-rank decom-
position, which makes the computation more space and time efficient. For example, [157, 52]
show that if S is a random matrix of size m x n chosen from an appropriate distribution',

for m depending on ¢, then one can recover a rank-k matrix A’ such that

A= Allr < (1+ )l A= [Alillr

nitial algorithms used matrices with independent sub-gaussian entries or randomized Fourier /Hadamard
matrices [157, 171, 92]. Starting from the seminal work of [53], researchers began to explore sparse binary
matrices, see e.g., [144, 132]. In this chapter we mostly focus on the latter distribution.
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by performing an SVD on SA € R™*9 followed by some post-processing. Typically the
sketch length m is small, so the matrix SA can be stored using little space (in the context of
streaming algorithms) or efficiently communicated (in the context of distributed algorithms).
Furthermore, the SVD of SA can be computed efficiently, especially after another round of
sketching, reducing the overall computation time. See the survey [170] for an overview of
these developments.

In light of recent developments on learning-based algorithms [168, 59, 120, 24, 128, 151,
137, 141, 25, 33, 134, 96, 103, 1, 118], it is natural to ask whether similar improvements
in performance could be obtained for other sketch-based algorithms, notably for low-rank
decompositions. In particular, reducing the sketch length m while preserving its accuracy
would make sketch-based algorithms more efficient. Alternatively, one could make sketches

more accurate for the same values of m. This is the problem we address in this chapter.

7.1.1. Our Results

Our main finding is that learned sketch matrices can indeed yield (much) more accurate
low-rank decompositions than purely random matrices. We focus our study on a streaming
algorithm for low-rank decomposition due to [157, 52|, described in more detail in Section 7.2.
Specifically, suppose we have a training set of matrices Tr = {A;, ..., Ay} sampled from some
distribution D. Based on this training set, we compute a matrix S* that (locally) minimizes
the empirical loss

> A — SCW (S, A)| (7.1.1)

where SCW(S*, A;) denotes the output of the aforementioned Sarlos-Clarkson-Woodruff
streaming low-rank decomposition algorithm on matrix A; using the sketch matrix S*. Once
the sketch matrix S* is computed, it can be used instead of a random sketch matrix in all
future executions of the SCW algorithm.

We demonstrate empirically that, for multiple types of data sets, an optimized sketch
matrix S* can substantially reduce the approximation loss compared to a random matrix S,
sometimes by one order of magnitude (see Figure 7.5.1 or 7.5.2). Equivalently, the optimized
sketch matrix can achieve the same approximation loss for lower values of m.

A possible disadvantage of learned sketch matrices is that an algorithm that uses them no
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longer offers worst-case guarantees. As a result, if such an algorithm is applied to an input
matrix that does not conform to the training distribution, the results might be worse than
if random matrices were used. To alleviate this issue, we also study mized sketch matrices,
where (say) half of the rows are trained and the other half are random. We observe that
if such matrices are used in conjunction with the SCW algorithm, its results are no worse
than if only the random part of the matrix was used (Theorem 7.4.1 in Section 7.4)%. Thus,
the resulting algorithm inherits the worst-case performance guarantees of the random part
of the sketching matrix. At the same time, we show that mixed matrices still substantially
reduce the approximation loss compared to random ones, in some cases nearly matching the
performance of “pure” learned matrices with the same number of rows. Thus, mixed random
matrices offer “the best of both worlds™ improved performance for matrices from the training
distribution, and worst-case guarantees otherwise.

Finally, in order to understand the theoretical aspects of our approach further, we study
the special case of m = 1. This corresponds to the case where the sketch matrix S is just a

single vector. Our results are two-fold:

e We give an approximation algorithm for minimizing the empirical loss as in Equa-
tion 7.1.1, with an approximation factor depending on the stable rank of matrices in

the training set. See Appendix 7.7.

e Under certain assumptions about the robustness of the loss minimizer, we show gen-

eralization bounds for the solution computed over the training set. See Appendix 7.8.

7.1.2. Related work

As outlined in the introduction, over the last few years there has been multiple papers
exploring the use of machine learning methods to improve the performance of “standard”
algorithms. Among those, the closest to the topic of this chapter are the works on learning-
based compressive sensing, such as [141, 25, 33, 134], and on learning-based streaming algo-
rithms [103]. Since neither of these two lines of research addresses computing matrix spectra,

the technical development therein was quite different from ours.

2We note that this property is non-trivial, in the sense that it does not automatically hold for all sketching
algorithms. See Section 7.4 for further discussion.
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Algorithm 27 Rank-k approximation of a matrix A using a sketch matrix S (refer to
Section 4.1.1 of [52])

1: Input: A € R**4 G ¢ R™*"
2: U, 2, VT <~ COMPACTSVD(SA) > r = rank(SA),U € R™" V € R¥"
3: return [AV], VT

In this chapter we focus on learning-based optimization of low-rank approximation algo-
rithms that use linear sketches, i.e., map the input matrix A into SA and perform compu-
tation on the latter. There are other sketching algorithms for low-rank approximation that
involve non-linear sketches [125, 78, 77]. The benefit of linear sketches is that they are easy
to update under linear changes to the matrix A, and (in the context of our work) that they
are easy to differentiate, making it possible to compute the gradient of the loss function as
in Equation 7.1.1. We do not know whether it is possible to use our learning-based approach

for non-linear sketches, but we believe this is an interesting direction for future research.

7.2. Preliminaries

Notation. Consider a distribution D on matrices A € R™*?. We define the training set
as {A1, -+, Ay} sampled from D. For matrix A, its singular value decomposition (SVD)
can be written as A = UXV " such that both U € R™" and V € R have orthonormal
columns and ¥ = diag{\, -+ , A\q} is a diagonal matrix with nonnegative entries. Moreover,
if rank(A) = r, then the first  columns of U are an orthonormal basis for the column space
of A (we denote it as colsp(A)), the first » columns of V' are an orthonormal basis for the
row space of A (we denote it as rowsp(A))® and \; = 0 for ¢ > 7. In many applications it
is quicker and more economical to compute the compact SVD which only contains the rows
and columns corresponding to the non-zero singular values of ¥: A = U°%¢(V¢)" where

Ue e R 3¢ e R and V¢ € R¥X",

How sketching works. We start by describing the SCW algorithm for low-rank matrix
approximation, see Algorithm 27. The algorithm computes the singular value decomposition
of SA = UXVT, and compute the best rank-k approximation of AV. Finally it outputs
[AV],,VT as a rank-k approximation of A.

3The remaining columns of U and V respectively are orthonormal bases for the nullspace of A and AT.
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Note that if m is much smaller than d and n, the space bound of this algorithm is
significantly better than when computing a rank-k approximation for A in the naive way.

Thus, minimizing m automatically reduces the space usage of the algorithm.

Sketching matrix. We use matrix S that is sparse* Specifically, each column of S has
exactly one non-zero entry, which is either +1 or —1. This means that the fraction of non-
zero entries in S is 1/m. Therefore, one can use a vector to represent S, which is very
memory efficient. It is worth noting, however, after multiplying the sketching matrix .S with

other matrices, the resulting matrix (e.g., SA) is in general not sparse.

7.3. Training Algorithm

In this section, we describe our learning-based algorithm for computing a data dependent
sketch S. The main idea is to use back-propagation algorithm to compute the stochastic
gradient of S with respect to the rank-k approximation loss in Equation (7.1.1), where the
initial value of S'is the same random sparse matrix used in SCW. Once we have the stochastic
gradient, we can run stochastic gradient descent (SGD) algorithm to optimize S, in order to
improve the loss. Our algorithm maintains the sparse structure of .S, and only optimizes the
values of the n non-zero entries (initially +1 or —1).

However, the standard SVD implementation (step 2 in Algorithm 27 ) is not differen-
tiable, which means we cannot get the gradient in the straightforward way. To make SVD
implementation differentiable, we use the fact that the SVD procedure can be represented
as m individual top singular value decompositions (see e.g. [10]), and that every top singular
value decomposition can be computed using the power method. See Figure 7.3.1 and Algo-
rithm 28. We store the results of the ¢-th iteration into the i-th entry of the list U, 3,V
and finally concatenate all entries together to get the matrix (or matrix diagonal) format of
U, >, V. This allows gradients to flow easily.

Due to the extremely long computational chain, it is infeasible to write down the explicit

form of loss function or the gradients. However, just like how modern deep neural networks

4The original papers [157, 52] used dense matrices, but the work of [53] showed that sparse matrices work
as well. We use sparse matrices since they are more efficient to train and to operate on.
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Algorithm 28 Differentiable implementation of
SVD

1: Input: A; € R™4(m < d)

2 US V< {}{L{}

3: fori<1...mdo

4: v; + random initialization in R?
fort«+1...7T do

Al A;ve
Virl & Tt
LY AT A2

S:
6: > power method
7: V]i] <= vrsq
2[i] = | AV Tl
. Ul « A
10: Aipr = A = S[UEV [T

11: return U, X,V

1A A2

xT" times

Al Ay

:

.

<MS

V[

Figure 7.3.1: The i-th iteration of

power method.

compute their gradients, we used the autograd feature in PyTorch to numerically compute

the gradient with respect to the sketching matrix S.

We emphasize again that our method is only optimizing S for the training phase. After

S is fully trained, we still call Algorithm 27 for low rank approximation, which has exactly

the same running time as the SCW algorithm, but with better performance.

7.4. Worst Case Bound

In this section, we show that concatenating two sketching matrices S; and Sy (of size respec-

tively m; X n and my x n) into a single matrix S, (of size (my + my) x n) will not increase

the approximation loss of the final rank-k solution computed by Algorithm 27 compared to

the case in which only one of S} or Sy are used as the sketching matrix. In the rest of this

section, the sketching matrix S, denotes the concatenation of S; and S as follows:

Sl (m1xmn)

Ss((mr+ma)xn) =

59 (mg xn)

Formally, we prove the following theorem in this section.

Theorem 7.4.1. Let U2V, and U3, V; respectively denote the SVD of S, A and SiA.
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Then,
I[AV.L V. = Allr < |[AVI]eV)" — Allr.

In particular, the above theorem implies that the output of Algorithm 27 with the sketch-
ing matrix S, is a better rank-k approximation to A compared to the output of the algorithm

with S7. In the rest of this section we prove Theorem 7.4.1.

Fact 7.4.2 (Pythagorean Theorem). If A and B are matrices with the same number of
rows and columns, then ABT = 0 implies ||A + Bl|% = ||A||% + || B||%.

Claim 7.4.3. Let Vi and V3 be two matrices such that colsp(Vy) C colsp(Va). Then,

min 1X — A5 > min 1X — Al
rowsp(X)Ccolsp(V1); rowsp(X)Ccolsp(V2);
rank(X)<k rank(X)<k

Before proving the main theorem, we state the following helpful lemma from [52].

Lemma 7.4.4 (Lemma 4.3 in [52]). Suppose that V' is a matriz with orthonormal columns.

Then, a best rank-k approzimation to A in the colsp(V) is given by [AV], V.

Proof: Note that AVV'T is a row projection of A on the colsp(V). Then, for any conforming
Y,

(A—AVV Y AVVT YV = AU - VV VAV —Y)T
=AWV -VVIV)(AV —Y)T =0.

where the last equality follows from the fact if V has orthonormal columns then VV 'V =V
(e.g., see Lemma 3.5 in [52]). Then, by the Pythagorean Theorem (Fact 7.4.2), we have

JA=YVTZ=|A-AVVT|Z + |[AVVT —YVT||% (7.4.1)

Since V has orthonormal columns, for any conforming =, ||V "|| = ||z||. Thus, for any Z
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of rank at most k,

JAVVT — [AVLV T [p = I(AV = [AV])V  ]r = [JAV — [AV],]|r
<AV = Z|lp = [JAVVT = ZVT||r

(7.4.2)
Hence,
A= [AV], VT = ||[A = AVV |3 + ||AVVT — [AV],V || > By (7.4.1)
<||[A—AVV %+ ||AVVT — ZV 1[5 > By (7.4.2)
This implies that [AV],V T is a best rank-k approximation of A in the colsp(V). O

Since the above statement is a transposed version of the lemma from [52], we include the

proof in the appendix for completeness.

Proof: (Proof of Theorem 7.4.1) First, we show that colsp(V;) C colsp(Vi). By the proper-
ties of the (compact) SVD, colsp(V1) = rowsp(S1A) and colsp(Vi) = rowsp(S.A). Since, S,

has all rows of Sy, then
colsp(V1) C colsp(V4). (7.4.3)
By Lemma 7.4.4,

A=AV VS lr = min (X —Allp
rowsp(X )Ccolsp(Vi);
rank(X)<k

|A — [AViL VT ||P = min 1X = Allr
colsp(X)Ccolsp(V7);
rank(X)<k
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Finally, together with (7.4.3) and Claim 7.4.3

1A= [AVRV e = min X = Al
rowsp(X)Ccolsp(Vi);
rank(X)<k

< min |X — Allr = |A = [AVA]: Vi || p-
rowsp(X)Ccolsp(V1);
rank(X)<k

which completes the proof. 0

Finally, we note that the property of Theorem 7.4.1 is not universal, i.e., it does not
hold for all sketching algorithms for low-rank decomposition. For example, an alternative
algorithm proposed in [54] proceeds by letting Z to be the top k singular vectors of SA and
then reports AZZ". It is not difficult to see that, by adding extra rows to the sketching

matrix S, one can skew the output of the algorithm so that it is far from the optimal.

7.5. Experimental Results

The main question considered here is whether, for natural matrix datasets, optimizing the
sketch matrix S can improve the performance of the sketching algorithm for the low-rank de-
composition problem. To answer this question, we implemented and compared the following

methods for computing S € R™*",

e Sparse Random. Sketching matrices are generated at random as in [53]. Specifically,
we select a random hash function & : [n] — [m], and for all i = 1...n, Sy, is selected
to be either +1 or —1 with equal probability. All other entries in S are set to 0.

Therefore, S has exactly n non-zero entries.

e Dense Random. All the nm entries in the sketching matrices are sampled from

Gaussian distribution (we include this method for comparison).

e Learned. Using the sparse random matrix as the initialization, we run Algorithm 28 to
optimize the sketching matrix using the training set, and return the optimized matrix.
e Mixed (J). We first generate two sparse random matrices Sy, Sy € R2*" (assuming m
is even), and define S to be their combination. We then run Algorithm 28 to optimize

S using the training set, but only S; will be updated, while Sy is fixed. Therefore, S is
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Figure 7.5.2: Test error for Logo (left), Hyper (middle) and Tech (right) when & = 10.

Datasets. We used a variety of datasets to test the performance of our methods:

e Videos®: Logo, Friends, Eagle. We downloaded three high resolution videos from

Youtube, including logo video, Friends TV show, and eagle nest cam. From each video,
we collect 500 frames of size 1920 x 1080 x 3 pixels, and use 400 (100) matrices as the

training (test) set. For each frame, we resize it as a 5760 x 1080 matrix.

e Hyper. We use matrices from HS-SOD, a dataset for hyperspectral images from

natural scenes [104]. Each matrix has 1024 x 768 pixels, and we use 400 (100) matrices

’They can be downloaded from http://youtu.be/L5HQoFIaT4I, http://youtu.be/xmLZsEfXEgE and

http://youtu.be/ufnf_q_30fg
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as the training (test) set.

e Tech. We use matrices from TechTC-300, a dataset for text categorization [60]. Each
matrix has 835,422 rows, but on average only 25,389 of the rows contain non-zero
entries. On average each matrix has 195 columns. We use 200 (95) matrices as the

training (test) set.

Evaluation metric. To evaluate the quality of a sketching matrix S, it suffices to evaluate
the output of Algorithm 27 using the sketching matrix S on different input matrices A. We
first define the optimal approximation loss for test set Te as follows: Appt, £ Ejore||A —
[Alkll 7.

Note that Appj. does not depend on S, and in general it is not achievable by any
sketch S with m < d, because of information loss. Based on the definition of the optimal
approximation loss, we define the error of the sketch S for Te as Err(Te, S) & Eaute|l4 —
SCW (S, A)|lr — Appre.

In our datasets, some of the matrices have much larger singular values than the others.

To avoid imbalance in the dataset, we normalize the matrices so that their top singular

| ”II»

values are all equal.

le

l In
1]

-

Figure 7.5.3: Low rank approximation results for Logo video frame: the best rank-10
approximation (left), and rank-10 approximations reported by Algorithm 27 using a sparse
learned sketching matrix (middle) and a sparse random sketching matrix (right).

7.5.1. Average test error

We first test all methods on different datasets, with various combination of k, m. See Fig-
ure 7.5.1 for the results when k£ = 10,m = 20. As we can see, for video datasets, learned
sketching matrices can get 20x better test error than the sparse random or dense random
sketching matrices. For other datasets, learned sketching matrices are still more than 2x

better. Similar improvement of the learned sketching matrices over the random sketching
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Table 7.5.1: Test error in various settings. Table 7.5.2: Performance of mixed sketches

k, m, Sketch Logo Hyper Tech
10, 10, Learned 0.39 1.25 6.70
10,10,Random  5.22  7.90 17.08

k,m, Sketch  Logo Eagle Friends Hyper Tech

10,10, Learned 0.39  0.31 1.03 1.25 6.70
10,10, Random 5.22  6.33 11.56 7.90 17.08

10,20, Learned  0.10  0.18  0.22 052 295 10,20, Learned ~ 0.10 052 2.95
10,20, Random 2.09  4.31  4.11 2.92 7.99 10,20, Mixed (J) 0.20 0.78 3.73
20,20, Learned  0.61  0.66 1.41 1.68 7.79 10,20, Mixed (S) 0.24  0.87 3.69
20,20, Random 4.18 5.79  9.10 5.71 14.55 10,20, Random  2.09  2.92 7.99
20,40, Learned  0.18  0.41 0.42 0.72 3.09 10, 40, Learned 0.04 0.28 1.16
20,40,Random 1.19 3.50 2.44 2.23 6.20 10,40, Mixed (J) 0.05 0.34 1.31
30,30, Learned 0.72  1.06 1.78 1.90 7.14 10,40, Mixed (S) 0.05 0.34 1.20
30,30,Random 3.11  6.03  6.27 5.23 12.82 10, 40, Random 045 1.12 3.98

30,60, Learned 0.21  0.61 0.42 0.84 2.78

10, 80, Learned 0.02 0.16 0.31
30,60, Random 0.82  3.28 1.79 1.88 4.84

10,80, Random  0.09  0.32 0.80

matrices can be observed when £ = 10, m = 10, 20, 30, 40, - - - , 80, see Figure 7.5.2. We also
include the test error results in Table 7.5.1 for the case when k = 20,30. Finally, in Figure
7.5.3, we visualize an example output of the algorithm for the case £k = 10, m = 20 for the

Logo dataset.

7.5.2. Comparing Random, Learned and Mixed

In Table 7.5.2, we investigate the performance of the mixed sketching matrices by comparing
them with random and learned sketching matrices. In all scenarios, mixed sketching matrices
yield much better results than random sketching matrices, and sometimes the results are
comparable to those of learned sketching matrices. This means, in most cases it suffices to
train one half of the sketching matrix to obtain good empirical results, and at the same time,
by our Theorem 7.4.1, we can use the remaining random half of the sketch matrix to obtain

worst-case guarantee.

7.6. The case of m =1

In this section, we denote the SVD of A as UAXA(VA)T such that both U4 and V4 have
orthonormal columns and ¥4 = diag{\{},--- ,A\]} is a diagonal matrix with nonnegative
entries. For simplicity, we assume that for all A ~ D, 1 = A\ > --- > \;. We use U to
denote the i-th column of U4, and similarly for V;*. Denote ¥4 = diag{\{,--- , \7}.

We want to find [A]y, the rank-k approximation of A. In general, it is hard to obtain a
closed form expression of the output of Algorithm 27. However, for m = 1, such expressions

can be calculated. Indeed, if m = 1, the sketching matrix becomes a vector s € RY™",
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Therefore Ay in Algorithm 27 has rank at most one, so it suffices to set £ = 1. Consider
a matrix A ~ D as the input to Algorithm 27. By calculation, Ag = >, A} s, UA)(VA)T,
which is a vector. For example, if S = U{}, we obtain \{(V;*)'.

Since SA is a vector, applying SVD on it is equivalent to performing normalization.

Therefore,

T MM UM (VAT
VL ()2 (s, UA)?

v

Ideally, we hope that V is as close to Vj* as possible, because that means [AV],V T is close
to MUAVA)T, which captures the top singular component of A, i.e., the optimal solution.

More formally,

S 2 (s, UM UL

AV =
VL ()2, U

We want to maximize its norm, which is:

S ) (s, U2 o
S (A2 (s, UMY? 6.

We note that one can simplify (7.6.1) by considering only the contribution from the top

left singular vector U!, which corresponds to the maximization of the following expression:

(s, U{")?
ZL(A?W& UiA>2

(7.6.2)

7.7. Optimization Bounds

Motivated by the empirical success of sketch optimization, we investigate the complexity of
optimizing the loss function. We focus on the simple case where m = 1 and therefore S is
just a (dense) vector. Our main observation is that a vector s picked uniformly at random
from the d-dimensional unit sphere achieves an approximately optimal solution, with the

approximation factor depending on the maximum stable rank of matrices Ay, -+, Ay. This
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algorithm is not particularly useful for our purpose, as our goal is to improve over the random
choice of the sketching matrix S. Nevertheless, it demonstrates that an algorithm with a

non-trivial approximation factor exists.

Definition 7.7.1 (stable rank (r’)). For a matrix A, the stable rank of A is defined as

the squared ratio of Frobenius and operator norm of A. lL.e.,

AR 00
"= T manod?

Note that since we assume for all matrices A ~ D, 1 = A\t > ... > \] > 0, for all these
matrices 7'(A) = 3. (A1)

First, we consider the simplified objective function as in (7.6.2).
Lemma 7.7.2. A random vector s which is picked uniformly at random from the d-dimensional

unit sphere, is an O(r')-approzimation to the optimum value of the simplified objective func-

tion in Equation (7.6.2), where v’ is the mazimum stable rank of matrices Ay, --- , An.

Proof: We will show that

E[ U |~ aq1(4)

S (A)2(s, U2

for all A ~ D where s is a vector picked uniformly at random from S9-!. Since for all

A\2
A ~ D we have s éj’f)gzs 738 < 1, by the linearity of expectation we have that the vector
1=1\" ()

s achieves an O(r’)-approximation to the maximum value of the objective function

N

3 (s,UL")?

Aj Aj
j=1 25:1()‘1' )2(s, U;7)?

First, recall that to sample s uniformly at random from S%! we can generate s as

S aUA /S8 a2 where for all i < d, o ~ N(0,1). This helps us evaluate E ZLléi’f‘U)f;‘Zj,U{‘F

for an arbitrary matrix A ~ D:
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N N O A IS R
| (A2 (s, UR)? S (A2 - ()?
(a1)?

> E _Zg:1<)\24)2 NPRE (U NWy| - Pr(Wy NW,)
where the events Wy, Uy are defined as:

A 1 A - AN2( 2 /

Uy =1 | fon| > S| and ¥, £ 1 D M ()” < 2-07(A)
=2
Since ;s are independent, we have
E>E (o)’ Uy Uy | - Pr(Wy) - Pr(Wy) > — . Pr(Wy) - Pr(¥
- (041)2+2~7“'(A)| 1MWl r( 1). 1"( 2) = 8-7“’(/1)—1—1 ) r( 1)' r( 2)

where we used that % is increasing for (oq)? > 1. It remains to prove that

Pr(0,), Pr(¥,) = O(1). We observe that, since a; ~ N(0, 1), we have

Pe() = Pr (Jou| 2 3 ) = 601

Similarly, by Markov inequality, we have

Pr(0,) = Pr (Z(/\Z-A)Q(ai)Q < 2r’(A)) >1—Pr (Z(Af)Z(ai)Q > 27"’(A)) > % O

i=1 =1
Next, we prove that a random vector s € S~ achieves an O(r’(A))-approximation to
the optimum of the main objective function as in Equation (7.6.1).

Lemma 7.7.3. A random vector s which is picked uniformly at random from the d-dimensional
unit sphere, is an O(r')-approzimation to the optimum value of the objective function in

FEquation (7.6.1), where v’ is the mazimum stable rank of matrices Ay,--- |, Ay.

Proof: We assume that the vector s is generated via the same process as in the proof of
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Lemma 7.7.2. It follows that

7.8. Generalization Bounds

4
T (M) (s U2
2
C(A8) U2
to minimize L(s), where S9-1 i the d-dimensional unit sphere. Since D is unknown, we are
N4 .
S (A7) (s

L (A) oy

Define the loss function as L(s) & —E4p| ] We want to find a vector s € S%!

optimizing Lt,(s) £ —+ jvzl[

The importance of robust solutions. We start by observing that if s minimizes the
training loss L, it is not necessarily true that s is the optimal solution for the population
loss L. For example, it could be the case that {A;},— .. y are diagonal matrices with only
1 non-zeros on the top row, while s = (e, V1—¢€2,0,--- ,0) for € close to 0. In this case, we
know that Lt,(s) = —1, which is at its minimum value.

However, such a solution is not robust. In the population distribution, if there exists a

matrix A such that A = diag(v/1 — 100&2,10¢,0,0,---,0), insert s into (7.6.1),

S ()\;4)4 (s, U (1 —100e?)%2 4 10%*(1 — £2) _ e? +10%* 14 10%?
S A (s,UA)2 (1 —100e2)e2 +100e2(1 — %) ~ 1012 — 100s* 101 — 10022

The upper bound is very close to 0 if ¢ is small enough. This is because when the
denominator is extremely small, the whole expression is susceptible to minor perturbations
on A. This is a typical example showing the importance of finding a robust solution. Because

of this issue, we will show a generalization guarantee for a robust solution s.

Definition of robust solution. First, define event (a5, = 1 [Zle (A (s, UA)? < 5],
which is the denominator in the loss function. Ideally, we want this event to happen with a
small probability, which indicates that for most matrices, the denominator is large, therefore

s is robust in general. We have the following definition of robustness.
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Definition 7.8.1 ((p, d)-robustness). sis (p,d)-robust with respect to Dif Eap[Cass] <

p- s is (p,d)-robust with respect to Tr if Eq1[Cas.s] < p.
For a given D, we can define robust solution set that includes all robust vectors.

Definition 7.8.2 ((p, §)-robust set). Mp , s is defined to be the set of all vectors s € S

s.t. s is (p,d)-robust with respect to D.

Estimating Mp ,s5. The drawback of the above definition is that Mp , 5 is defined by the
unknown distribution D, so for fixed 0 and p, we cannot tell whether s is in Mp , 5 or not.
However, we can estimate the robustness of s using the training set. Specifically, we have

the following lemma:

Lemma 7.8.3 (Estimating robustness). For a training set Tr of size N sampled uni-
formly at random from D, and a given s € R, a constant 1 > n > 0, if s is (p,0)-robust
with respect to Tr, then with probability at least 1 — e’nQTpN, S 18 (1—%7, (5) -robust with respect
to D.

Proof: Suppose that Prap[Cass] = p1, which means E [ZAieTr Ca,55] = p1N. Since events

Ca,0.s's are 0-1 random variables, by Chernoff bound,

72p
a (Z Canps < (1 ﬁ)p1N> < e

A;eTr

2

If pp < p < p/(1 —mn), our claim is immediately true. Otherwise, we know e~ <
2 2
e~ Hence, with probability at least 1 —e ™" 2PN, Np=>3 4 1 Cass > (1—n)p1N. This
2
implies that with probability at least 1 — e’#, p1 < ﬁ. 0

Lemma 7.8.3 implies that for a fixed solution s, if it is (p,d)-robust in Tr, it is also
(O(p), d)-robust in D with high probability. However, Lemma 7.8.3 only works for a single
solution s, but there are infinitely many potential s on the d-dimensional unit sphere.

To remedy this problem, we discretize the unit sphere to bound the number of potential
solutions. Classical results tell us that discretizing the unit sphere into a grid of edge length
77 gives & points on the grid for some constant C' (e.g., see Section 3.3 in [98] for more

- d
details). We will only consider these points as potential solutions, denoted as B". Thus, we
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~d
can find a “robust” solution s € B with decent probability, using Lemma 7.8.3 and union

bound.

Lemma 7.8.4 (Picking robust s). For a fized constant p > 0,1 > n > 0, with probability
2 - d
at least 1 — a%e_w, any (p,d)-robust s € B with respect to Tr is (ﬁ,é) -robust with

respect to D.
Since we are working on the discretized solution, we need a new definition of robust set.

Definition 7.8.5 (Discretized (p, §)-robust set). Mp 5 is defined to be the set of all

~d
vector s € B s.t. sis (p, d)-robust with respect to D.

Using similar arguments as Lemma 7.8.4, we know all solutions from 1\7[1),,),5 are robust with

respect to Tr as well.

n2pN . .
—"57, for a constant n > 0, all solutions in

Lemma 7.8.6. With probability at least 1 — E%e

Mop.,.s, are ((1+n)p,8)-robust with respect to Tr.

Proof: Consider a fixed solution s € 1\A/Ip7p75. Note that E [ZAieTr CAh&J = pN and (4,55

are 0-1 random variables. Therefore by Chernoff bound,

2
Pr (Z Ca; 05 > (1 +77)PN) < e

A;eTr

,,2
Hence, with probability at least 1 — 6_%, s is ((1 4+ n)p, d)-robust with respect to Tr. By

~ A d
union bound on all points in Mp ,; C B, the proof is complete. U

7.8.1. Generalization Bound for Robust Solutions

Finally, we show the generalization bounds for robust solutions. To this can we use Rademacher

complexity to prove generalization bound. Define Rademacher complexity R(MD7p75 oTr) as

N Lo, (/\24j>4 (s, U")?

. 1
R(M'D,p,é ¢) Tr) & S}lp A 2 Aj
SEMp p5 j=1 Z?:l (Az ]> <Sv Uz ]>2

N on{x1}V

R(l\A/IQ 500 Tr) is handy, because we have the following theorem (notice that the loss function

takes value in [—1, 0]):
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Theorem 7.8.7 (Theorem 26.5 in [160]). Given constant 6 > 0, with probability of at

least 1 — 0, for all s € l\A/ijp,g,

L Y 2log(4
L(s) = Lwe(s) < 2R(Mp 50 Tr) +4 M

That means, it suffices to bound R(Mp_,5 o Tr) to get the generalization bound.
Lemma 7.8.8 (Bound on R(Mp 50 Tr)). For a constant > 0, with probability at

n2pN

least 1 — g%e’ 3, R(I\A/ijp,(; oTr) < (1+n)p+ 12—_55 + \/iﬁ.

7;2pN

Proof: Define p' = (1 + n)p. By Lemma 7.8.6, we know that with probability 1 — E%e_T,
any s € 1\717)”075 is (p', d)-robust with respect to Tr, hence » , 1, Cass < p'N. The analysis
below is conditioned on this event.

_ n2pN

Define a5, £ max{d, >0 (A\*)?(s,U)?}. We know that with probability 1 — e~ "5,

4
X N 0 Z?:l (A?]> <8a UiAj>2
N - R(MD,p,é oTr) = EJN{il}N Sup 4,2 Aj
s€EMp,p 5 j=1 Z?:l (Az ]) <37 Uz ]>2

¥ oy S (W) (s U

<pN+E, sup Z (7.8.1)

has.s

where (7.8.1) holds because by definition, has, > 320 (AN)2(s, U2 if and only if Ca 56 = 1,
which happens for at most p’N matrices. Note that for any matrix A;,
d AN Aj\2
05D i1 (Ai > (s, U;7)
2
Z?:I (A?J) (s, UiAj>2

<1
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Now,

4
. §- S (W) (s Uy
s Su
b hA,(S,s

SEMD;JJJ 1

S (W) s vy

d
4
S 0’ sup Z oj=1 5 - 10]:—1 Z (A?]> <S’ U7,A]>2) (782)
sEMDp(; j=1 i=1
A\ Aj\2 A Ajna L
= E, sup Z O'JZ (,\Zﬂ> (s,U;7) +1Uj:12 ()\i7> (s,U;7) (5—1)
SEMDP(; j=1 =1
d
N N ,
< = - sup ZO'] </\ ) S, UZ-AJ>2 (7.8.3)
25 2 SEMD;JJJ 1 i=1

S (W) 02

The first inequality (7.8.2) holds as € [0,1]. It remains to bound the last

has,s
term (7.8.3).
N d A d 2
E, sup Zajz (Af]) (s, U2 SZE sup ZO'J< < ) UZAJ‘> (7.8.4)
sEMp s j=1  i=1 i=1 sEMp 5 j=1

By contraction lemma of Rademacher complexity, we have

E, sup ZUJ< < )UiAj>2§Eg sup zN:gj<s,()\iAj>2UiAj>

SEMngj 1

Where the last inequality is by Cauchy-Schwartz inequality. Now, by Jensen’s inequality,

1/2
N 2\ V/

<|E,

: -(Se0)) e

j=1

> (A?”') 2 U

J=1

2 J=1 2

(7.8.5)
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Combining (7.8.1), (7.8.3), (7.8.4) and (7.8.5), we have R(Mp 50 Tr) < p'+ 22 4+ <. [

ﬂ

Combining with Theorem 7.8.7, we get our main theorem:

Theorem 7.8.9 (Main Theorem). Given a training set Tr = {A;}7L, sampled uniformly

from D, and fixed constants 1 > p > 0, > 0,1 > n > 0, if there exists a (p,d)-robust

. ~ d . . o C ’V]2pN C ,m
solution s € B with respect to Tr, then with probability at least 1 — Ze™ 2 — Ze 30-0,

- d
for s € B that is a (p,0)-robust solution with respect to Tr,

2(1+n)p N 1—0 2d 4 2log(4/6)

L(s) < Lw(s) + - 5 +\/N N

Proof: Since we can find s € B s.t. s is (p, 0)-robust with respect to Tr, by Lemma 7.8.4,

2 ~
with probability 1— E%e_n §N, s is (ﬁ, d)-robust with respect to D. Therefore, s € Mp, 25
-n
n2pN ~
By Lemma 7.8.8, with probability at least 1 — Se ™300, R(Np ,50Tr) < o) 120y
Combined with Theorem 7.8.7, the proof is complete. 0

In summary, Theorem 7.8.9 states that if we can find a robust solution s which “fits” the

training set then it generalizes to the test set.
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